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Abstract. In this manuscript, the notion of cyclic type contractions on E-metric spaces are introduced and sub-
sequently established the fixed point and common fixed point results for this class of mappings in the setting of
E-metric spaces. The presented results are extended from some well-known fixed point theorems in the literature.
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1. INTRODUCTION AND PRELIMINARIES

In [3] Huang and Zhang introduced the notion of cone metric spaces, replacing the set of
real numbers by an ordered Banach space, they have defined the cone metric spaces and also
they discussed some properties of the convergence of sequences and proved the fixed point

theorems of a contraction mapping for cone metric spaces. W.A. Kirk, P.S. Srinivasan and P.
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Veeramani [6] studied cyclic contraction of metric space and obtained some fixed point the-
orems. Al-Rawashdeh et al. [2] introduced E-metric space. W.A. Kirk [7] introduced fixed
points of asymptotic contraction. Achille Basile et al.[1] defined cone with semi-interior points
and equilibrium. Some recent works on cone metric space and E-metric space can be found in
[4, 5, 8,9, 10]. In this paper, the cyclic contraction on E-metric space is defined and subse-
quently establish some fixed point and common fixed point results for this class of mappings
in the setting of E-metric spaces. The presented results extend some well known fixed point

theorems in the literature.

Definition 1.1. Let E be a real ordered vector space, ET be a non-empty closed and convex

subset of E, and O be a zero element in E. Then E™ is called a positive cone if it satisfies

i. forallx € ET and o > 0 imply ax € E™

ii. forallx € ET and —x € E* imply x = Og.

Definition 1.2. An ordered space E is a vector space over the real numbers, with a partial order

relation < such that

i. forall x,y,and z € E, x < yimplies x+z < y+7z,

ii. foralla € R" and x € E with x = Og,ax = Of .

Definition 1.3. The positive cone E™ of a normed ordered space X is called

(a) normal, if there exists a constant M > 0,

(b) solid, if intE™ # ¢;

(c) reflexive < ETNU is weakly compact, where U is the unit ball in X;

(d) strongly reflexive < ET NU is compact.

Definition 1.4. Let X be a non-empty set and let E be a real ordered vector space. An E-metric
function dg : X x X — E such that for all x,y and z € X, we have
(1) dg(x,y) = Og and dg(x,y) = O if and only if x = y;
(2) di(x.y) = di(,%);
(3) de(x,y) 2 dg(x,2) +de(y,2).

Then the pair (X,dg) is called an E— metric space.
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Let E be an real ordered vector space by the positive cone E™, we say that U = {x € E :
||x|| < 1} be the closed unit ball of E, and by U, we mean the positive part of unit ball defined
by the set Uy =UNE™.

Definition 1.5. The point xo € E™ is a semi-interior point of E™, if there exists a real number

p > 0 such that xo — pU; CE™.

The set of all semi-interior points of E* is denoted by (E*)? , and for x,y € E*, x < y if and
only if y —x € (E*)°.

Remark 1.6. Any interior point of E™ is a semi-interior point.

Definition 1.7. Let E be a real ordered vector space with E™ # 0 and (X,dg) be an E— metric

space. Let (x,) be a sequence in X and x € X.

(1) (x,) is e-converges to x whenever for every e > O, there exists a positive integer ng
such that if n > ng then dg(x,,x) < e. We denote this by lim,,_,ex, S xorx, = x.

(2) (x,) is an e-Cauchy sequence whenever for every e > O, there exists a positive integer
no such that if n,m > ng then dg (x,,x,) < e.

(3) (X,dg) is e— complete if every e— Cauchy sequence is e— convergent.

Proposition 1.8. If E is a complete real ordered vector space with closed cone E™ and gener-

ating then any semi-interior point of E™ is an interior point of E™.

Definition 1.9. Let (X,dg) be a e—complete E— metric space. A mapping T : X — X is said to

be an e— asymptotic contraction if for each integer n > 1, such that

forall x,y € X andif n € [0,1).

