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Abstract. In this paper, Under Acquistapace-Terreni conditions, we make extensive use of interpolation
spaces and exponential dichotomy techniques to obtain the existence of generalized Stepanov-like pseudo
almost automorphic solutions to some classes of nonautonomous partial evolution equations. Our results
extend many recent known ones on this topics. An interesting example is presented at the end of the
paper to illustrate the main findings.
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1. Introduction

Let (X, || - ||) be a Banach space. The main impetus of the present paper is the funda-
mental work by Diagana [5], in which the concept of SP-pseudo almost automorphy (or
generalized Stepanov-like pseudo almost automorphy) was introduced as a natural gener-
alisation of the concept of pseudo almost automorphy as well as the one of Stepanov-like
pseudo almost automorphy. Among other things, under some reasonable assumptions,
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the author obtained the existence and uniqueness theorem of pseudo almost automorphic

solutions to the class of Sobolev type evolution equations given by

d
(1) T L) + f ()] = A@u(t) + gt u(D), teR,
where A(t) : D C X — X for ¢ € R is a family of densely defined closed linear operator
on a domain D, independent of ¢, and f,g: R x X — X are suitable functions.

In this work, we consider a more general setting and use slightly different techniques
to study the existence of generalized Stepanov-like pseudo almost automorphic solutions

to some class of abstract nonautonomous differential equations
d
(2) —[u(t) + f(&, Btyu(t))] = A®)u(t) + g(t, C(u(t)), tEeR,

where A(t) for ¢ € R is a family of closed linear operators on D(A(t)) satisfying the
well-known Acquistapace-Terreni conditions, B(t),C(t) (t € R) are families of (possibly
unbounded) linear operators, and f : R x X — Xg O<a<pf<l)and g:RxX—>X
are jointly continuous satisfying some additional assumptions.

In this parer, we consider a general intermediate spaces X, and Xz between D(A) and
X. In contrast with the fractional power spaces, the interpolation and the Holder spaces
depend only on D(A) and X and can be explicitly expressed in many concret cases. The
literature related to those intermediate spaces is very extensive, in particular, we refer the
reader to the excellent book by Lunardi [13], which contains a comprehensive presentation
on this topic and related issue.

The existence of pseudo almost automorphic solutions to differential equations consti-
tutes one of the most attractive topics in qualitative theory of differential equations due
to its applications in control theory or engineering for instance. Some contributions on
the existence of pseudo almost automorphic solutions to differential equations have been
made, among them are [9, 12, 16, 17, 18, 19, 20] and the references therein. However,
the existence of pseudo almost automorphic solutions to Eq. (2) with perturbations and

interpolation spaces is quite new and untreated original problem, which constitutes one
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of the main motivations of this paper. We point out that pseudo almost periodic mild so-
lution to Eq. (2) was investigated in [2] without generalized Stepanov-like pseudo almost

automorphic terms.

2. Preliminaries

Let (X, | -]|) be a Banach space. If L is a linear operator on X, then D(L), p(L), and
o(L) stand respectively for the domain, resolvent, and spectrum of L. Similarly, one sets
R(A\, L) := (M —L) for all A € p(L) where [ is the identity operator for X. Furthermore,
we set () = I — P for a projection P. We denote the Banach algebra of bounded linear
operators on X equipped with its natural norm by B(X).

If Y is another Banach space, we then let BC'(R, X) (respectively, BC(R x Y, X)) denote
the collection of all X-valued bounded continuous functions and equip it with the sup norm
(respectively, the space of jointly bounded continuous functions F': R x Y — X).

The space BC(R,X) equipped with the sup norm is a Banach space. Furthermore,
C(R,Y) (respectively, C(R x Y, X)) denotes the class of continuous functions from R into

Y (respectively, the class of jointly continuous functions F': R x Y — X).

