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Abstract: Micro-channels are extensively used in the electrical and medical industries to advance the heat transfer 

of cooling devices. For the present study, the heat transfer from a porous vertical micro-channel heat sink here in this 

work, nanofluid, was considered a working fluid inside the micro-channel.  The four most commonly used 

nanofluid is considered during the work, that is and. The mixture of nano-sized copper and alumina particles is 

considered to be cool the micro-channel heat sink. The said physical model is translated into mathematical 

expressions are solved the governing equations analytically. It was observed that all the nano-fluids thermophysical 

properties vary with the addition of nano-particles, and thermal conductivity is increasing. The consequences of 

solid nano-particle, porosity and heat source slip parameter, Darcy number, Hartmann number, and slip length are 
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computed. 
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1. INTRODUCTION 

The examination of incompressible viscous nanofluid free convection processes due to the 

importance of their existence in diverse physical measures such as heat exchangers, petroleum 

reservoirs, combustion modeling, and fire engine. The flow phenomena over the micro-channel 

are also generating a lot of attention since they have practical implications in accumulating for 

electronics and computers. Researchers and scientists have persistent because nano-fluids act as 

a unique heat transfer medium. They can get better conductivity of the fluids by adding tiny solid 

nano-particles, resulting in increased heat transfer for various applications. 

Tuckerman and Pease [1] first heat sink researchers introduced a method for draining heat from a 

chip by pushing coolant via closed channels imprinted on the underside of silicon water. 

Experimental, numerical, and theoretical investigations are the three types of studies conducted in 

this area. Ozoe and Okada [2] analyzed the influence of the magnetic field path in a cubical 

enclosure was investigated it using a three-dimensional numerical model. Oztop et al. [3] analyses 

using a finite volume approach the heat transfer and fluid flow induced by magnetohydrodynamic 

buoyancy in a non-isothermally heated square enclosure. The entropy created in a simple 

engineering system is proportionate to the energy destroyed, which is always destroyed owing to 

the Second Law. Koo and Kleinstreuer [4] discussed with a temperature rise, there is a more 

significant augmentation in thermal conductivity. Nayak et al. [5] analyses the influence of 

physical parameters on a water-based 
2 3Al O nanofluid using the KKL model. 

The concept of nanofluid is demonstrated experimentally by Choi et al.[6] and examined when 

compared to a simple base fluid, an increase in thermal efficiency. These findings were 

subsequently tested in the experiment (Kang et al.[7]). Further, Eastman et al. [8] proposed 
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water-based nano-fluids using copper ( Cu ) and aluminium oxide (
2 3Al O ) and noticed the 

comparison to conventional base fluids, thermal conductivity may unquestionably boost the rate 

of heat transfer capacities of nanofluids. Various types of flow models, and presenting techniques 

and hybrid nanofluid applications, have been explored in light of the concept of thermal 

conductivity of nano-fluids. Aybar et al. [9] and Ahmed et al. [10] examined the composing flow 

dynamics are being squeezed nanoparticles 
2 3Al O  nanoparticles between two analogous disks. 

Heat transfer and skin friction's analytical and numerical effects were also highlighted. 

Hayat et al. [11] investigated the MHD nanofluid flow across a stretched surface with power-law 

velocity as an analytical problem. Domairry et al. [12] have examined shows the thickness of the 

momentum bounding surface grows as the volume fraction of nanoparticles enhances, whereas the 

thickness of the thickness of the thermal boundary layer diminishes. Sheikholeslami et al. [13] 

have investigated a revolving system with two horizontal plates, the flow of nanofluids, and heat 

transfer properties; their findings show that raising the nanoparticle volume percentage and the 

injection/suction parameter enhances the heat transfer rate at the surface for suction/injection. 

The increase in heat conductivity was proportional to the particle size, according to Esfahani and 

Toghraie [14] and Beck et al. [15], but Anoop et al. [16] found the reverse. Aysha et al. [17] 

found that Cu-water nanofluid showed improved thermal enhancement trends than 
2 3Al O -water 

nanofluid when the Reynolds number was increased. Kirsch and Thol [18] and concluded 

micro-channel pin fin arrays were created using laser powder bed fusion and tested for pressure 

loss and heat transfer over a range of Reynolds numbers. Ambreen and Kim [19] examined the 

flow of nanofluids in the tube under laminar and turbulent conditions. They discovered that 

Brownian motion in nanofluids causes an enhancement in the heat coefficient near the intake. 

Sun et al. [20] the variations of nanofluid heat transfer rate was investigated experimentally 

(
3 2Fe O  /water) under the influence of the magnetic field within the horizontal circular tubes. 

