Available online at http://scik.org
J. Math. Comput. Sci. 2022, 12:75
https://doi.org/10.28919/jmcs/6775
ISSN: 1927-5307

SOME FIXED POINT RESULTS IN 7 — FUZZY METRIC SPACE USING
RATIONAL CONTRACTION MAPPING

D. POOVARAGAVAN!2T M. JEYARAMAN!*

PG and Research Department of Mathematics, Raja Doraisingam Government Arts College, Sivagangai, India

Affiliated to Alagappa University, Karaikudi, Tamil Nadu, India

2Depalrtment of Mathematics, Government Arts College for Women, Sivagangai, Tamil Nadu, India

Copyright © 2022 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, we make some fixed point theorems for a new type of generalized contractive mappings
including C— class function, ¥} — admissible type mapping and rational contractive in the casing work of complete
¥ — Fuzzy Metric Spaces. The outcomes acquired in this work generalize and further develop some fixed point
results in this article.
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1. INTRODUCTION

Mustafa and Sims [9] brought the however of the thought of ¢ — metric spaces as a specula-
tion of metric spaces. Besides, Sedghi et. al [11] presented the idea of S— metric spaces as one
of the speculations of the metric spaces. Abbas et. al. [2] broadened the thought of S— metric
spaces to A— metric space by stretching out the definition to n - tuple. In 1965, Zadeh [14] at
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first presented the idea of fuzzy sets. From that point forward, a few powerful mathematicians
thought about the idea of fuzzy sets to present many energizing ideas in the field of science,
like fuzzy differential equations, fuzzy logic and fuzzy metric spaces. A fuzzy metric space
is notable to be a significant speculation of the metric space. In 1975, kramosil and Michalek
[7] utilized the idea of fuzzy sets to present the thought of fuzzy metric spaces. George and
Veeramani [3] madified the idea of fuzzy metric spaces in the feeling of Kramosil and Michalek

[7]. Sun and Yang [12] begat the possibility of ¢ — fuzzy metric spaces.

2. PRELIMINARIES

Definition 2.1. [13] Consider Y be a non-empty set. A triple (Y, 7, ) is said to be ¥'— Fuzzy

Metric Spaces (¥ — FMS) where x is a continuous t-norm and 7 is a fuzzy set on Y X (0,00)

satisfying the following conditions for all t,s > O:

(7-1) Y (v,v,...,v,u,t) >0forall v,u € Y with v # u,

(V-2) V' (V1,Viy...,V1,Va,t) > V' (v, Va,...,Vp,t) for all vi,vp,...,v, € Y with v, # v3 #
cei FE Vi

(V-3) V(vi,va,..,Vpt) =l vi=v=v=-. =V,

(V-4) V' (vi,Vay...,Vp,t) = ¥V (p{V1,V2,..., W },t), where p is a permutation function,

(V-5) V' (vi,Vaye.o, Vst +5s) >V (Vi, Vo, V1, Lt) « V(L1 .. 1, Vy,S),

(7-6) t1i_>n°10”//(v1,vz,...,vn,t) =1,

(7-T) V' (vi,V2y...,Vn,.) : (0,00) — [0, 1] is continuous.

Example 2.2. Consider Y =R and (Y,A) be a A metric space. Define 7 : X" x (0,00) — [0, 1]

such that

A(vl,vz,...,vn))

”f/(vl,vz,...?vn,t):exp(— .

forall vi,va,...,v, € Yand t > 0. Then (Y, 7, %) is a ¥ — fuzzy metric space.

Lemma 2.3. [13] Consider (Y, ¥ ,x) bea ¥ —FMS. Then ¥ (v1,Va,...,Vp,t) is non-decreasing

with respect to t.

Lemma 2.4. [13] Consider (Y,?,x) be a V' — FMS such that ¥ (vi,Va,...,Vy,kt) >

YV (Vi,Va,..., Vo, t) withk € (0,1). Then vi = vy = v3 =--- = V,,.
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Definition 2.5. [13] Consider (Y, 7", *) bea ¥ — FMS. A sequence {V,} is said to be convergent

to vif im 7 (v, Vy,...,V,,, v, 1) =1

r—oo

Definition 2.6. Consider (Y, 7 ,%) be a ¥ — FMS. A sequence {V,} is said to be a Cauchy

sequence if ¥ (V,, Vy,...,V,, Vg, t) = 1 as r,q,— oo for all t > 0.

