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Abstract: In this paper, an iterative algorithm for solving of the generalized coupled Sylvester matrix equations
AV +BW =EVF +C, MV +NW =GVH+D over the generalized centro-symmetric matrices (\/,W) is proposed.
For any initial generalized centro-symmetric matrices V, and W,, a generalized centro-symmetric solution
(V,W) is obtained within a finite number of iterations in the absence of round-off errors. Two numerical
examples are presented to support the theoretical results where the efficiency and accuracy of the suggested
algorithm are shown.
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1. INTRODUCTION
In the present paper, we are concerned with the generalized coupled Sylvester matrix

equations
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{AV+BW=EVF+C, )
MV + NW = GVH + D.

where A,B,E,C,M,G,N,D,F,H € R™",V € CSR;*™ and W € CSR{™" .Let R™™ represent
the set of all real nxn matrices, SR™"™ be the set of all symmetric matrices in R™", ASR™"
be the set of all anti-symmetric matrices in R™" and SOR™™ be the set of all symmetric
orthogonal matrices in R™". For a matrixA, AT, tr(A) ,R(A) denote the transpose, the trace and
the column space of matrix A respectively.(4, B) = tr(BT A) is defined as the inner product of
the two matrices A and B, which generates the Frobenius norm, i.e. [|A]|? =(4,4) =
tr(AT A).Denote by I,the identity matrix with order n.

Definition 1[1]: Generalized centro-symmetric matrix

An nxn matrix A is called generalized centro-symmetric (generalized central anti-symmetric)
with respect toP, if PAP = A (PAP = —A), where P be some real symmetric orthogonal nxn
matrix, i.e., P = PT = P71, The set of order n generalized centro-symmetric (generalized central

anti-symmetric) matrices with respectto P is denoted by CSRp*™ (CASRp*™).
Definition 2: Centro-symmetric matrix an n X n matrix A = (ai j) 1s centrosymmetric if its

elements satisfy a;; = ay4q1-jns1-; forall i,j =1,2,...,n.
Some properties

= If A is centro-symmetric matrix over field F,then ¢ X A(c € F) is centro-symmetric.

= If A and B are centro-symmetric matrices, then the summation (A + B) is
centro-symmetric.

= The multiplication of two square centro-symmetric matrices is also centro-symmetric.

= Inthe case of non-square matrix, if A™*"* and B™P are centro-symmetric matrices, then
(A x B) is also centro-symmetric.

= If P is centro-symmetric matrix, then P~ and PT are also centro-symmetric.

Example:

3 4 8
A square matrix: As,; = (2 6 2) IS centro-symmetric.
8 4 3
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328 —0.04 -0.08 0.16
We findthat A" =(4 6 4|,and A™* = -0.04 022 -0.04

823 0.16 -0.08 -0.04

are also centro-symmetric.

The generalized centro-symmetric matrices have wide applications in information theory, linear
estimate theory, linear system theory and numerical analysis (see[2,3]).The main concern in this

paper is to study the following Problem.
Problem 1

For given matrices ,B,E,C,M,G,N,D,F,H € R™" | P € SOR™" and § € SOR™™" find the
matrices V € CSRp*" and W € CSR¢*™ such that

AV + BW = EVF +C, MV + NW = GVH + D.

A large number of papers have presented several methods for solving linear matrix equation
such as, Chu [4] and Hue [5]. Peng constructed an iteration method for symmetric solution of the
matrix equation AXB = C and presented an iteration method to solve the minimum frobenius
norm to residual this problem[6]. In 2008, Hung [7] presented anew iterative method for
solving AXB = C over skew-symmerric matrix. In [8] Wang presented an iterative algorithm for
solving linear matrix equation AXB + CX* D = E. In 2011, M. Hajarian and M. Dehghan [9]
presented an iterative algorithm for solving matrix the equation AXB + CX'D = E over
centro-symmetric matrices. Ding and Chen [10,11] introduced the hierarchical least
squares-iterative (HLSI) algorithms for several coupled matrix equations. Xie [12] considered
the inverse eigenvalue problem of the centro-symmetric matrices. M.L. Liang and C.H. You, et.al
[13] presented an iterative algorithm for the generalized centro-symmetric matrices
equation AX B = C . In [14] M. Hajarian and M. Dehghan constructed an iterative algorithm
for solving a pair of matrix equations AYB = E, CYD = F over generalized centro-symmetric
matrices, And the generalized solution of matrix equations (1) over Bisymmetric matrices has

been represented in [15]. M.A. Ramadan [16] presented explicit and iterative methods for
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solving the generalized sylvester matrix equation AV + BW = EVF + C. The coupled