They established a relation between the intensity of the magnetic field and the pace of heat 

transmission. Kumar et al. [21] evaluated heat transfer rates for conventional fluid and nanofluid 
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were numerically compared. (
2 3Al O  /

2H O ) claimed that nanofluid resulted in for the reduction 

in temperature as well as a 70% boost in the dependability of electronic chips. Lahmar et al. [22] 

examined including a squeezing flow of water, the behavior of thermal conductivity, and heat 

transfer rate 
3 2Fe O  / water with the effect of the magnetic field within two parallel plates. Nada 

et al. [23] investigated mixed convection flow in a lid-driven inclined square enclosure filled 

with a nanofluid. Manoju Kumar et al. [24] investigated an MHD nanofluid flows and generates 

entropy in a vertical channel with a deformable porous medium. Younes et al. [25] are discussed 

Advances of nanofluids in heat exchangers-A review.  

According to the author’s knowledge and information based on the above literature, the influence 

of limited nanofluid particles was considered. In the present study, a comparison of vertical 

micro-channels with equal heat transfer areas in different conditions is suitable for heat transfer. 

Also, the impact of water and on the thermal performance of vertical micro-channels was 

considered. Considering all of the articles mentioned above, we studied the influence of the 

magnetic field and nanoparticles on the flow of nanofluid, which is examined by the vertical 

micro-channel via permeable surface with convective conditions. We studied three different types 

of nanofluids to investigate these effects, namely 
2 3Al O -water, water and Cu-water. Various 

non-dimensional situations were presented and analyzed using an analytical solution, leading 

parameters on velocity, temperature, thermal radiation, heat source, slip parameter, Darcy number, 

and Hartmann number, slip length. 

 

2. PHYSICAL MODEL AND GOVERNING EQUATIONS 

The laminar fully developed nanofluid flow and heat transfer in a vertical micro-channel are 

analyzed and the results. The two plates are separated apart by a distance h . We should have used 

a y-axis is perpendicular to the x-axis and the x-axis is vertically upwards in the Cartesian 

coordinate system to the flow direction. The channel walls are at positions in which the axes' 

origins are 0Y =  and 1Y = as seen in Fig. 1. A uniform magnetic field 0B  acts normal to the 
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plates. The fluid is a water-based nanofluid with three different types of nano-particles in it Cu   

and
2 3Al O . The base fluid and incomplete nano-particles are considered to be in thermal 

equilibrium. Table 1 shows the thermophysical characteristics of nanofluids. In the equations of 

motion, temperature buoyancy forces are thought to have a linear effect on density. 

Following ([26, 27 & 28]) the MHD mixed convective vertical micro-channel nanofluid flow 

phenomena can be expressed as;  

 

Fig 1: Schematic Diagram 

Case I (The super-hydrophobic surface being heated-SHS) 
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Where u is the velocity of the fluid along the x -direction, nf  the density of the nanofluid, where T, the 

nanofluid temperature,
 nfK  the thermal conductivity, nf , the dynamic viscosity, 

nf , the electrical 

conductivity, and ( )
nf

cp , the heat capacitance, which is given by 
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The conditions of their respective boundaries are  
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Using the dimensionless similarity variables listed below 
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 The governing equations (1) and (2) along with the boundary conditions (4) and (5) becomes 
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Case II (The no-slip surface being heated-NSS) 

Solve Equations (7) and (8), using the accompanying limit conditions 
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Table I 

Thermophysical properties of water and nanoparticles ([24 & 29]) 

Physical properties Water/based fluid Cu  (Copper) 
2 3Al O (Alumina) 

( )3kg m  
997.1 8933 3970 

( )pc J kg K  
4179 385 765 

( )k w mK  
0.613 401 40 

( )S m
 

65.5 10−  
659.6 10  

635 10  

( )5 110 K −  
21 1.67 0.85 


 

0.0 0.05 0.15 



8 

MANI RAMANUJA, G GOPI KRISHNA, HARI KAMALA SREE, S.R. MISHRA 

3. SOLUTION OF THE PROBLEM 

For the coupled differential equations, analytical solutions were obtained (7 and 8) given the 

view of boundary conditions (9 and 10) are presented here. 