If n =1, then T is non-expansive mapping such that

dE(Tnx7 Tny) < dE(xvy)
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2. FIXED POINT THEOREMS

Definition 2.1. Let (X,dg) be a E— metric space and let P and Q be two non-empty subsets of
X. A mapping T : PUQ — PUQ is called an e— cyclic map if T(P) C Q and T(Q) C P.

Definition 2.2. Let (X,dg) be a E— metric space and let P and Q be two non-empty subsets of
X. Ancyclicmap T : PUQ — PUQ is said to be Zamfirescu contraction such that at least one
of the following is true.
Forall x € Pand y € Q and some 6; € (0,1),6,,65 € (0,1).

(1) dg(Tx,Ty) < 61dg(x,y)

(2) de(Tx,Ty) < 6:2[de(Tx,x) +de(Ty,y)]

(3) de(Tx,Ty) < 63[de(Tx,y)+de(x,Ty)],Vx€ePandVye Q

Theorem 2.3. Let P and Q be non-empty closed subsets of a complete E—metric space (X ,dEg)

andT : PUQ — PUQ be a Zamfirescu contraction. Then T has a unique fixed point in PN Q.

Proof. According to Zamfirescu contraction, we want to divide the proof into three parts
Part 1:

Fixxe Pand y=Tx € Q, we have
(2.1) dp(T%x,Tx) < 61dg (Tx,x)

In general, dg (T""1x, T"x) < 0} (dg(Tx,x)).

Now for n > m, consider
de(T™x, T"x) < dg(T"x, T" ' x) +dg (T x, T" 2 x) 4 - dg (T" ', T"x)

< (61" + 0" -+ 01 Ndp(Tx,x)

-0

%9{"(1_—91

VdE(Tx,x).
Let e = Og be given, choose p > 0 such thate — pU, C E™ and there is a positive integer ng such

that Bl’”(lz_efgm)dg(Tx,x) € BU,., for every m,n > ny, therefore e — 61’”(#)6@(%@@ —

%U+ Ce—pU,; CE™, hence

1—opm

i (T, T"x) < O] (——L—
1—6;

Vdg(Tx,x) < eVn,m > ny.
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Therefore, {T"x} is Cauchy sequence. Then, there exist z € PN Q such that T"x “, 7. Notice
that {72"x} is a sequence in P and {7?"~'x} is a sequence in Q having the same limit z. As P
and Q are closed z € PN Q. Therefore PN Q is non empty.
Now
dp(Tz,2) = lim (d (T2, 7%'2))
< 61 lim dg(z, T*"" ')
n—yoo
= 01dk(z,2)
= dE(TZ,Z) ; OE.
Therefore z is a fixed point of 7 in PN Q.
Uniqueness
Suppose w and z are two fixed points of 7 in PN Q and T is a cyclic, we get w,z € PN Q
d(z,w) =dp(Tz,Tw)
< 61(de(z,w))
= dp(z,w) = Og
Hence z is an unique fixed point of 7.

Part 2:

Fixx€ Pandy =Tx € Q, we have

6,

de(T"x, T" 'x)
1-6,

de (T x, T"x) <

=ndg(T"x, Tn_lx).

Where n = 19292 and clearly n € (0,1) since 6, € (0,1/2), we have

dE(Tn—Hxv Tnx) < nndE(Tx7x)

Now for n > m, consider
de(T™x, T"x) < dg(T"x, T" ' x) +dg (T x, T" 2 x) 4+ - dp (T" ', T"x)

<M+ 0" Ydp(Tx,x)

1— nn—m)

1—7] dE(TX,x).

<n"(
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Let e = Og be given, choose p > 0 such thate — pU, C E™ and there is a positive integer n; such

linn—m
1-n

%U+ Ce—pU,; CE™, hence

that n™( )de(Tx,x) € BU,, for every m,n > ny, therefore e — nm(lfll’"_m )dg (Tx,x) —

n

1— nn—m

dp (" T"5) < " (<

Vdg(Tx,x) < eVn,m > nj.

Therefore, {T"x} is Cauchy sequence. Then, there exist z € PN Q such that 7"x < z. Notice
that {72"x} is a sequence in P and {72"~'x} is a sequence in Q having the same limit z. As P
and Q are closed z € PN Q. Therefore PN Q is non empty.

