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Abstract. This paper deals with the problem of finding some upper bound estimates for the maximal modulus of
a lacunary polynomial on a disk of radius R, R > 1 under the assumption that the polynomial does not vanish in
another disk with radius &, k > 1. Our results sharpen as well as generalize a result recently proved by Hussain
[Indian J. Pure Appl. Math., (https://doi.org/10.1007/s13226-021-00169-7)]. Further, these results generalize as
well as sharpen some known results in this direction.
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1. INTRODUCTION

For a polynomial p(z) = Vfbavzv of degree nand R > 0, set M(p,R) = ‘rzr‘lgg |p(z)|- We denote
M(p,1) by || p ||, the uniform norm of a polynomial p on the unit disk |z| = 1. The study of
inequalities that relate the norm of a polynomial on a larger disk to that of its norm on the unit
disk and their various versions is a classical topic in analysis. Over a period, these inequalities

have been generalized in different domains and in different norms. It is a simple deduction from

the maximum modulus principle (see [13], p. 158) that for R > 1,

(D) M(p,R) <R"[|p|.
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Equality holds in (1) only for p(z) = Az", A # 0 being a complex number. Noting that these
extremal polynomials have all zeros at the origin, it is natural to seek improvements under
appropriate condition on the zeros of p(z). It was shown by Ankeny and Rivlin [1] that if p(z)

is a polynomial having no zero in |z| < 1, then inequality (1) can be replaced by

R"+1
@ mipr < (XY 11

Inequality (2) is sharp and equality holds for p(z) = A + uz" with |A| = |u|.

As a refinement of (2), it was shown by Govil [8] that if p(z) = Z a,z” is a polynomial of
v=0
degree n having no zero in |z| < 1, then for R > 1,

R"+1 n (| pl* —4lan>
o < (T0) 112 (120t

Ipl

R-1) | p] { (R—l)HpHH
3 A PR FR oA DAy
©) s {||p||+2\an| " T 2]

Inequality (3) was sharpened by Dewan and Bhat [3], which was later generalized by Govil and
n

Nyuydinkong [9] that if p(z) = Z ayz’ is a polynomial of degree n having no zero in |z| < k,
v=0
k> 1, then forR > 1,

I e T e
[EDllplom |, (sl ]

Ipl| —m+ (1 +k&)an] [pll —m+ (1+k)|an]

“4)

where m = min |p(z)|.

Inequality (4) was generalized by Gardner et al. [5] in a different direction by considering

n
polynomials of the form p(z) = ap+ Z ayz’, 1 < pu < n. More precisely, Gardner et al. [5]
V=i
proved the following result.

n
Theorem 1. If p(z) = ag + Z a,Z’, 1 < u <n, is a polynomial of degree n having no zero in
=
|z| <k, k> 1, then for R > 1,

R 4 kA R 1 n e —m?— (kP

MRy < (1+ku)”””‘(Hku)”"‘wku{ (RED }
[ ®DUplem R-1)(|| p || —m)

©) [(Hpu )+ (11 k) ay ’{”qrpu —m>+<1+kﬂ>\anr}]’
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where m = ‘n|11n lp(2)]-
Z

Inequality (4) of Govil and Nyuydinkong [9] is a special case of Theorem 1, when u = 1.
For k = u =1, Theorem 1 reduces to the result of Dewan and Bhat [3], which is a sharpening
of inequality (3). Very recently, Dalal and Govil [2] used a recurrence relation and proved the
following sharpening of inequality (3).

n

Theorem 2. If p(z Z ayz’ is a polynomial of degree n having no zero in |z| < 1, then for
v=0
R>1andany1 <N <n,
R*+1 nllpl 2|an|
© mipr < (T2 15 12l vy,
2 2 Ip|
where
2|ay| (R—1)]lp|
h(N) = (R—l)—(l—i— In{ 14+ +——-F%— ¢ forN=1
Ipll 1Pl +2lan|
RV -1\ Al /RN-v—1 2lan|\ (2lan] "
o = (5 ) ¢ (=)o (55 G
N v;l N-—v Ipll/ \ 1Pl
(7) + (—1)N(1 + 2'“”') (—2|a”|>N11n{1 1 = Dllpl } for N >2
AN 1Pl +2lan| -

