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Abstract: The Common fixed point theorem using weakly compatible maps has been proved that satisfies
generalized Q — weak contraction condition. An application and an example validate our result.
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1. INTRODUCTION

In Banach contraction principle, the constant k was switched with a control function by
Boyd and Wong [3]. Different authors have considered different control functions. .Here we use
the following control function.
(?): Q: [0, ©) — [0, o) is non-decreasing, continuous function with Q(t)<t for each t >
0. Researchers tried to relax the conditions on commutativity /minimal commutative type
mappings, continuity, and contraction along with containing of range of a map into range of

other. In 1996 Jungck [8] enlarged concept of compatible mappings to weakly compatible
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mappings. "For metric space(X, d), self-mappings f and g are said to be weakly compatible,

wheneverfu = gu ,u € X gives fgu = gfu."

Now we familiarize with the new generalized() —contraction for mappings pairs in the following

manner:

Consider a metric space (X, d). Define self-maps A, B, S and T on a metric space (X,d) such that:
S(X) cB(X), T(X) c A(X);

d?(Ax, Sx)d(By, Ty), d(Ax, Sx)d?(By, Ty),
d3(Sx, Ty) < Qmax d( Ax,Sx) d( Ax, Ty ) d( By, Sx), x,y € X, where function
d(Ax, Ty ) d(By, Ty) d( By, Sx)

Q:[0, o0) — [0, o) is continuous non-decreasing such thatQ(t)<t, vt > 0.

2. WEAKLY COMPATIBLE MAPPINGS

Now we give main results using generalized 2 —contraction condition as defined above. We
shall denote complete metric space (X,d) by X.

Theorem 2.1. Let A ,BS,T be maps from X to X satisfying the following conditions:

(M1) If B(X) contains S(X), and A(X)contains T (X);

[d?(Ax, Sx)d(By, Ty),d(Ax,Sx)d?*(By, Ty)],
(M2)  d3(Sx,Ty) < Qmax d( Ax,Sx) d( Ax,Ty) d( By, Sx),
d(Ax,Ty ) d(By,Sx) d(By, Ty )

for all x,y € X, where functionQ: [0, ) — [0, o) iS continuous non-decreasing such
that Q(t)<t,vt > 0,

(M3) either of AX,X,SX ,TX is complete.

Then there exists only one fixed point of all mappings A4,B, S,Twith condition that pairs(B,T)
and (A,S) are weakly compatible.

Proof. Consider an arbitrary point x, € X. On using (M1) x,can be found so that S(x,) =
B(x;) = y, and for this x, one can choose x, € X such that T(x;) = A(x,) = y,. In this fashion
construct sequences

Yon =S(2n) =B(X2n 4+ 1), Yoan+1=T(x2n4+1) =A(x; 54 )foreachn=0. (2.1)
For easiness, we write 85, = d(V2n, Van+1)

In first stage we show that the sequence {8, } is a non-increasing sequence tending to zero.
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Case I. Consider the case when n is even, then on putting x = x,, and y = x,,,41 In (M2), we

get
d? (Ax2p, SX2n)d(Bxopn 41, TX2m41),

)
d(Axzy, Sx20)d*(Bx TXon41)
d3(Sx ,Tx ) < Omax 2 242n 2n+10 L A2n+1 '
2n0 1 Xon41 i d(Ax4p, Sxon)d(AXgn, TXon+1)A(BXont1, SXon),

Ad(Ax2pn, TX2041)d(BX2p41, SX20)A(BXon 11, TXon41)

Using (2.1), we have

dz()’z;z— LY2n) AW 2mYon+1)

AW 2n-1Y 20 20 Y 2n+1)
> 2n Yy ) < Qmax 2n-1Y2n n n+ 2.2)
2w Y2n+1 AW 2n-1Y2) AV 2n-1Y 2n+1) AV 2m Vo),

Ay 2n-1Y2n41) A2 Y 20) AV 20 Y 2 n41) J
Onusing By, = d(Van, Yans1) N (2.2) , we have
B3n < Qmax{B3,_1B2n Ban—1B3n 0,0} (2.3)
By using property of Q0 and triangular inequality, we have
If B2n—1 < Ban , then from (2.3) we get
B, < B3, acontradiction, therefore, By, < Bon— 1.
If we consider n is odd, then one gets  Bon4+1 < Ban-
This shows that the sequence {f,,} is decreasing.