Definition 2.7. Consider 7' — FMS (Y, 7, ) is said to be complete if every Cauchy sequence

in Y is convergent.

n—times

Definition 2.8. Consider T be a non-empty set, y: Y x YT x “---

XY X (0,00) — [0,00) and
7:Y — Yis a self mappings. Then 7 is said to be y— admissible if for all v{,v,,...,v, € Tt >0
with ¥(vi,Va,...,Vp,t) > 1 = y(TVv,TV2, ..., TV, t) > 1.

n—times

o0

Definition 2.9. Consider Y be a non-empty set, 7: Y x Y X XY x (0,00) — [0,00) and

T:Y — Y be a self mappings. Then 7 is said to be triangular y— admissible if
(1) 7is y— admissible,
2) y(vi,vay..oyVu1,L,t) > 1Tand y(I,1,...,1, vy, t) > 1 implies y(vy, Vo, ..., Vy,t) > 1.

for all vi,va,...,v,,l €.

Definition 2.10. Consider Y be a non-empty set with s > 1 a given real number. y: 1 X T X
n—times

7o XY x (0,00) — [0,00) and 7 : Y — Y be mappings. Then 7 is called y— admissible type S

if forall vi,va,...,v, € T,t > 0 with ¥(v|, va,...,Vy,t) > s = y(TV],TV2,...,TVy,t) > s.

Definition 2.11. Consider Y be a non-empty set with s > 1 a given real number. y: 1 X T X
n—times

o0 XY % (0,00) = [0,00) and 7 : ¥ — Y be mappings. Then 7 is called triangular y— admis-

sible type S if
(1) 7is y— admissible type S,
(2) y(vi,Va,...,Vu_1,l,t) >sand y(I,1,...,1,v,,t) > simplies y(vi, Va,..., Vy,t) > s.
for all vi,vs,...,v,,l€T.
Let Q denote the class of all functions ¢ : [0,1] — [0, 1] such that { is non-increasing, con-

tinuous and let {(t) < tforallt € (0,1).
If £(0) =0 and {(1) = 1 additionally hold, then {(t) < t,t € [0, 1] for all functions from Q.
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Definition 2.12. A mapping . : [0,1]*> — [0, 1] is called a C— class function if it is continuous
and the following axioms holds:

(1) Z(s,t) <sforalls,te0,1],

(2) Z(s,t) =simplies eithers=1ort=1.

We denote ¢ the family of C— class functions.

3. MAIN RESULTS

In this segment, we present the thought of ¢ — rational contraction type mappings and set up
the presence and uniqueness aftereffects of the fixed point for this class of mappings. We start

by setting up certain outcomes that will be utilized in the confirmation of our primary outcome.

Definition 3.1. Consider Y be a non-empty set with s,1 > 1 a given real number.
n—times

y:TxYTx 7 XY x (0,00) = [0,00) and 7 : ¥ — Y be mappings. Then 7 is called Y-

admissible type mapping if for all vi,v;,..., v, € T,t > 0 with

Y(V1,V2,..y Vi, t) > st = y(TV1,TV2,.. ., TV, t) > 85

Definition 3.2. Consider Y be a non-empty set with s,1 > 1 a given real number. y: Y X T X
n—times

0 XY % (0,00) — [0,00) and 7 : ¥ — Y be self mappings. Then 7 is called triangular ¥} —

admissible type mapping if
(1) 7is 72— admissible type mapping,
(2) y(vi,vay..., V1, Lit) > st and y(I,1,... .1, v,,t) > st implies y(vy, V2, ..., Vy,t) > st

for all vi,vs,...,v,,l€T.

Lemma 3.3. Consider Y be a nonempty set and T be a triangular Yt — admissible mapping.
Assume that there exists vo € X, such that y(vy,TVy,- - ,TVo,t) > s'. Assume the sequence

{vn} is characterized by v, = TVy, then Y(Vim, Vy,- -+ , Vy,t) > s' forallm,n € N.