For k = 1, it is obvious from Lemma 10 that |a,| < HLZH and by Lemma 6, the function i (N)

is a non-negative increasing function of N, 1 <N < n , it easily follows that the bound in (6)
is sharper than that obtained from (3). In 2005, Gardner et al. [6] used the coefficients of the

polynomial p(z) and proved the following generalization and refinement of inequality (3).

n
Theorem 3. If p(z) = ap + Z a,Z’, 1 < u <n, is a polynomial of degree n having no zero in
V=t
|z| <k, k> 1, then for R > 1,

R'+5, 1 n el =m)?®—(1+s1)an
M(p.R) < (1+ﬂ)” H_(1+s)m_l+n{ o —m) }

R-1(pl-m R-1)(|l p | —m)
anu—mw+u+«oma : {1+<npu—m»+u+woma}1

where

lag|—m

) ek

py laul 1
s = kM1 () mem” + 1
' u
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and m = min |p(z)|.
|e|=k

For k=1, u =1, we have s; = 1, Theorem 3 reduces to the result of Dewan and Bhat [3].
Although the literature on polynomial inequalities involving growth is vast and growing over
the last four decades many different authors produced a large number of research papers and
monographs on such inequalities. One can see in the literature (for example, refer [2, 5, 6, 11]),

the recent research and development in this direction.

2. LEMMAS

We need the following lemmas for the proof of the theorem.

n
Lemma 1. If p(z) = ap+ Z ayz’, 1 < <n, is a polynomial of degree n, then for |z] =R > 1,
v=H

|p(Z)| SRn{l_ (H 14 H —\an’)(R—l)} || p || )

jan| +R [ p ||

Lemma 2. If p(z) =Y.!_ya,z" is a polynomial of degree n having no zero in |z| <k, k > 0, then
@®) p(2)| > m, forl|z| <k,

where m = \H|m11 Ip(2)]-

The above Lemmas 1 and 2 are due to Gardner et al. [6].

n
Lemma 3. If p(z) =ao+ Z ayz’, 1 < u <n, is a polynomial of degree n having no zero in

V=L
|z <k, k> 1, then
9
) IIPII_1+ 2l
where
ku+1(ﬂ|“_ﬂ|ku71+1)

(10) Sp = a

Tl kA 1

Inequality (9) is sharp and equality holds for the polynomial p(z) = (Z* +k“)ﬁ, where n is a
multiple of .

Lemma 3 is due to Qazi [14, Lemma 1].
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n
Lemma 4. If p(z) = ap+ Z ayz’, 1 < u <n, is a polynomial of degree n and r > 1, then the

V=L
(-,

is an increasing function of y for y > 0.

function

Lemma 4 is due to Mir et al. [12, Lemma H]

Lemma 5. Let

~ Rr=1)ANt
]’l(N)—/l H_—xdr,x>0.

Then, for N > 2,

h(N) = (RNN_1>+Nf (%)(—1)"()6—#1))6"1

v=1

N —1 (REx
(11) + (=DNx+1) ln<1+x>,
and for N =1,
12 (1) = (R—1)— (1+x)In [ 14221
12 ()= (R=1)~ (4 (14777,

Proof of Lemma 5. Although the proof of this lemma was done by Dalal and Govil [2, Lemma
3.6], however, we include it here for the sake of completeness and for reader’s convenience.

For any x > 0, let

RN
u(N):/1 r—f—xdr’

which is defined for N > 0. Then it is easy to see that A(N) = u(N) —u(N — 1) for N > 1. Note
that for N > 2,

R -1
u(N)+xu(N—1) = /l%d
/R rN_l(r—l—x)d
1 r+x '
RN —1

N
= w(N).

r
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Therefore,
(13) u(N)=w(N) —xu(N —1),
for N > 2 and on solving the recurrence relation, we have
N-1

(14) u(N) =Y (=1)"w(N —v)x" + (=1)"x"u(0), N > 1,

where

R 1 R
u(0)=/ drzln( —|—x)‘
1 r+x I+x

Substituting the value of u(0) in (14), we have

NI R+x

_ 1)V o \Y 1\
(15) u(N)—va( 1)'w(N —v)x" +(—1) W1n<1+x),zv21.
Using h(N) = u(N) —u(N — 1) and value of w(N) = 1*, we have for N > 2,

~ (RV-1\ &' /RVTV-1 , b1

h(N) = ( ~ >+v;<ﬁ>(—1) (14x)x
N 1y (REX

(16) + (=DN(1+x)Y ln(1+x>.