We consider lim S,,, = [, forsome [ = 0.
n—-oo

If [ > 0; then from (M2), we have

1 dZ(AxZn' SxZn)d(Bx2n+1' Tx2n+1)
21+ d(AxZn: SxZn)dz(Bx2n+1' Tx2n+1) ,
d(AxZn' SxZn)d(AxZn' Tx2n+1)d(Bx2n+1f SxZn)r
d(AxZn: Tx2n+1)d(Bx2n+1: SxZn)d(Bx2n+1' Tx2n+1)

d3(Sxyn, TXope1) < Qmax

Now taking limits as n — oo, we get

I3 < Q(13), acontradiction, therefore, we have [ = 0.
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Thus when lim 8,,, = lim d(y,,, Y2n—1) = L = 0. (2.4).
n—oo n—-oo

One can claim that {y,,} is Cauchy.

If possible suppose sequence {y,} be not Cauchy in X, so for given € > 0, two positive integer

sequences{a(t)} , {8 ()} can be constructed g(t) > a(t) >t with all positive integers t.
d(Yawy Yew) Z € d(Yaw Ypw-1) <€ (2.5)
We have e < d(y o« (1) Y50) < A(Va 0 Vs 0-1) + A0 501V 50)
Letting t — oo, we get lim d( Ya) Vo) = €
By triangular inequality,
[d (Y500 Yaw+1) =d (Ve Vo) Sd(Vaw Yaw +1)-
Proceeding as n — oo then (2.4) and (2.5) combine to give tli_)rgd (Vpey Yawy+1) = €.
Again using triangular inequality, we get

ld (Y aw Yso+1) = d(Yaw Vo)l < d(¥sw Yoo +1)

Proceeding as t— oo , with (2.4) and (2.5),
lim d Vet Yswr+1) = €
Similarly by triangular inequality,

|d(Vaw+1 Yew+1) =4V a @ Ye@)| S AV Ya@+1) T A s Yo +1)-

Proceeding as t — oo and using (2.4) and (2.5), we obtain

Ili_)rgd(yﬁ(t)+1'ya(t)+1) = €&

On setting x = x4y and y = x4 in (M2), we find
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( }[ d*( Axae), Sxa() d ( Bxgy, Txpco)
2 | +d( Axa(), SXa(ry) d*( Bxpcy, Txp))]’
d( Axar), Sxatr)) A(Axaw) Txp()) d( Bxgey, SXair))s
d( Axa(, Txg)) d( Bxpe), Sxa(n)) d( Bxpey, Txp(0))

d®(Sxa(r), TXpr)) < Qmax

Using (2.1) and letting t — oo, we obtain

€3 < Qmax {% [0+ 0],0,0} = 0, which contradicts e > 0. Thus in X the sequence {y,} is

Cauchy sequence.

Assume AX to be complete subspace of X and we havez € X such that Aw = z. Again {y,} is
Cauchy so it has a subsequence {y,,+1} Which is convergent and sequence {y,, } and subsequence
{y.n} converge to same point. Thus we have y,,, = S(x,,) = B(x3p,41) = Z aSn — oo,

On setting x = w and y = z in (M2) we obtain

[d(BzTz)d*(Aw,Sw) +d*(BzTz)d(Aw,Sw)]/2,
d3(Sw,Tz) < Qmax d(Aw,Tz)d(Aw,Sw)d(B z,Sw),
d(B z,Sw)d(Aw,T z)d(B z,T z)

[d(z,z) d?*(z,Sw) + d?(z,z) d(z,Sw)]/2,
Therefore, d3(Sw, z) < Q max d(z,Sw) d(z,z) d(z,Sw),
d(z,z)d(z,Sw) d(z, 2)

This shows Sw equals z and thus Sw = Aw = z. So w becomes a common coincidence point for

mappings S and A. Asz belongs to SX and so we can find v € X so that z = Bv.
We claim Tv = z. Now putting x = x,,, and y = v in (M2), we have

% [d2(Axp, SX20)d(BV, TV) + d(Axyy, Sxpn)d? (Bv, TV)],

d*(Sxn, Tv) < Qmax d(Ax g, Sxon)d(Axyy, TV)A (B2, Sx3),
d(Ax,y,, Tv)d(Bv, Sx5,)d(Bv, Tv)

Therefore,
~[0+0],
d3(z,Tv) < Qmax 0 , this shows z = Tv and so z = Tv = Bv. Therefore v is point
0

of coincidence for Band T. (4, S) and (B, T) are pairs which are weakly compatible, so
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Sz=S5SAw) =A(Sw)=Az
Tz=T(Bv)=B(Tv)=Bz
We prove S(z) = z now. For thisput x = zand y = x,,,4 In (M2), we find

Z[0+ 0]
d3(Sz,z) < Qmax{’ 0 . This gives Sz = Az = z.