Sylvester-transpose matrix equations

q T _ .
Zj:l(AinjBij + C'ij Dij) =F;, i=12,..p

over generalized centro-symmetric matrices have been represented in [17]. A gradient-based
iterative algorithm for generalized coupled Sylvester matrix equations

{A]_X:I_Bl +61X1D1 == El
A2X2B2 +62X2D2 == EZ

over generalized centro-symmetric matrices have been represented in [18]. The generalized
centro-symmetric solutions of the Sylvester matrix equations (1) have not been studied and we
will construct an iterative algorithm for it in this paper.

2. MAIN RESULTS
In this section, we will establish an iterative algorithm to solve problem 1. Some basic properties
and lemmas will be presented to analyze the properties of the suggested algorithm.
Algorithm I
Step1: Input matrices
A B,E,C,M,G,N,D,F,H € RV, V; € CSR,*",W; € CSRM", P € SOR™", 5 € SOR™™.
Step 2: compute
X, =C— AV, + EV,F — BWg;
Y1=D—-MV, +GV;H — NW;,
e (5 2)

1
Py = 5[ATX + PATX,P — E"X,F" — PETX,FTP + M"Y, + PM"Y,P — G"",H"

— PGTY,HTP];
1
Q, = 3 [BTX, + SBTX,S + NTY; + SNTY,5];
k:=1;

Step 3: If R, = 0,then stop and [V}, W,]is the solution; else, if R, # 0 but P, =0 and Q, =0,

then stop and the generalized coupled sylvester matrix equations are not consistent over
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centro-symmetric matrices; else k =k + 1;

Step 4: compute

Vo=V .+ IRk—111? P .-
k et I Pre—111? + [|Qp—11I? v
IRk—11I2
W, =Wy_1+ Qr_1;
k e [Pe—111% + [|Qr—11I? et
_(Xk 0,
re=(g y)
R IRk 117 (APk_1 +BQy_q — EP,_4F 0 ) _
NP 12 + 1Qk— 12 0 MPy_1+ NQy_1 — GP,_1H)’

1
Pi = 5[A"Xy + PATX,P — E"X,F" — PETX,FTP + M"Y, + PM"Y,P — G"Y, H'

IR II?

1 _
Qx = E[BTXk + SBTXy S + NTY) + SNTY, S] + IRe_1l12 Qi1
k-1

Step 5: Go to Step 3.
Remark: Obviously from Algorithm 1, Vi, P, € CSR)™™ and Wy,S, € CSRP™  for k =
1,2, ..

for k=2

IR, 1I?

PV,P = PV,P +
’ P2 + 1104117

PP,P

RilIZ 1
1R [PATX,P + P?ATX,P?> — PETX,FTP — P?’ETX,FTP? + PMTY,P

TIPSR+ Qa7 2

+ P?M"Y;P? — PGTY;H"P — P?G"Y;H" P?]

R 1
” 1” [PATX1P+ATX1 —PETX1FTP—ETX1FT+PMTY1P+MTY1

=V, + —
P2+ 11041122

— PGTY,HTP — GTY,H]
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And

IR, I?
IPLI? + 11Q4 117

IR.Z 1
P42 +11Q4112 2

SW,S = SW,S +

SQ,S

=W; + [SBTX,S + S?BTX,S% + SNTY;S + S2NTY,; 5?]