Now
dg(Tz,z) = lim dg(Tz, T*'x)
n—oo
< 6 lim [dp(T2,2) +dp (T%x, 7" )]
62de(Tz,2) +de(2,2)]
= dg(Tz,2)
< 92dE<TZ,Z)
= dg(Tz,z) < 0, zis a fixed point of 7 in PN Q.
Uniqueness
Suppose w is an another fixed point of 7in PN Q T is a cyclic, we get w € PN Q
de(z,w) =dg(Tz,Tw)
<6 [dE(TZ,Z) + dE(TW, W)
= 92 [dE (sz) +dg (W7 W)]
de(z,w) < O
= dg(z,w) = O since 6, € (0,1/2)
= I=W

Hence z is an unique fixed point of 7.

Part 3:
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Fixxe Pand y=Tx € Q, we have

0
de(T™ x, T"x) < 39 de(T"x, T" 'x)

1-63
= Nde(T"x, T" 'x)

Where n = 13393 and clearly n € (0,1) since 63 € (0,1/2), we have

de(T™ x, T"x) < n"dg(Tx,x)

Now for n > m, consider
de(T™x, T"x) < dg(T"x, T x) +dg (T x, T" 2 x) 4 - dp (T" ', T"x)

<M +n" " dp(Tx, )

1— nn—m)

1 7 dE(Tx,x).

<n"(
Let e = Og be given, choose p > 0 such thate — pU, C E™ and there is a positive integer n such

linn—m
1-n

%U+ Ce—pU,; CE™, hence

that n™( )de(Tx,x) € SU,, for every m,n > ny, therefore e — nm(lflTln_m)dE(Tx’x) —

n

1— nn—m

(T T") <" (2

Vdg(Tx,x) < eVn,m > nj.

Hence {T"x} is Cauchy sequence. Then, there exist z € PN Q such that T"x % z. Notice that
{T?"x} is a sequence in P and {T?"~'x} is a sequence in Q having the same limit z. As P and
Q are closed and z € PN Q. Therefore PN Q is non empty.

Now
dp(Tz,z) = lim dg (Tz, T*"z)
n—soo
< 63 lim [de(Tz, T* 'x) +dg(z,T*"2))
n oo
< 03[de(Tz,z) +de(z,2))]

dp(Tz,z) < 63dp(Tz,2)

z1s a fixed point of 7 in PN Q

Uniqueness
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Suppose w is an another fixed point of T in PN Q and T is a cyclic, we get w € PN Q.
de(z,w) =dp(Tz,Tw)
< 63[de(Tz,w) +dg(z, Tw)
= 6s[dE(z,w) +dg(z,w)]
dp(z,w) < 263dE(z,w)
dg(z,w) = O
Hence z=w

O

Theorem 2.4. Let P and Q be non-empty closed subsets of e—complete E— metric space
(X,dg). Suppose that a map T : PUQ — PUQ is satisfying T(P) C Q and T(Q) C P and

there exists 04 € (0,%) such that
2.2) dp(Tx,Ty) < 64[dp(x,y) +de(Tx,y) +de(x, Ty)]
forallx e Pandy € Q. Then T has an unique fixed point in PN Q.

Proof. Let us take x € P and y = Tx € Q. consider the above equation (2.2), we have

20
40 de(T"x, T" 'x)

dE(T"Hx7 T"x) < 7
— U4

= Ndg(T"x,T" 'x)

20,

where 11 = ;= and clearly 11 € (0,1) since 64 € (0,1/3), we have

dE(Tn+1x> Tnx) < nndE<Tx,x)

Now for n > m, consider
de(T™x, T"x) < dg(T"x, T" ' x) +deg (T x, T" 2 x) 4 - dp (T" ', T"x)

<"+ 0" 0" (T, x)

1— nn—m)

1—7] dE(TX,x).

<n"(



8438 D. DHAMODHARAN, A. MOHAMED ALLI P. CHITRA DEVI

Let e = Og be given, choose p > 0 such thate — pU, C E™ and there is a positive integer n3 such

linn—m
1-n

%U+ Ce—pU,; CE™, hence

)de(Tx,x) € BU,, for every m,n > n3, therefore e — nm(lfl’ln_m )dg (Tx,x) —

that n™( 0

1— nn—m

(T T") <" (2

)dg(Tx,x) =< eVn,m > n3.

