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Abstract. In this note, we define the notion of Meir-Keeler contraction in Gp-metric spaces. Further, by adding
the concept of a-admissible, we introduce the definition of generalised o-Meir-Keeler contraction and used it
for examining the existence of fixed points and uniqueness. Various results are also given as consequence of our
results.
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1. INTRODUCTION

Banach fixed point theorem, commonly known as Banach contraction principle is the most
important theorem in Metric fixed point theory. Due to its simplicity, easiness and applicability
to various disciplines, Banach fixed point theorem has been extended and generalized in dif-
ferent directions. Extension of Banach fixed point theorem by changing the space i.e. metric
space to other suitable space is one of the interest for many researchers. Some of the important
works in this direction can be found through research papers in [1, 2, 3,4, 5,6, 7, 8,9, 10, 11,
12, 13, 14, 15] and references therein. Researchers also work on another direction to generalize
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Banach fixed point theorem. In this case, the contraction condition is generalized. There are
large number of resesarch papers in literature working in this area. Some of the results related
with our study can be found in [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30].

For our study it will be the combination of both ways. For the space to be used, we consider

Gp-metric space [29] and for the contraction condition we use Meir-Keeler contraction [16].

2. PRELIMINARIES

The definition of Gj,-metric space is given by Aghajani et al. [29].

Definition 2.1. [29] In a set Q # ¢, suppose b > 1 be a real number and G : Q X Q X Q —
[0, 4c0) be a function satisfying
1.: G(6,¢9,y)=0ifandonly if 6 = ¢ = y forall 0,9,y € Q;
2.:0<G(6,0,9)forall 6,9 € Qwith 6 # ¢;

3.2 G(6,0,0) < G(0,0,y) forall 0,9,y € Q with v # ¢;
4.: G(6,9,y) =G(P[6,9,Vy]) where P is a permutation of 0,9,y (symmetry in all three

variables);

5.:G(60,0,y) <b[GO,u,u)+G(u,d,v)|forall 0,¢,y,u € Q (rectangular inequality)

Here, G is said to be a Gy-metric and (Q,G) is said to be a Gy-metric space.

Definition 2.2. [29] In an Gy-metric space (Q,G), a sequence {6,} is called
(i): Gp-convergent to a point 0 € Q if for each € > 0, there exists a positive integer ng
such that for all m,n > ngy, G(6,,,6,,0) < €.
(ii): Gp-Cauchy if for each € > 0, there exists a positive integer ng such that for all m,n,l >
no, G(6y,,6,,6;) < €.
(iii): Also, the space (Q,G) is called complete Gy-metric space if every Gp-Cauchy se-

quence is Gy-convergent.
We recall some types of o-admissible mappings in a metric space (X,d).

Definition 2.3. [19] Let A: Q — Q and o0 : Q x Q — [0,+0) are functions. Here, A is said to
be an a-admissible if a(0,¢) > 1 implies a(A0,A9) > 1 forall 0,¢ € Q.
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Definition 2.4. [20] Let A,B: Q — Q and o : Q X Q — [0,4o0) are functions. Here, the pair
of mappings (A,B) is said to be an o-admissible if o.(0,¢) > 1 implies a.(A6,B¢) > 1 and
0(BO,A¢) > 1 forall 6,¢ € Q.

Definition 2.5. [21] Let A: Q — Q and a : Q x Q — [0, 4o0) are functions. Here, A is known
as triangular a-admissible, if:

(): a(6,0) > 1, implies a(AB,AP) > 1, 0,9 € Q,

(ii): a(0,¢9) > 1, o(9,y) > 1, implies o.(0,y) > 1, 0,9,y € Q.

Definition 2.6. [20] Ler A,B: Q — Q and o : Q X Q — [0,4o0) are functions. Here, the pair
(A,B) is said to be a triangular a--admissible, if

(i): a(6,¢) > 1, implies ®(A0,B9) > 1 and o.(BO,AP) > 1, 6,9 € Q,

(ii): a(0,¢9) > 1, o(@,y) > 1, implies o.(0,y) > 1, forall 0,¢,y € Q.

Definition 2.7. [30] Let A : Q — Q and oG : Q X Q X Q — [0,+00) are functions, then A is
called ag-admissible, if 0,9,y € Q, ag(0,9,y) > 1 implies ag(A0,Ap,Ay) > 1.