IR 1
=W, + ~[SBTX,S + BTX; + SNTY;S + N"Y;]
PP +11Q412 2 1 1 1 1

= W2
Lemma 1:

Assume that the sequences {R;} ,{P;} ,{Q;} are generated by Algorithm I, then we have

2
IIR;|12 T T IR:I1RS T
trace(RT,,R;) = tr(RTR;)) — ————1tr(PfP; + QT Q;) + tr(PTP_; +
( i+1 ]) ( l ]) ”pi”2+”Qi”2 ( [ Ql Q}) (||Pi||2+||Qi||2)”Rj—1”2 ( i°j-1
Q7Qj—,), for i,j=12,.. )
T
IR> (AP, + BQ; — EP,F 0
trace(RY,  R;) = tr R-——( ¢ : : ) R;
(Rita J) ([ ERZ + 1104112 0 MP; + NQ; — GP;H J
R;|I? PIAT + Qf BT — FTP[E" 0 Xj 0
=tr(R{R;) - |zl d 2" (l ¢ L TyT o ATNT _ gTpT T (oj y)
1P:11% + 11Q;l 0 PiM™+Q;N" —H P/ G j
R; 2
= tr(RTR,) - W)”?Z%tr ((PFAT + QI BT — FTPTET)X; + (PTMT + Q'NT — HTPIG)Y,)
=t RTR)—ﬂt P/ (A"X; — E"X;F" + M"Y; — G"Y;H") + Q] (B"X; + N"Y;
= rRIB) = e+ o T 4 E j~ EHI) T QE G+ )
2 T T T T T T
_ r(RTR)) — IR; | tr( T{A X; + PATX;P — ETX;FT — PETX;FTP
IR 11 e 01| ' 2
MTY; + PMTY;P — GTY;HT — PGTY;HTP
+
2
ATX; — PATX;P — ETX;,FT + PETX;FTP
* 2
M"Y, - PMTY,P — GTY;HT + PGTY]-HTP}
* 2

BTX: + SBTX.S + NTY; + SNTY.S BTX, —SBTX.S + NTY; — SNTY.S
Q_T ] ] J J + ] ] J J
l 2 2



GENERALIZED COUPLED SYLVESTER MATRIX EQIUATIONS

IR I1R;||” LA
=tr(RTR,) - ———¢tr( PT{p. L1 _p._ L4 0T lo. . -
) o r(‘{’uR,--nF” i
IR IR R ||

=tr(RI'R)) — —>——tr(PTP + Q7 Q;) + tr(PTPi_1 + Q7 Q;_
TRR) s e P+ 0L0) AP + 1QIB)||R | B+ 00

We complete the proof of lemma 1.
Lemma 2:

Suppose the sequences {R;} , {P;} ,{Q;} are obtained by Algorithm I, then we have

tr(RTR;) =0 and tr(PTP,+QJQ;) =0 for i,j=12,...ki#j . 3
Proof: For an arbitrary matrix A, trace(A) = trace(A™) .weprove tr(RR;) =0 and

tr(PjTPl- + QJTQL-) =0 for 1<i<j <k, byuseinduction and two steps are required.

Step 1: We prove that
tr(RL.,R) =0 and tr(P,P,+Q,Q)=0 , forij=12..,k (4)
We use induction to prove (4)

for i = 1, using the proof of lemma 1, we have

T
IR:|I> (AP, + BQ, — EP,F 0
T _ L e S L 1 1 1
trace(R;Ry) = tr ([R1 1P + 104112 ( 0 MP, + NQ; — GPlH) Ry

IR 1%

=|R,||? = —=1
1Ry | 1P 112+11Q4 112

tr ((PlT AT + QTBT — FTPTET)X, + (PTMT + QTNT — HT PT GT)Yl)

IRy 1%
P12 +1lQalI?

_ IR, II? o (pr ATX, + PATX,P — ETX,FT — PETX,FTP
1P 112 + 11Q411% ! 2
N MTY, + PMTY,P — GTY;HT — PGTY;HTP
2
N ATX, — PATX,P — ETX,FT + PETX,FTP
2
N MTY, — PMTY,P — GTY,HT + PGTY,HTP
2
BTX, + SBTX,S+ NTY, + SNTY,S N BTX, —SBTX,;S+ NTy, — SNTY15}>
2 2

= |IR,|I? = tr (PlT(ATX1 — ETX,FT + MTY, — GTY,HT) + QT (B"X, + NTYl))

= lIRqII?