2.1. Evolution Families
The setting of this subsection follows that of Baroun et al. [1] and Diagana [3]. Fix

once and for all a Banach space (X, || - ||).

Definition 2.1. A family of closed linear operators A(t) for t € R on X with domain
D(A(t)) (possibly not densely defined) satisfy the so-called Acquistapace and Terreni con-
ditions, if there exist constants w € R, 6 € (w/2,7), L > 0 and p,v € (0,1] with p+v > 1

such that

B DU A -3 A IRAAWD -0 < o forall € R
and

(4) 1(A®) — ) RO, A() — )[R, A®) — Rlw, A < L 'ﬂ;ﬁ'“

fort,s e R, A€ Xp:={A e C\{0}:|arg\| <6}.
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For a given family of linear operators A(t), the existence of an evolution family asso-
ciated with it is not always guaranteed. However, if A(t) satisfies Acquistapace-Terreni

conditions, then there exists a unique evolution family
U={U(t,s):t, s e Rsuch that t > s}

on X associated with A(t) such that U(t,s)X C D(A(t)) for all t,s € R with ¢t > s, and

(a) U(t,s)U(s,r) =U(t,r) for t,s € R such that t > s > r;
(b) U(t,t) = I for t € R where I is the identity operator of X;
(c) (t,s) = U(t,s) € B(X) is continuous for ¢ > s;

(d) U(,s) € C'((s,00), B(X)), G (¢, 5) = A()U(t, s) and

JAW Ut s)| < K (t—s)7"
for0<t—s<1landk=0,1.

Definition 2.2. An evolution family U = {U(t,s) : t,s € R such that t > s} is said to
have an exponential dichotomy (or is hyperbolic) if there are projections P(t) (t € R) that
are uniformly bounded and strongly continuous in t and constants § > 0 and N > 1 such

that
(e) U(t,s)P(s) = P(t)U(t,s);
(f) the restriction Ug(t,s) @ Q(s)X — Q)X of U(t,s) is invertible (we then set
Uq(s, ) = Ug(t,s)™});
(g) |U(t,s)P(s)|| < Ne7%¢=) and ||6Q(s,t)Q(t)H < Ne™9t=9) fort > s andt,s € R.

Definition 2.3. ([14, 15]) Given an hyperbolic evolution family, we define its so-called

Green’s function by

U(t,s)P(s), fort>s, t,seR
(5) ['(t,s):=

Ug(t,s)Q(s), fort<s, t,seR

This setting requires some estimates related to U = {U(t, s) }+>s. For that, we introduce

the interpolation spaces for A(t).
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Let A be a sectorial operator on X (in Definition , replace A(t) with A) and let o € (0, 1).

Define the real interpolation space
X4 .= {z eX: 2|2 := sup,—o [|[r*(A — W)R(r, A — w)z|| < oo},

which, by the way, is a Banach space when endowed with the norm ||-||4. For convenience

we further write

Xg =X, |allg = llall, X' = D(A)

and ||z := ||(w—A)z||. Moreover, let X4 := D(A) of X. In particular, we will frequently

be using the following continuous embedding
D(A) < X§ = D((w — A))* =& X - X* = X,

for all 0 < a < B < 1, where the fractional powers are defined in the usual way.
In general, D(A) is not dense in the spaces X,* and X. However, we have the following

continuous injection:

AL

X3 < D(A) for 0<a<p<l.

Definition 2.4. Given a family of linear operators A(t) fort € R satisfying the Acquistapace-
Terreni conditions, we set X!, := XA® 4nd Xt = XA®) for0 < a<1andteR, with the

corresponding norms.
Proposition 2.5. ([1]) Forz € X, 0 < a <1 andt > s, the following hold:

(i) There is a constant n(«), such that
(6) |U(t,5)P(s)ll, < nla)e 20 (t = 5)~Jal].

(ii) There is a constant m(«), such that

(7) 1Tq(s,)Q)]ls, < m(a)e " Ilz], ¢ <.