Case I: (The super-hydrophobic surface being heated- SHS) 
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Case II: (The no-slip surface being heated -NSS) 

For the coupled differential equations, analytical solutions were obtained (7 to 8) given view of 

boundary conditions (13 and 14) are presented here 
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4. VOLUME FRACTION 

The Volume flow rate in the vertical micro-channel, which is given by 
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5. SKIN FRICTION 

The Skin friction at the two vertical walls 0Y =  and 1Y =  are given by 
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6. RESULT AND DISCUSSION 

We investigated the naturally convective flow and heat transmission in a viscous incompressible 

nanofluid (with water as the base fluid and slid nano-particles are metallic oxide-aqueous 

nanofluids/ Cu -water and
2 3Al O -water) in this article. Nano-fluids are investigated by the 

vertical micro-channel. The systems of nonlinear ODE’s (7 and 8) with the boundary conditions 

(9- 10 and 13-14) are incorporated with the analytical technique. The impact of different physical 

parameters insight into the flow problem, in the presence of a thermal radiation, heat source, slip 

parameter, Darcy number, Hartmann number, slip length, which is computed. The results are 

illustrated graphically, and the graphical effects are depicted in Figures (2 to 9), the red line 

represents pure water, the green line cu-water and the blue line represents 
2 3Al O -water 

nanofluid. The results are performed by taking values of some constant parameters as

1, 1, 1, 1, 1M R   = = = = = .  

Fig.2 shows the temperature profile for dissimilar nanofluid comparisons, pure water, Cu
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-nanofluid, and 
2 3Al O nanofluid flow on radiation parameters. Fig2. Shows a comparison 

between pure fluid, Cu -water, and water-
2 3Al O

.
 Nanofluid decreases with an increase in the 

thermal radiation parameter.  It is evident that nanofluid Cu -nanofluid heat transfer rate is 

greater than 
2 3Al O nanofluid. The temperature profiles of the flow are seen to improve as the 

radiation parameter is increased. Physically, a rise in radiation allows heat to move, which 

improves to enhance momentum and the thickness of the thermal wall layer.                             

Supplementary, fig. 3 illustrates the impact of internal heat source parameter   on the 

temperature for pure water, Cu -Nano and 
2 3Al O  nanofluid. By increasing  , exothermic 

reaction generates internal heat in the thermal system, This leads to a faster of the thermal field 

nanofluid Cu -water-
2 3Al O . It is observed that high thermal conductivity nanoparticles improve 

heat transmission more than low thermal conductivity nanoparticles. The influence of rising 

values of the heat source parameter is to enhance the temperature of nanofluid particles namely 

Cu  water and 
2 3Al O  and water. The rate of transfer of heat energy on the surface can be 

enhanced by the addition of nanoparticles. Fig.4 shows the behaviour of velocity slip parameter 

  on pure water, Cu -nano and 
2 3Al O  -nanofluid temperature. We observed an interesting 

effect that the profiles of nanofluid temperature, pure water, Cu -nano and 
2 3Al O nanofluid 

increase respectively, with the decrease in velocity slip parameter . In coolants, the
2 3Al O –water 

nanofluid provided better heat transfer velocity as contrast to a condensed water and Cu

–nanofluid. However, as compared to water, the Cu - nanofluid has a higher thermal 

performance. 

Fig.5 represents the effect of different values of Darcy number and porosity on the pure water, 

Cu -nano and
2 3Al O  nanofluid velocity profile. Also, the curves displaying the influence of 

Darcy number for 
2 3Al O  -water nanofluid lie connection the curves of Cu -water nanofluid, 
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which indicates that Cu -water nanofluid displays higher stability as a comparison to Cu -water 

nanofluid in the current structure. 

Fig.6 corresponds to the variation of nanofluid on the velocity profile of the flow. Increasing the 

radiation parameter reduces the flow velocity profiles.   Figure.7 illustrates the influence of 

Hartmann number on the main velocity, base water, Cu -nanofluid and
2 3Al O nanofluid. The 

velocity distribution of nanofluid clearly diminishes, with an enhance in Hartmann. This happens 

naturally because when the Hartmann field is enhanced, the opposing force, represented by the 

well-known Lorentz force, is enhanced. It is clear that the velocity of 
2 3Al O -water nanofluid is 

more than that of Cu  -water nanofluid. The base fluid, water, has lower specific gravity than 

both the nanofluid and the nanofluid. Fig.8 represents the impact of   of nanofluid on the 

velocity profile of the flow. The influence heat sure parameter on the nanofluid, It is clear that 

the comparison to 
2 3Al O  and Cu  nanofluid due to the dominance of the conduction heat 

transfer mode. This is because Cu  and 
2 3Al O  

in comparison to other nanofluid particles, they 

exhibit the highest thermal conductivity. The 
Cu

 and 2 3Al O
 the heat diffusivity of nano 

particles is very high
 (compared to

2 3Al O  and Cu  nano) and therefore, this decreases 

temperature gradients, which can have an impact on performance of Cu  and 
2 3Al O

 

nanoparticles. Thermal conductivity increases with large particle size. 

Fig.9 represents the impact of   of nanofluid on the velocity description. It is clear that the 

velocity of heat transfer in Cu -water nanofluid is faster than that of 
2 3Al O -water nanofluid, 

and spherical-shaped nanoparticles in actual fact, enhances the heat transfer velocity. 