+Q1T{

IRy 12

= ||R,||? - ——
IR, | 1P 112+11Q4 112

tr(P{ P; + Q{ Q).
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= IRul? = =R P2 + 1104012 = 0 . (5)

P12 +11Q4 112

Also we can write

T T _ T T _ T T T T _rT T_ T T
trace(P2TP1 n QzTQ1) — tr ([A X, +PAT X, P—ET X, FT—PET X, F P-|2-M Yo +PMTY,P—GTY,HT-PGTY,HT P n
IR 12 ]T [BTX2+SBTX25+NTY2+SNTY25 ||R2||2 ] ) lIRI2 2 2
P;| P = tr(||P
IR |2
tr(XzT(AP1+BQ1—EP1F)+Y2T(MP1+NQ1 GP1H)) ”Rznzt r(llPyll? + 1Q411%) +
r(RD P12 +11Q41I? R = IR |2 2 2y 4 PP 41104117 T T\ _
— = Ry —Ry) | = —=5tr(IPI” + 1Q4]19) + ———5—tr(R;Ry — R;R;) =
IRl (IRl IRl
IR I 2 P12 +11Q41I? T 1P 112 +11Q4 17 2
tr(||P ——tr(RobRy) —————||R =0. 6
Now, assume (4) holdsfor i=v—1 .
for i =v , we have
T
IR, 12 AP, + BQ, — EP,F 0
trace(RI, R, =tr||R ——( v v v ) R
(o) <[ T IRIZ+ 10,12 0 MP,+NQ, = GRH)| ™
2 ”RVHZ T T T T T T T T T T
= |IR,l —Wtr(ﬂ, (A"X, —ETX,FT + M"Y, — G"Y,H") + Q] (B"X, + NTY,))
v v
_ 2 IRyl T(p _ IRell® lIRy 12
= IR = i &7 [P” (P” TRyl V- 1) t (QU ||Rv_1||2Q”‘1)]
IR, |I% IRy 12 IR, II%
= IR, II> = =55 (1B 112 + 11Q,112) + tr(Bf Py_1 + Q3 Qy_1)
v ||Pv||2+||Qv”2( Y +II°) B2 + 1QuII2 IRy—q 127 2% P77 evevt
= 0. (7)
And

trace(Pl 1P, + QI,,0,)

, ([ATXUH + PATX,,1P —ETX,,,FT — PETX,,,FTP
=1r
2

+ MTYv+1 + PMTYv+1P B GTYU+1HT B PGTYv+1HTP ”Rv+1”2
2 IRy 112

P,,] P,

T
B"Xys1+ SB Xy 1S+ Ny + SNTY, 1S [IRyyqll?
+ 2 ||R ”2 Q‘U Q‘U
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IRy 112
= —||;+|1|z (P2 + 1Qul12) + tr (xD,1 (AP, + BQy — ER,F) + Y[y (MP, + NQ, — GR,H))
v
IRy 17 1P 112 + 110, 12
= Tz WP+ 11QulI?) + e | RY === (Ro = Ruv)
v v
1Ry 1% 1,112 + 11Q, 12
- ||11; |2 (”PUHZ + ”QVHZ) + Wtr(&illzu — R+1Ry41)
v v
IRy 111 IR + 110, 12 IRII2 + 110, 112
= a2 B +1Qu11%) + == tr(RosaRy) = = IRy 1 I
v v v

=0 . €))
Therefore, (4) holds fori = v .Then, (4) holds by the principle of induction.

Step 2: In this step, we show that
trace(RT,;R;) =0 and ¢r(PL,P+Ql,Q;)=0 , forij=12..,v-1
Suppose that tr(RJR;) =0 and tr(BTP +QIQ;) =0 for i,j=12,..,v