For N =1, we have

r+x

(1) = /IR—(F_ D ar

= (R—1)—(1+4x)In <1+R_1).

14+x

This completes the proof of Lemma 5. U

Lemma 6. The function h(N) defined in Lemma 5 is a non-negative increasing function of N

for N > 1.

Proof of Lemma 6. The proof of this lemma was done by Dalal and Govil [2, Lemma 3.7],
however, a simple alternative proof is presented here.
Using the method of differentiation under the integral sign, we have

d  Rer=-D(N
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(r—1 )rN -1
e Inr > 0, therefore, we have

R . —1
/ Mlnrdrz 0.
1

Since, for r € [1,R],

From equality (17),

d
ﬁh(N) >0, for N > 1.

Therefore, #(N) is an increasing function of N for N > 1.

Further, since (r_rlj_;Nil >0forN>1,h(N)>0for N > 1.
This completes the proof of Lemma 6. UJ

n
Lemma 7. If p(z) =ao+ Z a,?’, 1 < u < n, is a polynomial of degree n having no zero in
v=it
|z| < k, k > 1, then the function

W lapl s u+1
1+ 2=k

(18) flu)=
) 1+k#+1+%‘”§4—“‘(ku+1+k2u)

is a non-increasing function of u for u > 0.

Proof of Lemma 7. Considering the first derivative of f w.r.t u, we have

)

pla
{14kt o Gty gow) )
which is non-positive, since (1 — &%) < 0 for k > 1, and hence f(u) is a non-increasing function

of u. U
n
Lemma 8. If p(z) =ao+ Z a,?’, 1 < u < n, is a polynomial of degree n having no zero in

V=Lt
|z| < k, k > 1, then for any real or complex number A with |A| < 1

(19) |an| <

< 5 (el = [1m).

where s, is as defined in (22) and m = mirllc Ip(2)|.
Z =

n n
Proof of Lemma 8. Since p(z) = ap+ Z a,7',1 < u <n,then p'(z) = Z va, 2’ L.
v=pt

v=u =
Hence, applying Cauchy’s inequality to p’(z) on the unit circle |z| = 1, we have
dn—l ) )
z < (n—1)!max z2)1.
dzn,lp( ) i (n—1) ‘Z‘:l\p( )|
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That is,
(20) na,| < ||p||.

Combining inequality (27) in the proof of Theorem 4 and (20), we have inequality (19) and this

completes the proof of Lemma 8. 0J
The next lemma is due to Gardner et al. [4, Lemma 3].
Lemma9. If p(z) = ap+ Zﬁ:u ayz’, 1 < u <n, is a polynomial of degree n having no zero in

|z| <k, k> 1, then

S Z kﬂ7

where s1 is as defined in Theorem 3.

n
Lemma 10. If p(z) = ao+ Z ayz’, 1 < u < n, is a polynomial of degree n in |z| <k, k > 1,
V=i
then

where m = min |p(z)]|.
l2|=k

Lemma 10 is due to Gardner et al. [5].

3. MAIN RESULTS

In this paper, we prove a result which is a generalization of Theorems 3 due to Gardner et al.
[6]. More precisely, we prove

n
Theorem 4. If p(z) = ap+ Z ayz’, 1 < u <n, is a polynomial of degree n having no zero in
V=L
|z| <k, k> 1, then for any real or complex number A with |A| <1, R > 1 and any positive

integer N, 1 <N <n,

R"+ 57 (R"—1)|A|m Ipll = |A|m
21 M(p,R) < | ———= — — — S(N
where
ku+l(g au |k“71—|—1)
(22) 5y = nlag+Am

K +1
n a()-i—lm‘ku +1



GROWTH OF POLYNOMIALS NOT VANISHING IN A DISK 9

and
() sl
500 = (k1) {1+
R—1)(lpl — |Am) B
) ' 1“{”<||p||—|7L|m>+<1+sz>|an|}f"”v‘l’

o = (BB (e e )

yv=1
1\ (1+52) an] (1+s2)|an| Nt
+ = {”Hpn—mw}{npu—mw}

R—1)(pll — |Am) }
X 1“{”<||p||_wm>+(1+sZ>|an| forNz2,

and m = min |p(z)|.
|z|=k

Proof of Theorem 4. Since the polynomial p(z) = ag + Zn: a,z¥, 1 < <n, has no zero in |z| <
k, k > 1, therefore for every real or complex number A vv;ﬁh |A| < 1, by Rouche’s Theorem the
polynomial p(z) + Am has no zero in |z| < k, k > 1, where m = ‘rzr‘llrllc lp(2)]-

Applying Lemma 3 to p(z) + Am, we have :

nl|p(z) + Aml|

25 <
(25) | p [I< T+s,

Y

where s, is as defined in (22).