Thermodynamic performance of two distinct nanofluids 
2 3Al O and Cu  water nanofluids gives 

enhanced heat transfer than the base fluids water but Cu /water the MCHS has shown better 

thermal advantages than the water-based than the water-based
2 3Al O . Fig.10 depicts the impact 
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of   of nanofluid on the velocity profile of the flow. In particular, the 
2 3Al O nanofluid 

diminishes the thickness of the thermal boundary layer , which would be higher than the 

thickness of the Cu  water solution. It shows that velocity has decreasing behaviour for large 

values of velocity slip parameter. It is effects for large slip parameter values; Cu

-water/nanofluid is slower than the hybrid nanofluid. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.2 Impact of R  of nanofluid on the temperature profile 

 

                    

            Fig.3 Impact of   of nanofluid on the temperature profile on temperature 
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                    Fig.4 Impact of   of nanofluid on the temperature profile 

 

Fig.5 Impact of Da  of nanofluid on the velocity profile 

 

Fig.6 Impact of R  of nanofluid on the velocity profile 
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Fig.7 Impact of M  of nanofluid on the velocity profile 

 

Fig.8 Impact of   of nanofluid on the velocity profile 

 

Fig.9 Impact of   of nanofluid on the velocity profile 
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Fig.10 Impact of   of nanofluid on the velocity profile 

 

          Table II Effect of M on volume flow rate Q (Case- I) 

             Present work Mani et al.[27],  

0Rd = and 0 =
 

M    Cu -Nano 
2 3Al O -Nano 

Pure water Pure water
 

1 0.0073 0.0048 0.0085 0.0109 

2 0.0058 0.0039 0.0066 0.0085 

3 0.0043 0.0030 0.0048 0.0062 

4 0.0031 0.0023 0.0035 0.0045 

 

Table II shows the validation of the present analysis for the volume flow rate with the earlier 

work of Mani et al. [27] in case of pure fluid and the non-appearance of thermal radiation (SHS 

condition). Also it presents the behaviour in the case of nano-fluids. Further, it is observe that 

with an increase in M , the volume flow rate of nano-fluids in the vertical micro-channel 

decreases significantly.  
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         Table III Effect of M on volume flow rate Q   (Case- II) 

 Present work Mani et al. [27],  

0Rd = and 0 =
 

M  Cu -Nano 
2 3Al O -Nano 

Pure water Pure water 

1 0.0203 0.0137 0.0234 0.0258 

2 0.0156 0.0109 0.0176 0.0195 

3 0.0112 0.0081 0.0125 0.0138 

4 0.0081 0.0060 0.0088 0.0099 

 

Table III illustrates the validation of the present investigation with the earlier study of [27] as 

well as the variation on the volume flow rate (NSS condition). In case of pure fluid both the 

results show their good correlation and it clarifies the convergence of the present methodology. It 

shows that with an increase in M , the volume flow rate of nanofluids in the vertical 

micro-channel decreases. 

 

7. CONCLUSION 

The effects of using common nano-fluids (e.g., 
2 3Al O /Cu /water) as a effective fluid for various 

thermal appliances should be examined. All of the investigations explored point to nano-fluids as 

a viable choice for the next generation of heat transfer fluids. Analyzing the effectiveness of 

(
2 3 / /Al O Cu water ) allows researchers to understand better the variables that influence 

thermo-physical properties and is highly reliant on nano-particle characteristics, temperature, and 

concentration. The influence of each component on 
2 3 / /Al O Cu water  nano-fluids is shown in 

the following points. 

• Comparative study of the current investigation concerning the earlier due to the flow of 

pure fluid exhibits the gateway to proceed for the further investigation with the help of 

metal and oxide nano-particles.  
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• Exothermic reaction due to the interaction of heat source leads to the strengthening of the 

thermal field nanofluid. However, Cu -water shows a greater rate of heat transfer than that 

of 
2 3Al O -water nanofluid. 

• The resistance of the resistive force due to the inclusion of magnetic field gives rise to 

Hartmann number, which results in decelerating the velocity profile within the channel.  

• The influence of slip retards the thickness of the bounding surface near the channel walls of 

the velocity profile, whereas it favors augments the fluid temperature.  

Last but not least, the current investigation and the outcomes of the result are helpful for the 

various recent physical phenomena like in industries as well as biomedical areas. In particular, the 

peristaltic flow of blood within the human body, the drug delivery process, etc. Further, the work 

can be extended using various nanoparticles like Carbon nanotube (CNT) of both single-wall 

nano-tubes (SWCNT) as well asmulti-wall nanotube (MWCNT) for the enhanced properties of 

heat transfer. 
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