Proof. Given 7 is triangular % — admissible mapping and there exists Vo € T such that
Y(vo,TVo,- -+, TVo,t) > st = (v, v1,---,Vi,t) > s'. Since T is % — admissible mapping,

Y(TVO,TVI,"' ,TVl,t) Z Sl = ’)/(vl7v27"' 7v27t> 2 Sl~
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Proceeding like this way, we get ¥(Vy, Vi1, -+, Vui1,t) > st for all n € NU{0}. Suppose that

m < n for all m,n € N, since 7 is triangular %} — admissible mapping,

YV, Vi 15+ > Vina 1, 8) =55 and YV, Va2, -+ > Vima2, t) > s
= Y(Viy Vim+2, "+, V12, t) > s*.
Also,
Y(Vis Vina2, -+ s Va2 t) =8t and Y(Vigo, Va3, -+, Vinas, t) > s
= Y(Vis V13, s Vg3, 1) > st
Proceeding like this way, we get Y(Vin, Vo, -+, Va, t) > st =

Definition 3.4. Consider (Y,”7,%) be a ¥ — FMS with s;1 > 1 a given real number.

n—times

Y:YxYx 7 XY x (0,00) — [0,00) be a function and 7 be a self map on Y. The mapping ©
is called 9; - rational contraction mapping if

Y(VI, Vo, Vo t) > sV and ns" ¥ (v, TV, TV ) 2> F (VL Vo, o, Vi t)

(1) = C(snfy/(r‘/l?ﬂch?"' 7Tvn7t)) < y(C(E(vlvvzv'” 7vn7t)>7p(3(v17v27”' ,Vn,t))>

for all vi,v»,---,Vv, € Y, where {, p are alternating distance functions, .# € €,

E(v17v27”' 7vl’l7t) :min{y(‘/l?va"' ,Vn,t>77/(\/17f\/1,"' 7TV1,t),

VYV (V1, TV, -, TVLE) - P (Vo TV, TV, -+ TV, t
,V(Vz,TVZ,TV:;,"',TVn,t), ( 1, 1, 9 1, ) ( 2 25 3, 9 n )}

%(vla Vo, o, Vnat)
Theorem 3.5. Consider (Y, ,*) be a complete ¥ — FMS and ©: Y — Y be an Y} - rational
contraction mapping. Assume the accompanying conditions hold:

(1) T is a triangular Y} - admissible type mapping,
(2) there exist vo € X such that y(vo,TVp, -+ ,TVp,t) >s',

(3) T is continuous.

Then 7T has a fixed point.
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Proof. Let vy € Y be such that y(vy, TV, -+ ,TVp,t) > s'. Construct the sequence {v,} by
Vi1 = TV, for all n € NU{0}. Suppose that v, ;| = v, for some n € NU{0}, get the ideal
outcome. Suppose that v, | # Vv, for all n € NU{0}. Now 7 is triangular ¥} - admissible
type mapping and y(vg, Vvy,---,Vi,t) = ¥(Vo,TVo, -, TVo,t) > s, also y(vy, Vo, ,Vp,t) =
y(Tvo,TV1,- -, TV],t) > st proceeding like this way, we obtain that Y(V;,, Vi1, , Vpi1,t) > st
for all n € NU{0}. Since y(Vy, Vit1, -+ 5 Var1,t) > st and

—1 -1
ns' /y/(vnvanv"' ,TVn,t) =ns" %(van-i-la"' 7Vn+17t) > /V(Vnavn-i—la"' 7Vn+17t)

(3.5.1) C(P (Var1, Va2, - s Va2, t)) S C(S" Y (TVi, TV 1, s TVt 1, 1))