Now, we choose the argument of A suitably such that
(26) p(2) +Am| = |p(z)| — |A|m.

Using inequality (26) to (25), we have

27
@7 - 1+s;

Then, foreach 0,0 < 0 < 2w and 1 <r <R, we have

. . R .
PRE®) ~ p(e®) = [ (re®)ar
1
which implies

Ip(Re®) — p(e)| < /IRIp’(reie)]dr.



10 K. B. DEVI, M. T. DEVI, N. REINGACHAN, B. CHANAM

Now, applying Lemma 1 to the polynomial p’(z) which is of degree n — 1, we get

1 ] R " — n —1 /
@ e p(e)| < [ {1 e C D,

1 — U =nlasir=1)

By Lemma 4, the quantity { Al

} ||| occuring in the integrand of (28) is an
increasing function of || p’||, and hence using inequality (27) for the value of || p’ ||, we have for

0<0 < 2m,

Ip(Re'®) — p(e))

= (lpll = A|m) —nla,| ¢ (r—1)
29 = /ern_l 1_{1+2 e | ’} ©_(IIpll - |Am)dr

< el + TP = A | T+
R
= el =) [Pl falm)
K f Ul = IAdm) — (Utslanl \
< {(1+Sz)|an\+r(\|pll—Wm)}( b
n n R (r— 1)1
60 = Tl = k) - el — - ) [

where s, is as defined in (22) and f = %

Note that from Lemma 6, the integral f h )

dr is a non-negative and increasing function
of N for 1 < N < n, therefore, we have

R(r—l)rN_1 R(r—l)r"_l

Noting from Lemma 8 that (1 — f) > 0 and using inequality (31) to (30), we have for every N,
1 <N <n,
(32)

. R
Ip(Re'®) — p(e'®)] <

1+s

R (r—1)N-1

dr.
r+f

(Pl = [Alm) -

(el = 1alm)(1-p) |

Using Lemma 5 (on replacing x by f) for the value of integral in (32), we have for each 0 <
0 < 2m,

R"—1
1452

(33)  [p(Re") —p(e?)] < (Pl = |Alm) (Pl = [A]m)(1 = f)SN),

1452
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where S(N) is as defined in (23) and (24).

Now, substituting the value of f and using the obvious inequality
p(Re®)| < |p(Re®) — p(e”®)|+[p(e”)]

(34) < |p(Re") = p(e®) + |

in (33), we getfor0 < 0 <2mand R > 1,

o (RN R DA a(lpl—Alm) [ (1+s2)la]
p(Re )\é(—)HpH —H I {1 —<Hp\|—|x\m>}S(N>’

1452
which is inequality (21) and hence the proof of Theorem 4 is completed. U

Remark 1. By Lemma 6, it is noted that S(N) given by (23) and (24) of Theorem 4 is an
increasing function of N, 1 < N < n, therefore, the bound in Theorem 4 improves most when
N = n, the degree of the polynomial.

Further, when p(z) is a polynomial of degree n = 1, then we have from inequality (30) in the

proof of Theorem 4 that
(35)
~ R+s7 R—1 1 Ry_—1

Re9)| < ——|Am—— —|Alm—(1+4+52)|a / dr.
PR < (T2 Yl = o A= Gl = = (sl [
Substituting the value of f = % to the integral of (35) and using equality (12) of Lemma
5, we have

: R+ 5o R—1 1

36 Re®)| < ——— A — —— —|Alm)—(1 S(1
36) p®e) < (T2 )1l = ot s (= ) = (1 sy )

where

oy Lo sl R—1)([Ipll — |AIm)
S)=@®-1) {”npn—mm}l {”<||p||—|A|m>+<1+s2>|a1|}‘

On the other hand, we have by a simple calculation

(37) M(p,R) = ma?lglp(Zﬂ = |n|la)1§‘a° +zai| = |ao| +Rlay|.
7= 7=

Hence, in particular, for a polynomial of degree 1, instead of using the bound given by (36) of

M(p,R), we prefer the exact value as given by (37).