Example 1. [6] Consider Q = [0,+) and define A : Q — Q and 0o : Q x Q X Q — [0, +00)
byAO =480, forall 0,9,y € Q, and

v

e, if,0>¢ >y, 0,¢#0

0, if, 0 <9 <vy.

aG(ea(P,W) =

Then A is an 0g-admissible mapping.

Definition 2.8. [6] Ler A,B: Q — Q and 0 : Q X Q X Q — [0,+o0) are three functions. The
pair (A,B) is called og-admissible if 6,0,y € Q such that ag(0,¢,y) > 1, then we have
0G(AB,A¢,By) > 1 and ag(BO,B,Ay) > 1.

3. MAIN RESULTS

Here, we give various types of Meir-Keeler contractive mappings in order to extend various
results of Selma et. al. [22] in Gp-metric space. Throughout this paper, assume (Q,G) be an

Gyp-metric space, b > 1 be a real number and A : Q — Q be a mapping.



4 MAIREMBAM BINA DEVI

Definition 3.1. An og-admissible mapping A in (Q, G) is known as ag-Meir-Keeler contraction

mapping of type I, if there esists 8 > 0 for all € > 0 such that
e<G(6,9,y)<e+é
implies

(1) aG(0,0,y) G(AB,Ap,Ay) <

S,

forall 6,9,y € Q.

Definition 3.2. An ag-admissible mapping A in (Q,G) is known as ag-Meir-Keeler contraction

mapping of type I1, if there exists & > 0 for all € > 0 such that

£<G(6,0,0)<e+d

implies

@ 0G(8,9,9) G(46,A49,4¢) <

forall 6,¢ € Q.

Remark 1. (i): If A be an ag-Meir-Keeler contraction of type I, then
a(0.6.¥)G(48.4¢.ay) < X0 0Y),

forall 0,9,y € Q and equality is true, when 6 = ¢ = y.

(ii): If A be an og-Meir-Keeler contraction of type II, then

a6(0,9,9)G(40,49,4¢) < D000

forall 8,¢ € Q and equality is true, when 6 = ¢.

Now, we introduce the following generalization of Meir-Keeler mappings.

Definition 3.3. An o-admissible mapping A in (Q, G) is known as generalized 0,g-Meir-Keeler

contraction mapping of type Al, if there exists & > 0 for all € > 0 such that

e<A0,0,y)<e+0d
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implies

3) 0G(6,9,¥)G(A0,A9,Ay) <

S,

where

forall 8,9,y c Q.

Definition 3.4. An ag-admissible mapping A in (Q, G) is known as generalized 0ig-Meir-Keeler

contraction mapping of type All, if there exists & > 0 for all € > 0 such that
eE<A0,0,0)<e+0d
implies

(4) aG<97¢7¢)G(A97A¢>A¢) <

S,

where
A(0,9,0) =max{G(0,9,9),G(6,A0,A0),G(¢,A9,Ad)}

forall 8,9 € Q.

Definition 3.5. An ag-admissible mapping A in (Q, G) is known as generalized o.g-Meir-Keeler

contraction mapping of type BI, if there exists 0 > 0 for all € > 0 such that
e<A6,0,y)<e+ 6
implies

(5) OCG<07¢7IV)G(A67A¢7AW) <

S|

where
A6,0.y) = max{G(6.0,),G(6,46,46),G(9,49,49),
Gy, A, AY), 1 (G(6,40,49) + G(0,49,Aw) + G(w, Ay, 40)) }

forall 0,9,y c Q.
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Definition 3.6. An o-admissible mapping A in (Q, G) is known as generalized 0,g-Meir-Keeler

contraction mapping of type BII, if there exists > 0 for all € > 0 such that
e<A0,0,0) <e+8
implies

(6) OCG(67¢7¢)G<A67A¢7A¢) <

Y

S,

where
A6,6,0) = max{G(6,6,0),G(6,A40,46),G(9,49,4¢).
%(G(G,AG,AO) 1 G(0,A9,A) + G(¢,A9,A9))}

forall 8,9 € Q.

Remark 2. (i): Let A: Q — Q be a generalized a-Meir-Keeler contraction of type Al or
BI. Then
A(6,9, )

0:(60.9, ¥)G(A8, A9, Ay) < ===

forall 08,0,y € Q, where the equality holds only when 6 = ¢ = .
(ii): Let A : Q — Q be a generalized ag-Meir-Keeler contraction of type All or BII. Then

aG(97¢7¢)G(A97A¢7A¢) < w»

forall 6,9 € Q, where the equality holds only when 6 = ¢.