2.2. S/-pseudo almost automorphy
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Definition 2.6. ([6, 7]) (i) A function f € C(R,X) is said to be almost automorphic if
for every sequence of real numbers (s),), there exists a subsequence (s,), such that

lim lim f(t+ s, — sm) = f(t) for each t € R.

m—00n— 00
this limit means that

g(t) :== lim f(t+s,)

n—oo

15 well defined for each t € R, and

lim g(t — s,) = (1)

n—oo

for each t € R. The collection of all such functions will be denoted by AA(X).

(ii) A function f € C(R x Y,X) is said to be almost automorphic if f(t,u) is almost
automorphic in t € R uniformly for allu € K, where K is any bounded subset of Y. The
collection of all such functions will be denoted by AA(Y,X).

Theorem 2.7. ([7]) Assume f,g : R — X are almost automorphic and X is any scalar.
Then the following holds true:

(1) f+ g, M, f(t) == f(t+7) and f(t) := f(—t) are almost automorphic.

(2) The range Ry of f is precompact, so f is bounded.

(3) If {fn} is a sequence of almost automorphic functions and f, — f uniformly on R,

then f is almost automorphic.

Definition 2.8.(Xiao et al. [11]) A continuous function L : RxR — X is called bi-almost
automorphic if for every sequence of real numbers (s))nen, we can extract a subsequence

(Sn)nen such that

H(t,s) = lim L(t + sp, s+ s,)

n—oo

is well defined in t,s € R, and

lim H(t — sp,8 — sp) = L(t,s)

n—oo

for each t,s € R. The collection of such functions will be denoted bAA(R x R, X).
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We now recall positively bi-almost automorphic functions. For that, let T be the set

defined by:

T:={(t,s) ERxR:¢>s}.

Definition 2.9.([5]) A continuous function L : T — X is called positively bi-almost
automorphic if for every sequence of real numbers (s))nen, we can extract a subsequence

(Sn)nen such that

H(t,s) = lim L(t + sp,s+ s,)

n—oo

1s well defined int,s € T, and

lim H(t — s,,s — s,) = L(t,s)

n—o0

for each (t,s) € T. The collection of such functions will be denoted bAA(T,X).

Define the classes of functions
1 T
PAPRy(X) :={f € BC(R,X): Tlgr(}oﬁ /T 1f(0)||do = 0}.

and

T
PAP)(R x Y,X) :={f € BC(R xY,X): 7lim %/ | f(o,u)||do =0
—00 T

uniformly for u in any bounded subset of Y}

Definition 2.10.([4]) A function f € C(R,X) is called pseudo almost automorphic if it
can be expressed as [ = h + ¢, where h € AA(X) and ¢ € PAPy(X). The collection of
such functions will be denoted by PAA(X).

Definition 2.11.([4]) A function F € C(R x Y, X) is said to pseudo almost automorphic
if it can be expressed as F' = G + @, where G € AAR x Y,X) and ¢ € PAP,(R x Y, X).
The collection of such functions will be denoted by PAA(R x Y, X).

Now, let us recall the following definitions and basic results about SE-almost automor-

phic functions. For more details, we refer the reader to Diagana [5].
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Let p € [1,00) and let U denote the collection of all measurable functions v : (0, 00) —

(0, 00) satisfying the following condition:

(8) 70 = lim /: V(o)do = /Olv(a)do < 00.

Definition 2.12.([10]) The Bochner transform f°(t,s), t € R, s € [0,1] of a function
f R — X is defined by fb(t,s) .= f(t+ s).

Remark 2.13. (i) A function ¢(t,s), t € R, s € [0,1], is the Bochner transform of a
certain function f, o(t,s) = f°(t,s), if and only if p(t + 7,5 —7) = p(s,t) for all t € R,
se€[0,1] and T € [s — 1, ].

(ii) Note that if f = h+ @, then f° = h®+ . Moreover, (\f)® = \f® for each scalar .