From the above discussion, Theorem 4 in particular, assumes
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n
Corollary 1. If p(z) = ap+ Z ayz’, 1 < u <n, is a polynomial of degree n having no zero in
V=i
|z| < k, k > 1, then for any real or complex number A with |A| <1 and R > 1,

(38) M(p,R) = lao| +Rla\| forn=1
and
R"+s, (R"—1)[A]m [Pl = |A|m
< — _
@9 i) < (o il - E e I s,
where

o = ()4 (S e e H )

(sl (1 s)la !
* (1){LWMW%Mm}{MW%lW}

(R—1)([pll = [Alm)
121l = [A]m) + (1 +s2)|an|

(40) X ln{l+( }forn22,

s is as defined in (22) and m = |rr|11r11C Ip(2)].
Z =

Remark 2. In particular, if k = 1, then sy = 1 and Theorem 4 reduces to the following interesting
result which is a generalization of a result proved by Dalal and Govil [2].

n
Corollary 2. If p(z) = ap+ Z a,7’, 1 < u <n, is a polynomial of degree n having no zero in

V=i
|lz| < 1, then for any real or complex number A with |A| < 1, R > 1 and any positive integer N,

1<N<n,
R"+1 R"—1 —|A .
an MR < (S5l S - { PSR o ),
where
* 2a R—1)(Ilp] - |AIm)
gN) = (R-1 —<1+—)ln{1+ for N =1,
W) = (R=1) Tl = [Am To= A+ 2lan

ew = ()L (e () (o)

e A \M!
+ —1N(1+ )(
O =120 ) \ T = 2w

1Pl [t}
@ x| =2
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and m = min |p(z)|.
|z|=k

Remark 3. For A =0, Corollary 2 reduces to Theorem 2 proved by Dalal and Govil [2].

Remark 4. By Lemma 2, for |z| < k and m # 0,

(43) p(2)| = m,
where m = ‘n|11r]1 |p(2)|. In particular,

Z =
(44) p(0)] = m,

which implies

(45) lag| > m.

For any real or complex number A with |A| < 1, inequality (45) further implies
(46) lao| = |A|m.

Now, using inequality (46), we have

lag +Am| >

al = A
47) = lag|—|A|m.
By Lemma 7, f(u) is a non-increasing function of u, and hence

f(lao+Aml) < f(|ao| —[A|m),

which implies
1 1
<

48
(43) 1—|—82_1+S37

where sy is as defined in (22) and

plp lapl -1
(49) I v Tl
o layl fuA+1 +1

n Jag[~]A]m

Since (||p|| — |A|m) > 0, inequality (48) gives

n(llpll = |Alm) _ n((lp] —[A]m)

50
(50) 1452 - 1453
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Applying Lemma 4 to (50), we have for r > 1,

_ {#sUpl =4 —nlal } = 1]

n
—(pll = [A]m)
2

nlan| + 75 (lpll = [Am) 1+
(el = Am) —nia =1,
< |1- e
n|an|+l+53(||p||—|)~|m) 1+S3(H “ | | )

For r > 0, which is equivalent to

I G R (DL (Il = 2 }m)
r — p . m
nlan] + 22 (lpl[— [A]m) s
sl = am —alalbe-1]
(51 < 1= ol — [Am).
nlan + 2 ([~ [Alm) 55, Pl = 1A 1m)

Integrating both sides of (51) with respect to r from 1 to R and making use of the fact that the

right hand side of inequality (29) simplifies exactly to that of (30) in the proof of Theorem 4, we

have
R'—1 R (r—1)r"1
Ty (Pl = A1) = =l = ) (1= p) [
R"— R (r—1)rm!
6 < el = A~ = A1 —g) [

_ lan|(1+s2) _ lan|(1+s3)
where f = i, and 8 = HpH Al

—nrt

We notice that the integral f] e

dr occuring in the right hand side of (52) is a non-
negative and increasing function of N for 1 < N < n, therefore, we have

R(r—l)rN_1 R(r—l)r"_l
(53) /1 U=r < /1 U=

r+g r+g
Since || p|| — |A|m > 0, by Lemma 8, we have

|@n|(1 +52)

<1,
Pl = 1A |m

and hence

al(+5)