Lemma 3.1. Let (Q,G) be a Gy-metric space and {6, } be a sequence satisfying:
(i): 6,, # 6, forallm #n, m,n € N,
(ii): G(On,0,41,0n11) < 3G(64—1,6,,6,), foralln € N.

Then, {6,} is a Cauchy sequence in (,G).

Proof. In order to show that sequence {6, } is Cauchy, we must prove that lgn G(6y, 6,11, 0pik) =
n—oo
0 for any k € N.

From (ii) we have

1
7) G(6,Bn1.6041) < £:G(60,61,61), forall n € N.
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Applying limit as n — 4o we get

. 1
Ogr}gloloG(enaen+179n+l) < ﬁG<90791791)
1imG(9n79n+1,9n+1) = 0.
n—yoo
Now,
G(ena 9n+ka en—i-k) < ZbG(Gm Gn—i-l; en—H) + bzG(Gn—Ha 9n+k7 Gn—i-k)
< 2bG(9n7 9n+1a 9n+1) + 2b3G(6n+17 9n+27 9n+2) + b4G<9n+27 9n+ka 9n+k>
< Z{bG(Gn,9n+1,9n+1)+b3G(9n+179n+2;9n+2)+"'
"'+b2(k_1)+15(9n+k71a9n+k79n+k)}
G(60,01,61) | ,3G(60,61,61) 2(k—1)+1G (60, 01, 61)
< 2{p TRl Tl 2 2R
2
= W{1+b+---+bk}G(90,91,91)
2(bF —1)
= ——-G(6p,0,,0
bn_1<b_1) (07 B l)
. o)
--’}glgoG(enaen+k79n+k) < r}g{}omG(emehel)
=0
Thus {6, } is a Cauchy sequence in Gj-metric space (,G). O

Theorem 3.2. Let (Q,G) be a complete Gy-metric space and 04 : Q X Q x Q — [0,+00) be a

mapping. Let A : Q — Q satisfying:

(i): A is a generalized ag-Meir-Keeler contraction mapping of type Al;

(ii): A is an ag-admissible;

(iii): there is 6y € Q so that ag(6y,60p,A6) > 1;

(iv): A is continuous.

Then, there exists a fixed point of A in Q.

Proof. Suppose 6y € Q and 0,(6y, 6y,A6) > 1. Define the sequence {6, } in Q as

6,+1 =A06,, foralln € N.
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Suppose 6y, = Op,+1 for some ny € N that is G(6,,, 0,+1,60py+1) = 0 implies that 6, is a fixed

point of A. Thus assume that 6, # 6, for all n > 0. From (ii), we have
045(60,A0p,A0p) = 0ts(6,01,6;) > 1

implies that

8) 05(ABy,A0;,A0)) = 05(601,6,,0,) > 1

continuing on the same lines, we have

9) 0s(0,0p4+1,601+1) > 1, VneN.

Here, we need to show that sequence {6,} satisfies the conditions of Lemma 3.1. If we put

0 =¢ =06,and y = 6, in (3), for all € > 0 there is 6 > 0 satisfying
€< A(ena 9n+179n+1) <€e+0o
implies

(10) as(6n76n+176n+1) G<A6n7A9n+17A0n+l) <

b

S,

where
A(Qn, Q,H_l, 9,,.,.1) = max{G(Gn, 9n+1, 9n+1), G(@n,AQn,Aen), G(9n+1,A9n+1,A9n+1)}.
From the Remark 2(ii), we have

G<9n+1 ; 9n+27 6n+2) = G(AemAen-H 7A9n+l)

< 065(9,1, 9n+17 9n+1) G(AenaAenJrl;AenJrl)

A<6n79n+1a9n+1)
b

<

due to the fact that 6, # 6,1 we see that equality does not hold, hence

A(6n76n+179n+1)
b .