< g(C(E’(VM Vi1, Vgl ,t)),p(E(Vn,Vn+] )T 7Vn+17t)))
where
E(Vn; Vitl, - 7Vn+l7t) = min W(an Vit 7Vn+17t)7 /V(Vn, TVp, - ,TVn,t),
a//(vn-l-larvn-i—la Tt ,TVn+1,t),
7/(\/", TVp, - ,TVn,t)) ) 7/(‘/’14—1 » TVit1, s TVntd 7t)
ﬂj/(vny Vi1, 7Vn+1>t)
== min ”V(VI’H Vn+1a e avn+17t); 4//(\/713 v}’l+17 e 7Vn+17t)7
7/(vi’l-l-l y V42, ,Vn+2,t)
Aj/(vm Vg1, 7vn+17t) : "//(Vn+1’vn+2’ T 7vn+27t)
/V(vl’h Vn+l7' o 7vl’l+l7t)
E(vm Vi1, 7vn+17t) = min {7/(\/”, Vi+1," - 7vn+17t)7 V(Vn+17vn+27 T 7vn+27t)}
Suppose that
E‘(Vm Vg1, - ;Vn+17t) = min {/V(Vn, Vitl, e 7vn+17t)7 /7/(\/11+17vn+27 te 7vn+27t)}

- %(Vn+lavn+25 e 7Vn+27t)



SOME FIXED POINT RESULTS IN ¥ — FMS 7

then (3.5.1) becomes

C(V (Vt1s Vg2, -, V2, 1)

< (" (TVa TVt 15+, TV 1, 1)

< f(C(V(VnH,VnJrz, Va2, ), 0 (F (Vatts Vi, 7Vn+27t))>

< E(Y (Vis1, Vngzs -+ > Vg2, b))
which implies that

SV (Va1 Vit s Va2, 1) S E (Y (Vart, Vs, Vs b))
so that
g(é(y(vn+1,vn+2,"' Va2 8))s P (Y (Vs 1, Vi, -+ 7Vn+27t))) =C(Y (Vat1, Vns2, 5 Vig2st))
and by definition of .7,
C(V(Vn+1,vn+27"' 7Vn+27t)) =1 or P(7/(Vn+1,Vn+2,"' ,Vn+2at)> =1L

Using the properties of § and p we get ¥ (Vy41, Vit2, -+, Vut2,t) = 1 = Vi1 = V0 which is

a contraction. Thus,
E(vm Vit - 7vn+17t) = min {7/(\/”, Vit 7vn+17t)7 V(Vn+17vn+27 T 7vn+27t)}
= 7/(Vn, Vi1, 7Vn+1;t>

which implies that

(352) /V(Vna Vn+17' o 7vn+lat) S 4//(Vn+17 Vn+27 Ut 7vn+27t)
Thus,
(VY (Vat1s Va2, s Vnr2,1)) < E(S" P (TVi, TVt 1, TV, 1))

IN

F (C(/V(Vn, Vi1, - ,Vn—l—lat))»p (fy/(vna Vi1, - 7vn+17t))>

IN

(af/(vm Vi1, Vil ;t))

which implies that

(353) C(/V(Vn+17 Vn+27 e 7Vn+25t)> S C(ﬂi/(vna v}’l+17 e 7Vn+17t))
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using the property of {, we obtain

/V(vl’h Vn—O—ly' o 7Vn+l7t) S /‘I/(Vn+17vn+2> e 7v}’l+2?t)‘

Using comparable methodology, we obtain

/V<Vn+lavn+27 e 7Vn—|—2at) S 4//(Vn+27 Vi3, 7Vn—|—3at)'

Therefore, { ¥ (Vy, Vus1," "+, Vur1,t) } is a non-decreasing sequence and bounded above.

Thus, there exists 0 < ¢ < 1 such that

im ¥ (Vy, Vpt1, -+, Vs 1,t) = .
n—oo

Now, suppose that 0 < ¢ < 1 taking the limit as n — oo of (3.5.3), we have that {(c) = {(c) so
that .7 ({(c),p(c)) = {(c) and by definition of .7, we must have that {(c) =1 or p(c) = 1.