By using the induction assumption and previous lemma, we have

T
IR, 17 AP, + BQ, — EP,F 0
t RILiR) =t R——(” v v )R-
race(Fueiky) Tqv 1R+ 110, I 0 MP, + NQ, = GR,H)|
o (pTp IRyl (APU +BQ, — EPR,F 0 )(Xj 0)]
= tr(R}R)) 1Py 112-+11Qyl12 tr[ 0 MP, + NQ, —GP,H/\0 Y}
IR, 1I?
= tT(R;I;R]) — mtr[PvT(ATX]- - ETX]FT + MTYJ —_ GTYJHT) + Q;I;(BT)(] + NTY])]
_ tr(RIR)) - IR, II? - (ATX; + PATX;P — ETX;FT — PETX;F"P
(VoA L o 110 | i N 2
M"Y; + PMTY;P — G"Y;H" — PG"Y;H"P
+
2
N ATX; — PATX;P — ETX;FT + PETX;FTP
2
MTY; — PMTY;P — GTY;HT + PGTY;H"P
+
2
+(B"X; + SBTX;S + N"Y; + SNTY;S  B"X; — SBTX;S + N"Y; — SNTY;S
+ 07 +
2 2
_ T ”}?17”2 T T
=R - Tp e+ e e)

=0. 9
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And
trace(PfHPj + Q17;+1Qj)
- ATX,,1 +PATX, P —E"X,,FT — PETX, ,FTP
B 2
MYy + PMTYoi P = Gl iHT = PGVt TP IRl 1
2 IR,IIZ 7|
B"Xy41 +SBTXy 1S+ Ny + SNTY, 1S [IRyyqll?
+ 2 Qv Q]
2 IRyl
R . .
=R R+ Q) +or (%741 (AP, + BQ; — EP,F) + Y[,y (MP; + NQ; — GPH) )
= ”T;*ﬁlzl (PTP +Q7Q;) + tr (Rv+1 ” ]|||| J:”Q]” (R; — j+1)>
Ry 12 Q, Pl + e,
_ I|13+I1I2 (TP, +010,) + I5])* + || i er(RT AR, Nl ||2 i er(RT1Ren)
v [ IR
=0 . (10)

From Steps 1 and step 2, the conclusion(3) holds by the principle of induction.

Lemma 3:

Assume that problem1 is consistent over centro-symmetric matrices, and [V*,W"] is an
arbitrary solution pair of problem1 , then for any initial generalized centro-symmetric matrix
generated by Algorithm I, we have

trace((V* = VTP, + W* —W)TQ,) = |IR;||? for i,j=12,.. . (11)
where the sequences {R;} ,{P;} , {Q;} , {V;}and {W;} are generated by AlgorithmI .

Proof

We prove conclusion (11) by induction. fori = 1 , we have

trace((V* = V)TP, + W* - W)T0Q,)

ATx,+PATx,P-ETX,FT-PETX,FTP = MTY,+PMTY,P-GTY{HT-PGTY,HTP
—tT((V*—Vl)T( 1 1 21 1 + 1 1 21 1 )+

w* = wy)" (

BTx,4+5BTx,S+NTy,4+5NTy, s))
2
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=tr((V = VDT(ATX, —ETXFT + MTY, — GTYiHT) + W* = W)T(BTX; + NTYy))

= tr (X{(A(V* — V) —E(WV* —V)F + BIW* = W)) + Y] (MV* —V;) — GV —

VOH + NW* - W)

_, X0 (C—AV1+EV1F—BW1 0 )
“\\o v 0 D — MV, + GV,H — NW,

= tr(R{Ry)
= IR II% . (12)
Suppose the conclusion (11) holds for i = z.
For i =z+ 1, we have

trace((V* - z+1)TPz+1 + (W* - Wz+1)TQz+1)

. ATX, .1+ PATX, 1P — ETX,,FT — PETX,,,FTP
+ MTYZ+1 + PMTYZ+‘IP — GTYZ+1HT — PGTYZ+1HTP ||Rz+1||2 )
2 (1

+ BTXZ+1 + SBTXZ+1S + NTYZ+1 + SNTYZ+1S + ||Rz+1||2 0
2 IRNIZ ~*
= tT((V* - VZ+1)T(ATXZ+1 - ETXZ+1 FT + MTYZ+1 - GTYZ+1 HT)
+ (W* - Wz+1)T(BTXZ+1 + NTYZ+1))

IRz+11I°

+—
IRII?

tT((V* - Vz+1)TPz + (W* - Wz+1)TQz)

= tr (X041 (A" = Vyu1) = EQV" = Vyu)F + BOW" = Wyi0)) + Yoy (MV" = V) —

* * RZ 2 * *
G = VoD H + NW* = Wyi1))) + T (V" =V, )TR + (W = W,1)7Q,)

