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Abstract. The aim of this paper is to introduce woven K-g-frames in Hilbert C*-modules, to characterize them in
term of atomic system for K, and to discuss the erasures and perturbations of weaving of K-g-frames in Hilbert
C*-modules.
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1. INTRODUCTION

As a generalization of bases in Hilbert spaces, frames were first introduced in 1952 by Duf-
fin and Schaefer [2] in the study of nonharmonic fourier series. Frames possess many nice
properties which make them very useful in wavelet analysis, irregular sampling theory, signal
processing and many other fields.
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The notion of weaving was recently proposed by Bemrose et al. [1] to simulate a question in
distributed signal processing and wireless sensor networks.

K — g—frames, which are more general than ordinary g—frames, naturally have become one
of the most active fields in frame theory in recent years. K — g—frames share many properties
with g—frames, but they have their own properties, like the inversibility of frame operator of
K — g—frames for more see [4, 6, 8,9, 10, 11, 12].

Hilbert C*-modules are generalization of Hilbert spaces in that they allow the inner prod-
uct to take values in a C*-algebra rather than the field of complex numbers. There are many
differences between Hilbert C*-modules and Hilbert spaces. For example, we know that any
closed subspace in a Hilbert space has an orthogonal complement, but it is not true for Hilbert
C*-modules. And the Riesz representation theorem of continuous functionals in Hilbert C*-
modules is invalid in general.

In this paper, we introduce the weaving of K-g-frames in Hilbert C*-modules, we will char-
acterize them in term of atomic system for K, and we will discuss the erasures and perturbations
of weaving of K-g-frames in Hilbert C*-modules.

A frame in a separable Hilbert space H is a sequence {x;};c; for which there exist positive
constants A, B > 0 such that:

Allxl? < Y I, ? < Bllx|?,
icl
for all x € H. The constants A, B are respectively called lower and upper bounds. If A = B, it is
called a tight frame and it is said to be a normalized tight or Parseval frame if A =B = 1. The
collection {x;};c; C H is called Bessel if the above second inequality holds. In this case, B is

called the Bessel bound.

2. BACKGROUND MATERIAL

Let I and J be finite or countable index sets and let N be the set of natural numbers. Through-
out this paper, we assume that %/ and ¥ are finitely or countably generated Hilbert A-modules,
where A is a complex C*-algebra with the norm ||.|| s, and {¥; : i € I} is a sequence of closed
Hilbert submodules of ¥. End}; (% ,7;) is the collection of all adjointable .27-linear maps from
% to ¥; and End}; (% ) is abbreviated for End; (% , % ).
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In this section, we recall the definitions of g—frames, K — g—frames in Hilbert C* —modules

and some lemmas which are needed later.

Definition 2.1. [5] A sequence {A; € End; (% ,7;),i € I} is called a g-frame or a generalized
frame in U with respect to {%; : i € I} if there exist constants C;D > 0 such that for every
fe#,

C(f,f) < Y (Aif , Aif) <D(f. f)

iel
Definition 2.2. [13] Let K € End(% ), a sequence {A; € End;(% ,7;),i € I} is called a K-g-
frame if there exist constants C; D > 0 such that for every f € %,
C(K"f.K"f) < Y (Nif Aif) < D(f. f)
iel
Lemma 2.3. [3] Let U, V and W be Hilbert A-moduls, let S € End;(W,V) and T € End;(U,V)
with Z(T*) orthogonally complemented. The following statements are equivalent.
(i) SS* < ATT* for some A >0

(ii) There exists L > 0 such that ||S*z|| < u||T*z||, VzeV

(iil) There exists a D € End;(W,V) such that S =TD, i.e :TX = S has a solution.

(iv) Z(S) C Z(T)

Lemma 2.4. [7] Let % and V" be Hilbert A-modules over a C*-algebra A, and let T : U — V'

be a linear map. Then the following conditions are equivalent:

1. The operator T is bounded and A-linear.

2. There exists k > 0 such that (Tx,Tx) < k{x,x) forall x € % .

One of the advantages of this equivalent definition of K-g-frames is that it is much easier to

compare the norms of two elements than to compare two elements in C*-algebras.