0
Next it is asserted that Tz = z.Now put x = x,, and y =z in (M2) and getz=Tz. So z =

Tz = Bz. Therefore 4, B, S and T have common fixed point z. The proof is similar when one

considers BX or SX or TX to be complete.

Uniqueness:

LetS,T,A and B have two common fixed points p # q.

On putting x =p and y = q in (M2)

d3(Sp,Tq) < Q max{0,0,0}. Thisimpliesp = q .

Example 2.1 Let X = [2,20] having usual metric d.Let the self- maps A, B, S ,Tdefined on X be:
12 if 2<x<5

Ax =<x—-3 if x>5 , sz{z i; i;;
2 if x =2
[ <

5——? g ijEST —F yox=2z

= —E YT i x>2

2 if x > 5.
Define a continuous, non-decreasing function Q: [0, o) — [0, ) such thatQ(t)<t, Vt >
0. Consider sequence < x,, >= 5 +% At can be noted that (S,4A) and (B,T) are pairs of

compatible weakly maps. So the requirements of Theorem 2.1 are met, then 2 is the only fixed
point which is common for all the maps S, T, A,B

On putting S = T in Theorem2.1, the result follows

Corollary 2.1. Let self-maps A, B,S and T be on metric space ( X ,d).

(M4) If B(X) contains S(X), A(X) contains S(X)

[d?(Ax,Sx)d(By,Sy)+d(Ax,Sx)d*(Bvy,Sy)]/2,
Also d3(Sx,Sy) < Q max d(Ax,Sx)d(Ax,Sy)d(By,Sx),
d(Ax,Sy)d(By,Sx)d(By,Sy)

for all x,y € X, function Q: [0, ) — [ 0, ) is continuous, non-decreasing, with Q(t)<t for
every positive t.
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(M5) Assume either of subspaceBX or SXor AXis complete.

Then there exists unique common fixed point of S, A and B, provided pairs (4, S) and (B, S) are
weakly compatible pairs.

On putting A = B =1 in Theorem2.1, we get the result.

We now prove the above result for weakly compatible mappings, by excluding the condition of
complete subspaces in Theorem?2.1.

Theorem?2.2. Let T, A, S, and B be maps fromX into itself so that (M1), (M2) are satisfied.

The there is unique common fixed point for mappings T, S, Band A , provided pairs (B,T), (A,S)
are weakly compatible.

Proof. For complete metric space, a subspace is complete iff it is closed. So conclusion follows
by Theorem 2.1.

3. APPLICATION
An analogous result of Banach contraction principle was given in 2002 by Branciari [3] for a

map satisfying contraction condition of integral type.

Theorem 3.1. For a space (X, d) which is complete, if amap P: X — X issothat V X, y in X,

fod(Px’Py)E(t) dt < cfod(x'y)f(t) dt'c' is in [0, 1), &: R+ — R+ is “Lebesgue-integrable over
R+ function”, non-negative, summable over all subsets of R+ which is compact, and so that
given any positive € , f:f (t)dt > 0.Then P possesses one and only one fixed point z € X so

that, for every x in X, lim (P ™) = z.
n—-oo

We now prove application of Theorem?2.1.

Theorem3.2. Let A4, B, S, T be self-maps on X so that (M1) ,(M2) , (M3) and the following :

d3(sx, Ty) M(x, y)
J @ (t)dt sf @ (t)dt
0 0

[d?(Ax,Sx)d(By,Ty) + d(Ax, Sx)d*(By,Ty)]/2,
M(x,y) = Qmax d(Ax, Ty) d(Ax, Sx)d(By, Sx), where,
d(By, Sx) d(Ax, Ty)d(By, Ty)

function Q: [0, o) — [ 0, o) is continuous, non-decreasing, withQ(t)< t for every positive t, for
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all x,y € Xand @: [0, ) — [0, ) is continuous :@ (t) =0 iff t=0and @(t) > 0,Vt > 0 . Also
when ¢ : R+ — R+ is “Lebesgue-integrable over R+ function” that's hon-negative, summable on

every compact subset of R+ and so that V positive ¢ ,

fecp(t)dt > 0.
0

Then there is a unique common fixed point for A, B, S and T, provided (A,S), (B,T) are
compatible pairs.

Proof. The proof follows by choosing ¢ (t) = 1, in Theorem3.1.

CONCLUSION
The Common fixed point theorem satisfying generalized Q — weak contraction condition has been
proved using weakly compatible maps. The result has been validated with an example and an

application.
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