=tr Xze1 O (C —AVz4q + EVz i F — BW;14 0 )
0 YZT+1 0 D - MVZ+1 + GVZ+1H - NWZ+1

Rg4all® . . Rzr1ll® _ IIRsII?
+ ” +1|| t“r'((V _Vz)TPz+(W _VVz)TQz)_” +1|| ” ”

T T
IR, e o (P Pt Q2 Q2)

IRz 1
= tr(R711Rz41) + =255 IIR1? — IR 4417

IR,112

= ”Rz+1”2 (13)
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By the principle of induction, conclusion(11) holds forall i = 1,2, ....

Theorem:

When problem 1 is consistent over centro-symmetric matrices, then for any arbitrary initial
generalized centro-symmetric matrices V; € CSRp*™ and W; € CSR{*™ ,a generalized
centro-symmetric solution of problem 1 can be obtained with finite iterative steps in the absence
of round-off errors.

Proof:

Assume thatR; # 0 for i=1,2,....2n%. from lemma3 ,we have P;# 0 or Q; # 0 for

i=12,....2n% .then R,,2,; and [V,,2,,,W,,2,,] can be calculated by Algorithm 1. Also,
we can write from lemma 2, tr(R;nzﬂRi) =0 for i=12,....2n> and tr(RiTRj) =0

for i,j=1,2,...2n% ,(i #j) . Hence, the sequence {R;} consists of an orthogonal basis of

matrix space

S = {NlN = (1\{)1 1\(,)) ,where N; € R™" N, € R”xn}.
2

Then, Ry,2,4 =0 and [Vy,244,Wypnz4q] is the generalized centro-symmetric solution of our
stated problem.

Hence, the proof is completed.

3. NUMERICAL EXAMPLES
In this section, we will give some numerical examples to illustrate our results. We implemented
Algorithm I in MATLAB.

Example 1 Consider the pair of matrix equations

{AV+BW=EVF+C
MV + NW =GVH + D

where
2 1 4 1 3 9 _g5 _3 5 0 —1 0
(3 3 4 6 6 9 -2 10 (4 0 4 2
A=l5 4 2 2)°8B=\l o Z9 1 -4 ) -E=(5 g 7 3
5 3 3 1 3 5 9 4 5 0 5 8
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3 -2 4 -1 2 6 -3 2 2 5 -3 1
s 1 -2 -1 (=26 1 7 [ -1 0 =2 7
F=ls o 1 4 |'M=|4"5 3 6| N=\_4 24 1 2

1 -4 4 —1 3 -3 5 9 3 -2 2 8

6 1 1 2 4 2 1 -1
(10 6 0 8 (12 5 5
G=11"7 6 6 |°H=\7 2 2 2)

6 -2 8 —2 2 5 —2 -1
and

22 45  —65 —37 301 -79 -118 —50
o[ -9 118 -8 1 p_[-49%0 -118 —280 167

10 —69 —165 —144]° _207 -72 -125 —106

—331 —13 -41 -23 _432 —95  —47 17

Then, we can verify that this system is consistent over the generalized centro-symmetric matrices

and has the generalized centro-symmetric solutions V*,W* as:

4 0 4 0 -1 0 0 O
«_10 =2 0 O 4x4 {0 1 0 O
V= 30 2 o€ CSRp**, where P = 00 -1 0
0 5 0 -1 0 0 0 1
and
1 0 0 O 1 0 0 0
«_(0 6 0 3 4x4 {0 =1 0 0
wW* = 00 -1 0 € CSRg™, where S = 00 1 0
05 0 4 0 0 0 -1

Let the arbitrary initial matrices V; = W; =0 . Apply Algorithm I, we get the generalized
centro-symmetric solutions as follows:

4.0000 0.0000 4.0000 0.0000
—0.0000 -2.0000 —0.0000 0.0000

V0= 30000 00000 20000 00000 | € CSRF
0.0000 5.0000 —0.0000 —1.0000

and
1.0000  0.0000 —0.0000 —0.0000

w,, = —0.0000 60000 —0.0000 3.0000 | ¢ ogpaxs

0.0000 —-0.0000 —1.0000 0.0000
—0.0000 5.0000 0.0000  4.0000

with
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_ X21 O
IRl = (%5 ;)

Table 1: The number of iteration and corresponding residual for the generalized

=3.1x1073 .

centro-symmetric solutions.