Theorem 2.5. Let K € End; (% ), a sequence {A; € End; (% ,7;),i € I} is a K-g-frame if and

only if there exists 0 < C; D < oo such that;

CIKK™ £, KA < 1 L (Af s M) < DIKE Al

i€l

for every f € U .
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Proof. (=) immediate.
(«<=) Assume that there exist constants 0 < C;D < oo such that for all f € %
CIK™f, KA < | AN M) || < DI, )]
iel
Let S the frame operator of the bessel g-sequence {A;}ic;.
S is a bounded positive self-adjoint operator, hence S has a unique positive square root, de-

noted by S 3. then

VCIK*fIl < lIs2 £l < VD £]-
By lemma 2.4, we obtain

(S2£,82f) = (Sf.f) < B{f.f)

From (i) < (ii) in lemma (2.3) there exist some A > 0 such that:
KK* < AS2(S2)".

Then
1

T K S Kf) < (ST.0) :;<Aif7/\if>» Vieu.
O
Lemma 2.6. Let H be an Hilbert A-module, let T,P,Q € End}(H) with Z(P*) and %(Q*) are
orthogonally complemented. The following statements are equivalent:
(i) Z(T) c %Z(P)+%(Q)
(i) TT* < A(PP*+ QQ") for some A >0
(iii) There exists X,Y € End;(H) such that T = PX + QY.

3. WOVEN K-G-FRAMES

Definition 3.1. Two K-g-frames A = {A;}ic; and I' = {I';};¢; for % are said to be woven K-g-
frames if there exist universal positive constants A and B such that for any partition ¢ of /, the
family {A;}icc U{L}icoe is a K-g-frame for % with lower and upper K-g-frame bounds A and
B, respectively, that is

AR F AR ) < Y (Nf Nif)+ Y (Tif Tif) <B(f.f), VfeX.

i€cc i€coc¢
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Definition 3.2. A family of K-g-frames {A; = {A;;}ic;, Jj € [m]} for % are said to be wo-
ven K-g-frames if there exist universal positive constants A and B such that for any partition
{0} jem) of I, the family {Ajj}ics, jejm) is @ K-g-frame for % with lower and upper K-g-frame
bounds A and B, respectively, that is
AKFAKT ) < 3 Y (Nif Aif) < BUFLf), VFew.

Jj€m]i€o;

Suppose that {A; }ics is a K-g-Bessel sequence for 77, then the synthesis operator of {A;}ic;
is defined by Tp : P,c; Vi — %,
{fz}zel ZA*fw v{ﬁ}IEI S @qj/
icl icl

Its adjoint operator, which is called the analysis operator 7 : % — @;c; Vi,

Tx(f) ={Aif}ic1, Vfe.

And the K-g-frame operator Sp : % — %,
SAf =TATSf = Y NINif, VfeZ.
il
For any partition {0} jeim) Of I, we define these operators,
TV (Ufidier) = Y Afi Vifidier €@, j€ml,
I€0; iel

i

(TA )*(f):{Aif}iGO'ja va%, jE[m],
SUf=T\Tif= Y. AjAif, Vfe.
i€0;
Theorem 3.3. Let K € End; (% ), A = {A;}ic1 and T = {I'; }ics be two K-g-frames for % with
respect to {V; : i € I}. Then for every partition ¢ of I, A and I are woven K-g-frames for U

with universal lower and upper K-g-frame bounds A and B, respectively, if and only if

AK* FAK DI <Y (A, M) + Y, CfTin < B AN, Ve,

i€eo i€ec¢

Proof. 1t follows from Theorem (2.4) O
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Proposition 3.4. Let K € L(% ) and {Aij}ico; jem) be a family of woven K-g-frames for % .
Then the frame operator S is self adjoint, positive, bounded on %, and KK* < AS for some
A >0.

Proof. Forevery f € %

Sf= L X Aihiif

JjE[m]i€ao;
then
Sff Z ZA ijfa Z Z ljf7 ljf
JjE[m]i€ao; JjE[m]i€0o;
then
AK K" f) <(Sf.f) <B(f.[)
hence

AKK* < S <BI.
So, the frame operator S is bounded and positive.

Therefore, S* = (T'T*)* = TT* = S then S is self adjoint. O

Proposition 3.5. Suppose for every j € [m]; {A; = {Aij}ict} is a g-Bessel sequence for U with

bound B;. Then every weaving { A, j}ieoj., jem] Is a g-Bessel sequence with bound Y jc |, Bj.

Proof.

Z Z ljf7Aijf Z,Z ljf Aljf

Jj€lm]ico;

|
Ms

Bi(f.f)-

.
Il
—_

O

The following theorem gives a characterization for weaving K-g-frames in term of atomic

system for K

Definition 3.6. Let K € End}; (% ), then the family {A; € End}; (% ,7;),i € I'} is called an atomic

system for K, if the following conditions are satisfied

(i) The family {A; € End;(% ,7;),i € I} is a g-Bessel sequence,
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(ii) For every f € % , there exists f; € @;c; ¥ such that ||{fi}icr|| < C||f]| for some C >0
and Kf = Y1 Aj fi

Theorem 3.7. Let K € End; (% ), the families {A;}ic; and {T';}ic; be two K-g-frames for % .