= f=1— 2 "%2)
A



GROWTH OF POLYNOMIALS NOT VANISHING IN A DISK 15
Similarly, 1 —g > 0.
Using (53) to the right hand side of (52) and noting that 1 — g > 0 and applying Lemma 5 for

the values of integrals involved in the resulting inequality, we have

Gm4ww_mtnmm_mw—ww{lQiﬁﬂ%am

145, 1457 1+s; el = Alm

R"'—1 (R"—1)|A|m n(HPH—Wm){ (1+S3)\an!}
s4) < - - )il gy
s < (T )-S5 s Pl —[am § T
where S(n) is as defined in (40) and

(1+S3)|an|}
T(N) = (R—1)— 414 53)1tnl
w0 = o=

(R—1)([[pll = |Alm)
2]l = [A]m+ (14 53)|an|

) :<ék*)ﬁ315§%¥)-w{“ﬁﬁfkﬂ}ﬁﬁf&ﬂyq

v=1

+ «4W{y+“+%ww}{u+xWM}N1

Pl = [Alm ) Ullpll = [A]m

W—UOWW%Mm)>
55 1 1 N > 2.
G “(*meﬁMm+u+gwm forN 2

X 1n{1+ }foerl,

Adding ||p|| on both sides of (54), we have

R"+ R"'—1)|A
(——2)mwf JPAjm __n

{{lpll = [A]m) = (1+s52)|an|} S(n)

1452 ) 1457

R" + s3 (R*—1)|A|m n
= - - —|Am) — (1 T(N
= (1+S3 )”P” T s3 1Jrs3{(||1v|| [Alm) = (14 s3)|an|} T (N),

which clearly shows that Corollary 1 is an improvement of the following result which can be

further deduced from Theorem 4.

n
Corollary 3. If p(z) = ao+ Z ayz’, 1 < u <n, is a polynomial of degree n having no zero in
v=qt
|z| < k, k > 1, then for any real or complex number A with |A| <1, R > 1 and any positive

integer N, 1 <N <n,

R" + 53 (R —1)|A|m ||l —|A|m
< _ —

— T(N
o al b,
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where
plp lapl -1
(57) B Ui
3 14 |au| k"’l-l-l
n lag|—|A|m
and
(1+S3)Ian|}
T(IN) = |R—1)—<14+——""F—
o = ()
(R—1)(||p[| —|A|m) }
(58) X ln{1+ for N =1,
([Pl = |A]m) + (1 +s3) |ax]

o = (S E (S e e (e
v o i et { (el

(R=1)([pll = |A]m)
[Pl = |Afm) + (1 +53) x|

59) X ln{l+(’ }forNEZ,

and m = min |p(z)|.

|z|=k
Remark 5. In particular, for 0 < A < 1, Corollary 3 becomes the following result of Hussain

[10, Theorem 2].

n
Corollary 4. If p(z) = ao+ Z ayz’, 1 < u <n, is a polynomial of degree n having no zero in
v=nt
|z| <k, k > 1, then for any real or complex number A with 0 < A < 1, R > 1 and any positive

integer N, 1 <N <n,

o wpR) < (T gy - E A [l ),

+ 54 1454
where
ploi lagl -1
(61) . AT T
4 u |au| u+1
n lag|—A rial
and

T'(N) = (R—l) —{1+W}

N (R—1)([lpl| = Am)
(62) <1 {1_‘_(”p”—)~m)+(1+54)|an|

} for N =1,
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RN—1> N—l(RNv—1> { (1+S4)|an|}{(1+S4)|an|}v1
T*(N) = + — (=) 1+
) (N L) O U =2 S U Tpl = A

4 (_1)N{1+ (1+S4)|an|}{(l+s4>’an‘}N—1

Pl =2Am ] Ullpll=Am

(R—1)(lpl[ = Am)
[PIl = Am) + (1 + s4) ||

(63) X ln{1+( }forNZZ,

and m = min |p(z)|.
|z|=k

Remark 6. In Theorem 2 of the paper of Hussain [10], the value of ¥(N) is

v = (55X (e e H )

v=1
ol ES)la S (Sl
= {” Tl — Am }{ ||p||—zm}

(R—1)([pll —Am)
|pll = Am) + (1453 )|an|

(64) X ln{l—l—(| }forNZl.