Number of iterations K | Norm of residual ||R]|
20 3.11x 1072
21 3.1x1073
22 24%x1073
23 7.6678 x 1074
24 8.757 x 1077

Example 2

Consider the pair of matrix equations (1) and suppose that the given matrices:

207 7 6 6 18 2

6 14 4 6 20 4 20
12 8 18 7 10 2 14

A= 18 3 6 12 9 7 13|,
5 20 11 8 12 13 3
15 11 12 5 13 8 1
9 11 20 14 17 19 12

-10 -10 8 -9 -7 -9 -10

4 -4 8 -6 7 10 =7
-6 10 -9 6 1 3 -3
B=| -5 -5 5 -2 10 -2 8 |,

10 -8 8 7 -9 2 -1
-7 2 o -7 9 -3 3
6 3 -9 5 -3 -6 -2

7 5 4 6 0 5 0 7 6 -3 3 0 5 7

6 5 2 3 -1 -1 6 -1 2 6 0 0 -4 9

0 8 8 2 0 5 3 -5 2 1 8 7 6 1
E=|-1 5 8 1 4 4 -1, F=1 3 10 -3 -5 4 4 -3 |,

5 377 -1 -15 9 4 5 -2 8 7 1

2 46 8 -1 1 7 7 7 2 9 —4 -3 0

0 858 -1 2 0 1 6 -4 -2 =2 6 2
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—-10 -5 9 -7 -7 -6
-7 -3 -7 3 -8 -9
-2 =10 -1 0 -10 14
M = 13 11 -10 5 -6 —4
5 9 -—-10 -3 3 6
—-10 8 —-10 5 11 -5
-2 11 -6 5 -3 -4
17 14 -2 17 3 18 2
-5 -5 12 7 1 19 18
14 0 —4 15 0 8 18
N=]18 -3 -2 2 14 -5 15
11 -1 -1 20 4 5 18
\13 19 11 20 -1 -2 -5
7 17 17 -3 -1 19 19
-2 0 -2 1 3 1 1
/1 1 -2 9 3 5 —1\
4 3 3 8 7 0 0
G=110 3 10 3 -1 10 10
5 3 5 9 7 =2 1
1 5 9 3 -1 0 1
-1 3 2 4 4 6 6
and
—1632 —-1401 108 324
—1400 —-2457 939 -381
—1620 —2527 710 -—-898
C=|-1201 -1218 338 —380
—1836 —2625 1072 6
—1668 —2649 987 —387
—689 —-1406 904 23
528 =224 281 -—-263
—-305 -—293 -33 -110
348 —295 373 —-679
D=] 650 —-686 990 -197
405 —-547 613 -—-641
391 -—-552 452 -—-260
585 —539 540 -—-168

9
—6
11
-8 |,
15

6
-3

65

—560
157

529
—-761

—582
161

—628
—456
—-181
2191
436
930
349

8 1 -3
/-7 1 —7
|—31 -2
5 6 -5
| 37 -1 2
\ 3 -2 5
6 2 -1
~1105 —76
_2486 —481
_1524 —712
—593  —320
_2604 —871
_2852 —1031
—651 304
82 571
83 55
429  —691
_527 —3214
840 —1259
519 —1379
12 -591

2
—4
0
-3
6
4
-6

b

15

-5 6
6 1 \
-1 -5 |
-5 1
4 6 |
7 -5)
5 4

We observe that these matrix equations are consistent over generalized centro-symmetric

matrices and have the solutions V' with respectto P and W with respectto S.
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2 0 -3 0 9 0 6