{T"x} is a Cauchy sequence. Then there exist z € PN Q such that 7"x < z. Notice that {T7>"x}
is a sequence in P and {T?"~1x} is a sequence in Q having the same limit z. As P and Q are
closed z € PN Q. Therefore PNQ # 0
Now
dp(Tz,z) = lim dE(Tz,TZ"z)
n—soo
< 04 1im [dg (2, T* ') +dp (T2, T?" " 'x) + dg (2, Tx))
n—oo
= 04dE(2,2) +dE(Tz,2) +dE(2,2)]
dp(Tz,z) < O4dp(Tz,2)

This is not possible, but 64 € (0,1/3)
Therefore, dr(Tz,z) < Og, Hence, z is a fixed point of 7 in PN Q
Uniqueness

Suppose w is an another fixed point of 7 in PN Q and T is a cyclic, we getw € PN Q.
de(z,w) =dg(Tz,Tw)
< 64ldg(z,w) +dg(Tz,w) +dg(z,Tw)
= [dg(z,w) +dE(z,w) +dE(z,w))
de(z,w) < 364(de(z,w))
(1 =364)dg(z,w) < O
= dg(z,w) = O since 64 € (0,1/3)
= I=Ww

Hence z is an unique fixed point of 7T'. 0
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Definition 2.5. Let P and Q be two non-empty subsets of E—metric space (X,dg). A cyclic
map 7 : PUQ — PUQ is said to be Hardy and Rogers contraction if there exists 65 € (0, %)

such that
dp(Tx,Ty) < 05[dg(x,y) +dp(Tx,x) +dg(Ty,y) +dp(Tx,y) +dg(x,Ty)]

forallxe Pandy € Q

Example 2.6. Consider the E—metric space X = R.
Suppose P =Q = [0,1] defined T : PUQ — PUQ by
4/7 ifx€0,1/2]
2/7 ifxe (1/2,1].

Tx

For x = 1/4,y=14/15, then T is Hardy and Rogers contraction.

Theorem 2.7. Let P and Q be two non-empty closed subsets of a E-metric space (X ,dg) and
T :PUQ — PUQ be the Hardy and Rogers contraction. Then T has an unique fixed point in
PNO.

Proof. Letus assume thatx € Pandy=Tx € Q

From the above definition (2.5)

36
dep(T" X, T"x) < >

1 _295 E( Xy x)

=Ndg(T"x,T" 'x)

Where n = 13—3595 and clearly n € (0, 1) since 05 € (0,1/5), we have

dE(Tn_Hx? Tnx) < TlndE(TX,x)

Now for n > m, consider
de(T™x, T"x) < dg(T"x, T" ' x) +deg (T x, T" 2 x) 4 - dp (T" ', T"x)

<M+ 0" Ydp(Tx,x)

1— nn—m)

1—7] dE(TX,x).

<n"(
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Let e = Og be given, choose p > 0 such thate — pU, C E™ and there is a positive integer n4 such

linn—m
1-n

%U+ Ce—pU,; CE™, hence

that n™( )de(Tx,x) € BU,, for every m,n > ny, therefore e — nm(lfll’"_m )dg (Tx,x) —

n

1— nn—m

(1" T") < 0" (2

Vdg(Tx,x) =< eVn,m > ny.

Hence {T"x} is Cauchy sequence. Then there exist z € PN Q such that 7"x <% z. Notice that
{T?"x} is a sequence in P and {T?"~!x} is a sequence in Q having the same limit z. As P and
Q are closed z € PN Q. Therefore, PN Q is non-empty.