(11) G(9n+179n+2>9n+2) <

If A(6,,6,41,64+1) = G(6y41,6,42,6,12) for some n € N, then (11) implies

G(9n+1: 9n+27 9n+2>
b

G(en—H ’ 6n-|—2> 9n+2) <
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which is not possible. Then A(6,,6,+1,6,+1) = G(6,,6,41,0,+1) for all n € N, so that (11)
yields

G(en,9n+1,9n+1)
b )

(12) G(9n+179n+2a 9n+2) <

which shows that Lemma 3.1(ii) is true.
Next, we consider the case for 6, = 6,, for all n # m.

If possible, let 6, = 6, for some m,n € N. We have G(6,,6,1,6,+1) > 0 for some n € N.
In general let m > n—+1.

We have G(6,,, 0141, 0n+1) = G(6y, 0,41, 0,+1), by the inequality (12) we have

G(em 9n+176n+1) = G(Gma 6m+17 em—H)
G<6m—176nb em)
b
G(em—27 6m—l ’ 6m—l)
b2

<

<

G(Gm 9}’[+1a 0n+1)
pm—n

(13)

becomes impossible. Thus for some m # n, A, = A, is not true and hence it must be 6, # 6,, for
all n # m. So, due to Lemma 3.1, {6, } is a Cauchy sequence in (Q,G). Thus, {6,} converges

toanu € Q1i.e.

(14) lim G(6,,u,u) = 0.

n—soo

By the continuity of A, we have

lim G(A6,,Au,Au) = lgn G(6,+1,Au,Au) =0,
n—soco

n—yoo

so {6, } converges to Au. Since the limit is unique, hence Au = u. O

Theorem 3.3. Let (Q,G) be a complete Gyp-metric space and g : Q X Q X Q — [0, 4o0) be a
mapping. Let A : Q — Q be a mapping such that

(V): for a pair of fixed points (0,9) of A, ag(0,0,0) > 1,

together with the four conditions of Theorem 3.2, then A has a unique fixed point in Q.
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Proof. The existence of fixed point is proved in Theorem 3.2. Now, for uniqueness, consider 6
and ¢ be two different fixed points of A in Q.
By (3) we have
e<A(0,0,0)<e+0

implies
(15) 0G(8,9,9)G(A8,46,49) < ;
where
A(0.0.0) = max{G(6,0.0),G(6.46.46),G(¢.A9.A9)}
= max{G(6,¢,¢),0,0}
(16) = G(6,0.9).

By (v), ag(0,¢,0) > 1, since G(0,60,¢) > 0, the Remark 2(ii) becomes

G(6,9,9) = G(A6,A9,A9)

IA

0G(6,0,0)G(A6,A9,A9)
A(6,9,9)

< b

a7 _ G649

which is a contradiction, hence G(0,¢,¢) = 0i.e. 6 = ¢. Thus fixed point of A is unique. I

Definition 3.7. In G,-metric space (Q,G), ag: Q x QX Q — [0,4) be a mapping. Then
Gp-metric space (Q,G) is known as an a-regular if for any sequence {6, }, lgn G(6,,6,0)=0
n—soco

and 0G(6y,0,+1,0,41) > 1 forall n € N, we have 0,;(6,,0,0) > 1 foralln € N.

Theorem 3.4. In a complete Gy-metric space (Q,G), b > lis a parameter and 0 : Q X Q X
Q — [0,+0) be an ag-admissible mapping. Let A : Q — Q be a generalized o-Meir-Keeler
contraction of type Al satisfying:

(i): There is 6y € Q so that ag(6p,A0y,A0y) > 1;

(ii): The Gp-metric space (Q,G) is an o.-regular, then there exists a fixed point of A in Q;

(iii): For all pairs of fixed points, 0,9 € Q. acG(0,9,0) > 1;



FIXED POINTS OF a-MEIR-KEELER CONTRACTION MAPPINGS 11

Then A has unique fixed point.

Proof. Suppose 6y € Q be such that a(6,A6),A6)) > 1. Define a sequence {6,} € Q such
that 6,1 = A6, for all n € N and converges to u € Q uniquely.

As (Q,G) is og-regular, aG(6,,u,u) > 1.
By (3), we have

€ < A(6y,u,u) <e+0d

implies

(18) 0 (B 11, 1) G (A By, Aut, Aut) < %

where

(19) A(By,u,u) = max{G(6,,u,u),G(6,,A6,,A6,),G(u,Au,Au)}.