However, we cannot get the value of Y(1) from inequality (64). This drawback has been re-

solved in Corollary 4 by seperately highlighting the value T*(N) for N = 1.

Remark 7. In the limit A — 1, Corollary 4 reduces to the following result which is a general-

ization of Theorem 3 due to Gardner et al. [6].

n
Corollary 5. If p(z) = ao+ Z a,z’, 1 < u <n, is a polynomial of degree n having no zero in
v=11
|z| <k, k> 1, then for R > 1 and any positive integer N, 1 <N <n,

R+, (R —Dm [ pll—m
65 M(p,R) < - - — R(N
(65) o) < (ot ol = S - I ),
where s is as defined in Theorem 3 and
R(N) = (R_1>_{1+w}
Ip[| —m
(R—=1)(llpl| —m)
(66) X ln{l—l— for N =1,
(lpll =m)+ (1 +s1)la|
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won = ()5 (St { e e e}

4 (_I)N{1+ (1+S1)!an\}{(1+Sl)|an|}N—1

lpll —m Ipl| —m

(R—D(lpll =m)
[Pl =m) + (14 51)]an]

(67) X ln{1+( }forNZZ,

and m = min |p(z)|.
|z|=k

Remark 8. From Lemma 6, we have T*(N) is a non-negative increasing function of N for N > 1
and hence T*(1) < T*(N), 1 <N. Using this and Lemma 8, Corollary 4 also reduces to the

result of Hussain [10, Corollary 1].

n
Corollary 6. If p(z) = ap + Z ayz’, 1 < u <n, is a polynomial of degree n having no zero in
=i
|z| < k, k > 1, then for any real or complex number A withQ < A < 1 and for R > 1,

n n__ o 2 2 2
R““)npu R'-1,  n {(Hp!l Am)? — (1+s4) |an|}

M(p,R) < - —
(p.R) <1+S4 [T (Ip [ —2m)

(R—1)(p| —Am) R—1)(| p || ~Am)
[(Hpn “Am) + (1 +s2)lan] l{”mpu —Am>+<1+s4>ran|H’

where s4 is as defined in (61) and m = ‘rr‘ur]l( Ip(2)].
Z =

Remark 9. For A = 1, Corollary 6 assumes a result of Gardner et al. [6].

Remark 10. For A =0, s4 as defined in Corollary 6 becomes

R (B T )
(68) S0 = ——t”
;—“a—gkuﬂ +1

and hence Corollary 6 also becomes

n
Corollary 7. If p(z) = ap + Z ayz’, 1 < u <n, is a polynomial of degree n having no zero in
V=i
|z| <k, k> 1, then for R > 1,

s n 2 s 261 2
M(p.R) < <R +o) 1ol {(IIpH) <1+o>|n|}

1450 1450 Pl
R—1 R—1
{ (R=1) [ p| —ln{1+ (R=1) [ p| H
[P +(1+s0)|an] | p || 4+(1+s0)|an]
where s is as defined in (68).
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Remark 11. For k=1 and u = 1, we have sy = 1, then Corollary 7 reduces to inequality (3).

Remark 12. By Lemma 9, s; > k", therefore

" (1pl Ipll—
14, 2T —1+ku p

where m = ‘rr|11n |p(2)| and sy is as defined in Theorem 3.
Applying Lemma 4 to (69), we have forr > 1

(69)

{J—ﬁ(\lpll—m)—n\anl}(r—l) ;

- (Ipl = m)
Ml + 25 (P =m) | T+

[, el —m) —nlaaf} (=) -
| o+ (o] —m) | T

For r > 0, the above inequality is equivalent to

{2 tpl=m)—nlat} -]

- (pll=m)
nran|+1+s]<upu—m> [+
B n|an|+1+ku<upu—m> T

Integrating both sides of (70) with respect to r from 1 to R and making use of the right hand

side of inequality (4.2) in the proof of Theorem 1 of the paper by Hussain [10, Theorem 1], we

have

R'—1 R(r—1)r!