Now,
dp(Tz,2) = r}i_r)godE(Tz, T2"7)
< s lim [di (<, T2 X)) +dp(Tz,2) +dp (T?'x, T 'x)
+dg(Tz, Tzn_lx) +dg/(z, Tznx)]
= 05[dE(z,2) + de (Tz,2) + dp(z,2) + dg(Tz,2) + dg(2,2)]

dp(Tz,z) < 26s5dg(Tz,z) This is not possible, since 6s € (0,1/5)
zis a fixed point of 7 in PN Q
Uniqueness

Suppose w is an another fixed point of 7 in PN Q and T is cyclic, we get w € PN Q.

dg(z,w) =dg(Tz,Tw)
< 605[dg(z,w) +dp(Tz,2) + de(Tw,w) +dg(Tz,w) +dg(z, Tw)]
= 0s5|dg(z,w) +dE(z,2) +dg (w,w) +dg(z,w) + dg(z,w)]

dp(z,w) < 36s5de(z,w)

(1—-365)dp(z,w) < O
= dg(z,w) = Og since 65 € (0,1/5)
= z=w

Hence z is an unique fixed point of 7. U
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Definition 2.8. Let P and Q be two non-empty subsets of E—metric space (X,dg). A cyclic
map 7 : PUQ — PUQ is said to be a Bianchini contraction if there exists 6 € (0, 1) such that

dp(Tx,Ty) < sM(x,y), forall x € P and y € Q, where M(x,y) = max{dg(Tx,x),de(Ty,y)}.

Example 2.9. Consider the £ —metric space X = R. Suppose P=Q =[0,1] and T : PUQ —
PUQ defined by

1/4 ifx=1

1/2 ifxel0,1).

Tx =
For x =15/16, y = 1, then T is a Bianchini contraction.

Theorem 2.10. Let P and Q be two non-empty closed subsets of a e—complete E—metric space
(X,dg) and a cyclic map T : PUQ — PUQ be a Bianchini contraction. Then T has an unique
fixed point in PN Q.

Proof. Considerx € P,y=Tx e Q
By definition (2.8), we have

dE(Tx7 Ty) =< 66M(x7y)

Case 1: If M(x,y) = dg(Tx,x),

dp(Tx,Ty) < 06dp(Tx,x)
Puty =Tx
dp(Tx,T*x) < O¢dg (x,Tx)
dp(T*x,Tx) < Ogdg (x,Tx)
dp(T3x,T%x) < Odp (T*x, Tx)

dp(T3x,T%x) < 62dg(Tx,x)

dp (T x, T"x) < 60dp(Tx,x)
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Now for n > m, consider
de(T™x, T"x) < dg(T"x, T" ' x) +dpg (T™ T x, T" 2 x) 4 - dp (T" ', T"x)

< (0 +ort -+ 0 dp(Tx,x)

1—gr

S0 (g,

VdE(Tx,x).

Let e = O be given, choose p > 0 such that e— pU, C E™ and there is a positive integer ns5 such

that 67" ( 1;269; )dg(Tx,x) € SU,, for every m,n > ns, therefore e — 6]"( If%; Ydg(Tx,x) —

%U+ Ce—pU; CE™, hence

1—gr

dg(T"x, T"x) < ' (———
1— 66

)dg(Tx,x) < eVn,m > ns.

Hence {T"x} is Cauchy sequence. Then, there exist z € PN Q such that 7"x % z. Notice that
{T?"x} is a sequence in P and {T2"~'x} is a sequence in Q having the same limit z. As P and
Q are closed z € PN Q. Therefore PN Q is non-empty.

Now
dg(Tz,2) = lim dg(Tz,T*"z)
n—yoo
< 66 lim M(z, 7" 'x)
n—soo
= 06dE(Tz,2)
(1 — 96)dE(TZ, Z) < 0g
= dp(Tz,2) =0

=Tz=z

Therefore z is a fixed point of 7" in PN Q.
Uniqueness

Suppose w is an another fixed point of 7 in PN Q and T is cyclic, we get w € PN Q
dg(z,w) =dg(Tz,Tw)
< 66M<Z7 W)

< 66dg(Tz,w)
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(1—66)de(z,w) < O
= dg(z,w) = Og since 65 € (0,1)

= I=w

Hence z is an unique fixed point of 7.

Case 2:
M(x,y) = dg(Ty,y)
dg(Tx,Ty) < O6M(x,y)
= Ode(Ty,y)
Puty =Tx

dp (Tx, T*x) < Odp (T?, Tx)
dp(T%x,Tx) < Odp (T%x, Tx)
Which is impossible, since 6 € (0,1).