On the other hand, from the Remark 2(ii), we have

G(6,+1,Au,Au) = G(AB,,Au,Au)

< 0G(6y,u,u)G(A6,,Au,Au)

A(6y,u,u)

20 <
(20) b
We have

lgn G(6y+1,Au,Au) = G(u,Au,Au).
n—yoo

Also

lim A(6,,u,u) = lgll max{G(6,,u,u),G(6,,A6,,A6,),G(u,Au,Au)}

n—oo

= G(u,Au,Au)

Taking limit as n — 40 in (20), we have

G(u,Au,Au)

G(u,Au,Au) < 5

which conclude that G(u,Au,Au) = 0.

Uniqueness part is identical to Theorem 3.3. UJ
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Note: Theorem 3.2, 3.3, 3.4 will be true for generalized ag-Meir-Keeler contraction mapping

of type BI and BIIL.

4. CONSEQUENCES:

Here, we consider some consequences of Theorem 3.2, 3.3 and 3.4.

Corollary 4.1. Let (Q,G) be complete Gy-metric space and A : Q — Q be an og-admissible
mapping satisfying:

(i): for all € > 0, there exists 6 > 0 such that
E<N(8,0,y)<e+é
implies

21) 0G(0,9,¥)G(AB,A9,Ay) <

S|

where

(22)  N(8.9,9) = max {G(0,0, ), 5[G(6,40,40) + G(9,49.49) + G(v, Ay, Ay)] }

forall 8,9,y c Q.

(ii): There exists 6y € Q such that og(6,A6p,A6y) > 1.

(iii): A is continuous or Gy-metric space (Q,G) is O -regular.
Then, A has a fixed point in Q.
Also

(iv): For every pair of fixed points (0,9) of A, if ag(0,¢,¢) > 1;

Then, fixed point of A is unique in Q.

Proof. AsN(0,¢,y) <A(0,¢,y) forall 0,¢,y € Q, proof is obvious from Theorems 3.2, 3.3
and 3.4. 0

Corollary 4.2. Let (Q,G) be complete Gp-metric space and A : Q — Q be an oG-Meir-Keeler

contraction of type I, that is, there exists & > 0 for every € > 0 souch that

e<G(0,0,y)<e+0
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implies

(23) 0G(0,9,y)G(AB,A9,Ay) <

S|

forall 6,9,y € Q.
If A is continuous or Gy-metric space (Q,G) is &-regular, then A has a fixed point. Further,

with condition (v) in Theorem 3.3 the fixed point of A is unique.

Proof. The proof follows easily from the relation G(6,¢,y) < A(0,¢,y) for all 0,¢,y €
Q. 0

Taking (0, ¢, y) = 1 in Theorem 3.4, we get

Corollary 4.3. Let (Q,G) be a complete Gp-metric space and A : Q — Q be a continuous

mapping. If there exists 8 > 0 for every € > 0 such that
e <A6,0,y) <e+8
implies

(24) G(A0,A9,Ay) <

S,

where

(25)  A(6,9,¥) =max{G(6,0,¥),G(6,40,A6),G(9,A9,A9).G(v. Ay, Ay) }

forall 0,9,y € Q. Then, fixed point of A is unique.

Corollary 4.4. Let (Q,G) be a complete Gy-metric space and A : Q — Q be a continuous

mapping. If there exists 8 > 0 for every € > 0 such that
e<SN(0,0,y)<e+d
implies

(26) G(AB,A9,Ay) <

S,

where

@7 N(6.0.9) = max [G(0,0,), 5 [G(6,40,40) + G(9.49.49) + G(v. Aw.Ay)]| }
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forall 0,9,y € Q. Then, A has a unique fixed point.
The Meir-Keeler contraction can be stated on Gp-metric spaces as follows.

Corollary 4.5. Let (Q,G) be a complete Gy-metric space and A : Q — Q be a continuous

Meir-Keeler mapping. If there exists 8 > 0 for every € > 0 such that
€<G(0,0,y) <e+é
becomes

(28) G(A0,A9,Ay) <

S,

forall 0,9,y € Q. Then A has a unique fixed point.

5. CONCLUSION

In this article, we define Meir-Keeler contraction in Gj-metric spaces using the concept of
a-admissible mapping. Further, we define generalized og-Meir-Keeler contraction. Using
these definitions of contractive mappings we prove theorems for the existence and uniqueness
of fixed points. We show that obtained results are potential generalizations of various results in

the literature.
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