0 —4 0 4 0 9 O
14 O -3 0 3 0 6
vVi=0 -3 0 4 0 -5 0 |eCSR}*, where
0 0 4 0 5 0 -5
0 —4 0O -2 0 3 O
14 0 14 0 5 0 11
-1 0 0 O 0 0 O
( 0 1 0 O 0O 0 O
0 0 -1 O 0O 0 O
P = 0 0 0 1 0O o0 O
l o 0 0 0o -1 0 o]
\ 0 0O 0 o 0 1 0/
0 0O 0 O 0O 0 -1
And
7 0 8 0 -9 0o 2
/ 0 -2 0 0 0 1 0 \
|—1 0 -1 0 9 0o 2 |
w={ 0 -6 0 -7 0 8 0 | €CSRI*, where
l2 0o 1 0o 5 0 -2
\0 -7 0 -1 0 -9 0/
-2 0 5 0 5 0 -1
1 O 0O O 0 0 O
0 -1 0 0 0 0 O
0 0 1 0 0 0 O
S=10 0 0o -1 0 0 O
0 0 0 0 1 0 O
0 0 0 o 0 -1 0
0 0 0 0O 0 0 1

Let the initial matrices V; = W; = 0 , Apply Algorithm I and we obtain that the sequences
{Vi.} and {W,} after 71 steps will be as follows:

2.0000 —0.0000 —-3.0000 0.0000 9.0000 0.0000 6.0000

0.0000 —4.0000 0.0000 4.0000 0.0000 9.0000 0.0000
14.0000 0.0000 —3.0000 0.0000 3.0000 0.0000 6.0000

V;1=| 0.0000 -3.0000 —0.0000 4.0000 0.0000 —5.0000 —0.0000 | €CSRZ*’
0.0000 -0.0000 4.0000 —0.0000 5.0000 0.0000 —5.0000

0.0000  4.0000 —0.0000 -—2.0000 -0.0000 3.0000 -—0.0000
14.0000 0.0000 14.0000 -0.0000 5.0000 —0.0000 11.0000

and
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7.0000 0.0000 8.0000 —0.0000 —9.0000 0.0000 2.0000

0.0000 —2.0000 0.0000 0.0000 —0.0000 1.0000 —0.0000
—1.0000 -0.0000 —-1.0000 -—0.0000 9.0000 —0.0000 2.0000

W;; =1 0.0000 -6.0000 0.0000 -—7.0000 0.0000 8.0000 —0.0000 | € CSRZ*
2.0000 —0.0000 1.0000 0.0000 5.0000 —0.0000 -—2.0000
\—0.0000 —7.0000 -0.0000 -1.0000 -—0.0000 -—9.0000 —0.0000/
—2.0000 -—-0.0000 5.0000 —0.0000 5.0000 —0.0000 -1.0000

with

_ X71 O
7t ={ (%5 ;)

Also, we can verify that V,,is generalized centro-symmetric matrix

=142x1072 .

PV,,P -V, =
0 0.0038 0 —0.1172 0 —0.2779 0
—0.0029 0 —0.8135 -0 —0.3370 0 —0.0703\
0 —0.8135 0 —0.0920 0 —0.7404 0
10714 —0.4243 0 0.3035 0 —0.5437 0 0.8405 |
| o 0.5644 0 0.5217 0  —05518 o |
\—0.3646 0 0.01 0 0.1246 0 0.1834 /
—2.0000 —0.4123 0 0.1983 0 0.7233 0

and we have||PV,,P — V|| = 2.2966 x 1071* < 1071°. Moreover, It can be verified that
ISW;.S — Woy|l = 2.748 x 10715 < 1071%  So, V,; and  W,; are -centro-symmetric

matrices.

Table 2: The number of iteration (K) and corresponding residual ||R|| for the generalized

centro- symmetric solutions of example 2:

Number of iterations K | Norm of residual ||R||

70 0.94 x 1072
71 1.42 x 1072
72 59x 1073
73 3.9x 1073

74 3.1x1073
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4. CONCLUSION

In this paper, an iterative Algorithm I is introduced to solve the generalized coupled

Sylvester matrix equations AV + BW = EVF +C, MV + NW = GVH + D over generalized

centro-symmetric matrices V,W. By applying Algorithm I, we can determine the solvability of

problem 1 automatically. When problem 1 is consistent over centro-symmetric matrices, then

for any arbitrary initial generalized centro-symmetric matrices Vo and W,, a generalized

centro-symmetric solution of problem 1 can be obtained with finite iterative steps. And finally,

some numerical examples are presented to illustrate the efficiency of the presented method.
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