Using the properties of { and p, we have that ¢ = 1. Thus, we have that

lim 7 (Vy, Vit1, o, Vaa1,t) = 1.
n—oo

Therefore, {v,} is Cauchy sequence. Since (£, 7, *) is complete ¥ — FMS, there exists v €

such that lim v, = v. Suppose that 7 is continuous, we have that
n—yoo

v=Ilimv,=limv, | = limtv,=7limv,=1V.
n—oo n—oo n—o0 n—oo

Thus, 7 has a fixed point. OJ

Theorem 3.6. Suppose that the hypothesis of Theorem 3.5 holds and in addition suppose
y(v,l, -, u,t) > st forall v,u € F(t), where .7 (7) is the set of fixed point of T. Then T

has a unique fixed point.

Proof. Let v,u € Z (1), thatis Tv = v and T = u such that v # . Using our hypothesis that
y(v,u, -, u,t) >stand ns" V¥ (v,Tv,--- Tv,t) = 1> ¥ (v,u,---, 1,t) we have

(3.6.1)
C(ly/(vmua"' uuvt)) < C(Snly/(fvaf.uf" 7Tu7t)) < §<C(E(V,H, ,,u,t)),p(E(v,,u,--- ,u,t)))
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where

E(Vv,l,-,U1,t) :max{”//(v,u,--- JUL ), Y (vyTv, - TV t),

Y(v,tv,---,Tv,,t), Y (U, U, -, TU,,t
7/(%’5“»'”,’5#7:’5), ( ) (‘u u ‘u >}

7/("711;“' ,,Ll,t)

:/V(V,‘ll,"' 7,u“7t)
Using the properties of {,p, (3.6.1) becomes
C(”//(v,,u,--- ,‘U,,t)) < C(%(V,,u, ,[.L,t))

WthhlmpllCS thaty(C(%(vali?"' a.uvt))ap(%(vauf" ,M,t))) = C(%(VJM ,‘LL,t)) and
by definition of .%, we must that C(V(v,,u,--- ,,u,t)) =1 orp(”l/(v,u,--- ,[,L,t)) = 1. Using
the properties of { and p we have that ¥'(v,u,---,u,t) = 1. Thus, v = u. Hence, 7 has a

unique fixed point. 0J

Corollary 3.7. Let (Y, ,*) be a complete ¥ — FMS and Tt : X — Y be mapping satisfying the

inequalities Y(V1,V2,- -+ ,Vp,t) > sand n s ¥ (v, v, -, TV, t) > ¥ (v, Vo, -, Vi, )

(B7.1) = (" (v, Ve, TV ) S C(E(VI, V2o, Vint)) — P(E(VIL, Vo, -+, Vi)

forall vi, vy, -+, v, € X, where {,p are alternating distance functions,and

E(Vi, V2, -+, Vi, t) =min{”V(vl,Vz,--- Vo t), Y (Vi,Tvy, -, TV L),

YV (v, TV, -, TV E) - Y (Vo, TV, TV, -+, TV, 1t
%(VQ,TVQ,TV:;,"',TVn,t), ( 1, 1, 5 1, ) ( 25 25 3, 5 ny )}

7/<V1, Vo, 7Vn7t)
Assume the accompanying conditions hold:

(1) 7 is a triangular 7y - admissible type mapping,
(2) there exist vo € Y such that y(vy, TV, -+ ,TVo,t) >'s,

(3) T is continuous.

Then 7T has a fixed point.
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A (Vi, V2,
t

Y
Example 3.8. Let Y = [0,00) with ¥/ (v, Vs, -+, Vy,t) = exp (— ’ ")> Clearly

(Y,7,%) is a complete ¥ — FMS. Define the self function 7: Y — Y by

— 1
e v el0,1]

TV =
5v, ve(l,),

n—times

Y:TXYTx 7 XY x(0,00) — [0,00

~—

n, lf Vl,VQ,"‘,VnG[O,l]
YV, V2, ooV t) = _
07 lf v17v27"'7vl’l€(17°°)7

and §,p:[0,1] = [0,1] by {(t) =%, p(t) =t, t=1,s=2and F(s,t) =s—t. Tis }j rational

type mapping and 7 satisfy conditions in Corollary 3.7 with a unique fixed point 0.

3. CONCLUSION

In this paper,verify the existence of unique fixed point for rational contraction mapping in

¥ — fuzzy metric spaces by using triangular ¥} -admissible type mapping.
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