The the following statements are equivalent
(i) The families {A;}ic; and {T;}ic; are woven K-g-frames.

(il) The family {A;}icc U{L}icoe is an atomic system for K, where & is any subset of I.

Proof. i) = ii). Suppose that the families {A;};c; and {I';};c; are woven K-g-frames with
bounds A and B .

For every partition [0, 6¢] of I, we have

AR F AR ) < Y (Nf Nif)+ Y (Tif Tif) <B(f.f), VfeX.

i€c i€ec¢

Then the family {A;}icc U{l;}icoc is g-Bessel sequence with bound B.
On the other hand

AK AR f) < (SRES)+ (ST f.1)
This imply that
AKK* <T(T9) + T (IF)*
by lemma (2.6), there exist two bounded operators Ly,L; : # = @,; 7i such that

Kf=TPL f+TF Lof, VfeZ.

Let L1 f = {fi}ie1 € @ic; Vi and Lo f = {gi}tier € Dje; Vi then
Kf=TSLif+ T Lyof
=T { fitier + T {gi}icr-

=Y Afi+ Y Tig

i€oc i€ec¢

and

{fiietl = Lo f < (LA
{gi}Yietll = [IL2f 1| < [IZ2[[]].f1I

So {A;}icc U{T;}icoe is an atomic system for K.
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ii) = i). Suppose that the family {A;};cc U{Ti}icoc is an atomic system for K, for any
partition [0, 6] of I, then the family {A;}icc U{Ti}icoc is a g-Bessel sequence for %, then for

any g € % , there exist { f; }icr € @;c; ¥; such that

Kg=Y A fi+ ) Tifi

i€o i€oc¢
where
{fi}ierll < Cllgll-
Then
IK* fII* = supgea o)1 (K" f.8)
= supge |g|=1 1 {f-K&) |-
= supgeq |g=1 1> Y A fi+ Y, Tif)ll.
i€o i€o¢
= supgen o<1 1Y Aif + Y Tif fi)ll.
i€o i€eoc¢
<supgea gl =1l i MY, Aif + Y, Tif, Y Aif + Y, Tif)l-
iel i€o i€ec¢ i€o i€ec¢
<CIUY Aif+ Y, Tif, Y Aif+ Y, Tif)||.
i€o i€eo¢ i€o i€co¢
<CIY A, Y AN+ (Y Tif, Y, Tif .
i€o i€o i€ec¢ i€eoc¢
Hence

SR P < IOE AL A+ Tt LTl

ico ico ico® ico”
Therefore, the family {A;};,cc U{Ii}icoc is a g-Bessel sequence, then t he families {A;};c; and

{T'i}ier are woven K-g-frames. O

Proposition 3.8. Let A = {A;}ic; and T = {T';}ic; be two g-Bessel sequences in % with respect
to {¥; i € I} with g-Bessel bounds By, By, respectively. If for J C I; Aj = {A;}icj and Ty =

{Ti}ics are woven K-g-frames, then A and I are woven K-g-frames for % .

Proof. Let A be universal lower bound for the woven K-g-frame Ay and I'y, and let ¢ C [ be a

subset of /. Then,
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AK LK) < Y, (NAAH+ ), (DT

jeonJ jeonJ
< Y AF A+ Y AT,
jeo jeo¢
< (Bi+B2){f,f)
Hence, A and I" are woven K-g-frames for % . UJ

Theorem 3.9. Let A = {A;}ic; and T = {I';};c; be woven K-g-frames for % with respect to
{7; 2 i € I} with universal K-g-frame bounds A and B. If for all f € U ¥jc/(Ajf,Ajf) <
D(K* f,K* f) for some 0 < D < A and some J C I Then Ao = {A;}icp\j and To = {Ti}iep g are

woven K-g-frames for % with universal K-g-frame boundsA — D and B.

Proof. Let ¢ be a subset of 1\ J, then

Y NN+ Y AT =0 (ALAN = YA+ ), ().

jeo je\(Juo) jeouJ =y je\(Juo)
=( Y, (NAAH+ Y, TAT) = YA Af).
jeouJ j€\(JUo) jeJ

> AK"f,K"f) = D(K" f,K" f)

=(A-D)K'f,K*f), Vfeu.

And for the upper bound
Y NN+ ) (TS < Z Aif Aif)+ Y, (Tf L)
jeo je\(Juo) €oy je\(Juo)
<B(f. /).