-m) — ——— — 1— S

Il =m) = =l =m)(1 =) [ ==

R" — n R (r—1)r!
71 < — — 1— A |
an < Talpl=m = el =m—a) [y
where ¢ = |an|(1+s1) and a = ‘an|(1+k“)

lpll=m lel

—nr

r+a

We notice that the integral fl dr occuring in the right hand side of (71) is a non-

negative and increasing function of N for 1 < N < n, therefore, we have

R(r—l)rN_1 R(r—l)r”_1
(72) /1 H—a"”ﬁ/l T
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Using (72) to the right hand side of (71) and noting from Lemma 10 that 1 —a > 0 and applying

Lemma 5 for the values of integrals involved in the resulting inequality, we have

(T 1ot = (o (25 = o ) )

R" 1 _
(73) < (l—l—k“)” H—<1+ku>m—n<w—m_’an‘ H(N)

I+ kA )
Adding ||p|| on both sides of (73), we have
R"+ 51 R"—1 llpll —m
- . ~lan| |R
(T iel= (T )= (257~ ) o

R" + k" R"—1 lpll —m
74 < - _ ~a| JH(N
74) < (T )1el= (T (i~ ),

where R(n) is as defined in (66) and (67) for N = n and

o (R—1)(|lp|l —m)
! {”<||pu—m>+<1+ku>\an|

o = () B or et ()

+ (—1)N{1+ (1+ k) lan| } { (1+KH)|ay| }Nl

Pl —m Pl —m

. (R—1)(|lp]| —m)
! {1+(|!p\|—m)+(1+k“)|an|

Since by Lemma 5, the function R(N) of Corollary 5 is sharpest when N = n, and by inequality

} for N =1,

} for N > 2.

(74), this particular bound is sharper than the bound given by the following result.

n
Corollary 8. If p(z) = ao+ Z a,z’, 1 < u <n, is a polynomial of degree n having no zero in
v=nt
|z| <k, k> 1, then for R > 1 and any positive integer N, 1 <N <n,

Ri’l_|_kl.l 1 _
7 Ry < (T el - S - W L),

where

(R=1)(lpll —m)
[Pl =m) + (1 + k) |an|

(76) X ln{1+( }foerl,
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= (5 (o G
+ (—1)N{1 L (LK |an| } { (14 k) |ay)| }N—l

Pl —m Pl —m

(R—D)(lpll =m)
(Ipll =m) + (1 +kH)[an]

(77) x ln{1+ }forN22,

and m = min |p(z)|.
|z|=k

Remark 13. In Theorem 1 of the paper of Hussain [10], the value of H(N) is

) = (RNN_ 1) % (1%)(‘”{”(1”;@5"’}{(lu;\lru—)zny}v_l

v=1
o S Rl | f (Rl |V
R e e e

(R=D(llpl =m)
1Pl = m) + (1 + k)| an|

(78) X ln{1+( }foerL

However, we cannot get the value of H(1) from inequality (78). This disadvantage has been
resolved in Corollary 8 by giving seperately the value of H(N) for N = 1. Thus for N > 2,
Corollary 8 gives the bound as given by the bound of Theorem 1 of Hussain [10].

Remark 14. By Lemma 5, H(1) < H(N). Using this and Lemma 10 in Corollary 8, we have

R+ k* (R"—1)m pll —m
79 M(p,R) < — — — H(1

where m = min |p(z)| and

|z[=k
H(1) = (R—l) —{1+W}

o (R-1)(lp]| ~m)
(80) ! {”<Hp|r—m>+<1+k#>\an!}'

Hence, when N = 1, Corollary 8 reduces to Theorem 1 which further deduces to inequality (4)
foru=1.

Remark 15. It is easy to observe that for U = 1, Corollary 8 gives a generalization of Theorem

2 due to Dalal and Govil [2].
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Remark 16. For A = 0 and using the fact of inequality (68), Corollary 4 is a generalization of

Theorem 2.

n

Corollary 9. If p(z) = ao+ Z ayz’, 1 < u <n, is a polynomial of degree n having no zero in

V=1
|z| <k, k> 1, then for R > 1 and any positive integer N, 1 <N <n,
R" +50 1Pl
81 M(p,R) < | ——— —nq — — N
@) o) < (T2 ) Il -0 { 121 o)

where s is as defined in (68) and

o(N) = (R—l) _{1+%}

R—1)|lp| }
82 1 1 N=1
2 g { Tl Qs f 77V

o = (55)+ % (%)(‘”V{”(H\r?ﬁ‘an’}{(lmﬁﬁlan‘}v—l

v=1
T <—1>N{1+<1+so>|an|}{<1+so>|anr}N1
vl ol
R—1)]p|
®) 1“{”||pu+<1+so>ran|}f‘”NZz'
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