This completes the proof. ]

Corollary 2.11. Let P and Q be two non-empty closed subsets of an e—complete E—metric

space (X ,dg). The cyclicmap T : PUQ — PUQ and
dg(Tx,Ty) < 06dp(Tx,x), for some 66 € (0,1)
. Then T has an unique fixed point in PN Q.
Proof. The proof is followed by taking M(x,y) = dg(Tx,x) in the above theorem O

Theorem 2.12. Let P and Q be two non-empty closed subsets of e—complete E—metric space
(X,dg). Suppose that T : PUQ — PUQ is a map satisfying T(P) C Q and T(Q) C P and there

exists 6; € (0, 1) such that

de(Tx,Ty) < 6:M(x,y)

where M(x,y) = max{dg(Tx,y),dg(Ty,x)} for all x € P and y € Q. Then T has unique fixed
point in PN Q.
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Proof. Fixxe P

dp(Tx,Ty) < 6;M(x,y) where M(x,y) = max{dg(Tx,y),dg(Ty,x)} forallx € Pand y € Q
Case (1) M(x,y) = dg(Tx,x)

dp(Tx,Ty) < 67dg(Tx,x)

dE<Tx7 sz) < 97dE (X, TX)
dp(T%x,Tx) < 64dg (x,Tx)
dp(T3x,T%x) < 61dg(T?x, Tx)

dp(T3x,T%x) < 62dg(Tx,x)

dp (T x, T"x) < 07dp(Tx, x)

Now for n > m, consider

de(T"x, T"x) < dp(T"x, T" ' x) + dp (T x, T 2x) 4 - dp (T" %, T"x)

< (67 + 67" -+ 67 )dp (Tx,x)

1—orm

<6 (1 %,

VdE(Tx,x).

Let e = O be given, choose p > 0 such thate— pU, C E™ and there is a positive integer ng such

that 67"( 1?279; )dg(Tx,x) € SU,, for every m,n > ne, therefore e — 67 ( 1?379;

YdE(Tx,x) —

LU, Ce—pUy CE™, hence

1—orm

dp(T"x,T"x) < 67'(
1—64

Vdg(Tx,x) < eVn,m > ng.
Hence {T"x} is Cauchy sequence. Then, there exist z € PN Q such that T"x % z. Notice that
{T?"x} is a sequence in P and {T?"~x} is a sequence in Q having the same limit z. As P and

Q are closed z € PN Q. Therefore PN Q is non empty.
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Now
dg(Tz,2) = lim dg(Tz,T*"z)
n—oo
< 67 lim M(z, 7" 'x)
n—soo
= 01dp(T'z,2)
(1 — 97)dE(TZ, Z) <0
= dp(Tz,2) = O
=Tz=1z

Therefore z is a fixed point of 7 in PN Q.

Uniqueness

Suppose w is an another fixed point of 7 in PN Q and T is a cyclic, we getw € PN Q

dg(z,w) =dg(Tz,Tw)
< 6:M(z,w)
< 61dp(Tz,w)
(1—67)de(z,w) < O
= dg(z,w) = Og since 67 € (0,1)
= z=w

Hence z is an unique fixed point of 7.

Case (2)

M(x,y) = dg(Tx,y)
dg(Tx,Ty) <X 67dg(x,y)
Put y=Tx
dg(Tx, T2x) < 67dg(Tx,Tx)

dE(TX, sz) = OE
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T?x=Tx
T(Tx)=Tx
Ty=y
Ty=Tx
xX=y
Since Tx=xand Ty =Yy
T has unique fixed point. 0

Corollary 2.13. Let P and Q be two non-empty closed subsets of e—complete E—metric space
(X,dg) with closed positive cone E* such that non-empty semi-interior points of E™. Let for
some positive integer n, the mapping T : PUQ — PUQ is a map satisfying T(P) C Q and
T(Q) C P and there exists 67 € (0,1) such that

de(T"x,T"y) < 6ymax{dg(Tx,y),de(Ty,x)}
forall x e Pandy € Q. Then T has unique fixed point in PN Q.
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