It follows that, Ag and I'y are woven K-g-frames for U with the universal lower and upper

K-g-frame bounds A — D and B, respectively UJ

Theorem 3.10. Let A = {A;}ic; and T = {T;}ics be a pair of K-g-frames for % with respect to
{¥; . i € I} with universal K-g-frame bounds A\, By and A,, By, respectively. Assume that there

are constants 0 < o, B, 1 < 1 such that

Ay
oVBi +BvVBy+u < VB VB
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and

IV (A =T fry (A =T )12 < @l Y (AL £ ALANZ +BI AT £ TEf 2+ (LA AN

icl icl icl
forall {f;} € (&%)icr. Then, A and I" are woven K-g-frames with universal lower and upper
frame bounds Ay — % |K"|| and By + Bs, respectively.

Proof.

1Y, APAif = Y TTif | = 117 ({Aif Yieo) = T ({Tif ieo) |

i€o i€o
=T (1Y) f = TF (¥ )" f1I-
=T (TX)" f = TX (I°)" f+TX (I°)" f = T (IF)* f |-
< TN (TY )" f = TR (TP ) fI+ TR (TF)" f = TP ()" -
<IN (TY )" f = TR (TP ) fI+ TR (TP)* f = T ()" -
<|ITSNITY)* f = (B FII+ TS = TEIITE) -
< TallllTa = Tell[lAN 4+ 117 = TRl I CT) A1
< ITANTa = Tell KK £1| + 1 Ta = T I Tl KK £
< (@ Tall + BTl + @) U TAl + I TRID KK £
< T VR VDK K.
= SLIK K7L
On the other hand
1Y, AAf+ Y TTifl =1 Y AAif + Y A Af = Y AjAf + Y TiTif||
i€ec¢ i€o i€co¢ i€o i€o i€o
= | Y AAF+ Y T = Y ATAS]-
iel i€o i€o
> | Y AAf =Y, ArAif = Y TS
iel i€c i€c
>AIK f =Y, AFAf = Y TIT .

i€cc i€coc

* Al T *
> AKf =S IK I A
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Ay
= (A1 =S IK DIEf]
So (A] — %HKTH) is an universal lower bound, and one can see that B) + B; is an universal

upper bound. U

Theorem 3.11. Let A = {A;}ic; and T = {T';}ic; be woven K-g-frames for % with respect to
{¥; 1 i € I} with universal K-g-frame bounds Ay, By and A,, By, respectively. Assume that there

are constants 0 < o, B, < 1 such that

aBy||K7 || + BBal|KT|| + pl|KT|| < Ay

and
* k * k 1 * * 1 % * 1
1Y (AFA =TT fi, (AF A =TT fi) |12 < ol Y (AT A, AP A2 + BIL Y (T T f TS |2
i€cc i€eoc i€ec
1
+u(Y 1Az
i€co

forall f € % and o C I. Then, A and I" are woven K-g-frames with universal lower and upper

frame bounds (A1 — oB1||KT|| — BB2||KT|| — w|| and (By + aB; + BBa + w+\/By), respectively.

Proof. For any o € I, we have by hypothesis

| Y Al < all ¥ ATAll+ B Y s+ (Y A1)

i€eoc i€co i€coc i€co
then
1Y AAf+ Y TLf =1 Y, AAAf+ Y AAf = Y AAf + ) TiTif||
i€o¢ i€o i€o¢ ico ico €0
=Y AAf+ Y T = Y AAS-
iel i€o i€o
> | LA =LY AFAf = Y T
iel i€ec i€ec
>AK f =11 Y, AFAf = Y TiT .
i€c i€oc
* * k 1
> ALK fll = all Y AAf ] =Bl Y TiTuf | = (Y, [Aif]))2.
i€eo i€o i€o

> (A1 — aBy|[K"|| = BB2|| K[| — | KT DK™ £l
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On the other hand
I'Y AN+ Y TiTifl = 1 AT Af + Y TiTif = Y ATAS]-
i€o¢ i€o i€l i€o €0
<Y AAS+ Y, ArAif = Y TS
iel i€o i€o

* * 1

<Bi|fll+all Y AiAfII+ B Y TiTif I+ u (Y, 1AfI]D2.

i€o i€o i€o

< (Bi+aBi+BBy+uvBi)|f]-
Then, A and I' are woven k-g-frames with the universal lower and upper bounds (A; —

aB1||KT|| — BBy||KT|| — 1||KT||) and (By + @By + BBy + w+/B1), respectively. O
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