Definition 2.14.([8]) The Bochner transform F°(t,s,u), t € R, s € [0,1], u € X of a
function F(t,u) on R x X, with values in X, is defined by F°(t,s,u) := F(t + s,u) for

each u € X.

Definition 2.15.([5]) Let p € [1,00) and let v € U. The space BSE(X) of all generalized
Stepanov spaces, with the exponent p and weight ~y, consists of all vdT-measurable func-
tions f : R = X such that f* € L™ (R, LP((0, 1),’yd7')). This is a Banach space when it

18 equipped with the norm

o = sup ([ 2 —nsopar)” = sup ( [ s+ opar)”

Remark 2.16. Under assumption (8), the identically constant functions belong to

BSP(X). Of course, if y(t) = 1 for all ¢ € (0,00), then BS}(X) = BS?(X).

Definition 2.17.([5]) Letp > 1 and lety € U. The space ASE(X) of generalized Stepanov-
like almost automorphic functions (or SE-almost automorphic) consists of all f € BSZ;(X)
such that for every sequence of real numbers (s, )nen, there exists a subsequence (Sy)nen

and a function g € LY (R, ~ds) such that

loc

1/p

[/ttJrl Y(s =) f(sn+5) — g(S)des}

= [ [ Aot 5 40 ats ] o
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and

[/ttﬂfy(s —t)|lg(s — sn) — f(S)des] 1/p

— [/017(5)\|g(s—|—t—sn) —f(s—irt)des]l/p—>0

as n — oo for each t € R.

loc

Remark 2.18. Let v € U. If 1 < p < ¢ < oo and f € L (R,vds) is Si-almost
automorphic, then f is SP-almost automorphic. Also using (8), one can show that if

f € AA(X), then f is SP-almost automorphic for any 1 < p < oo,

Definition 2.19.([5] ) Let v € U. A function F' : RxY — X, (t,u) — F(t,u) with
F(,u) € L}

loc

(R,~ds) for each u € Y, is said to be SE-almost automorphic in t € R
uniformly in uw € Y if t — F(t,u) is SE-almost automorphic for each w € Y, that is, for
every sequence of real numbers (s) )nen, there exists a subsequence (Sp)nen and a function

G(,u) € LP (R,~ds) such that

loc

t+1 1/p
[/ v(s = )| F(sp + s,u) —G(s,u)des} — 0,
t

[/ttﬂ v(s = ||G(s — sp,u) — F(Sju)”pds]l/p 0

as n — oo pointwise on R for each u € Y.
The collection of those SP-almost automorphic functions F': R xY — X will be denoted

by ASP(R x Y, X).

Definition 2.20.([5]) A function f € BSP(X) is called SE-pseudo almost automorphic

(or generalized Stepanov-like pseudo almost automorphic) if it can be expressed as

f=h+o,

where h* € AA(LP((0,1),7ds)) and ¢* € PAP,(L?((0,1),7ds)). The collection of such
functions will be denoted by PAAP(X).
Clearly, a function f € L} (R,~ds) is said to be St-pseudo almost automorphic if its

loc

Bochner transform f?: R — LP((0, 1), yds) is pseudo almost automorphic in the sense that
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there exist two functions h, ¢ : R — X such that f = h+p, where h® € AA(LP((0, 1), vds))
and @ € PAPy(LP((0,1),~ds)).

Definition 2.21.([5]) Let v € U. A function F : R x Y — X, (t,u) — F(t,u) with
F(-,u) € LP(R,~ds) for each u € Y, is said to be SE-pseudo almost automorphic if there
exists two functions H,® : R x Y — X such that F = H + ®, where H® € AA(R x
Y, LP((0,1),vds)) and ®* € PAPy(R x Y, LP((0,1),~ds)). The collection of those S¥-

pseudo almost automorphic functions will be denoted by PAA?(R x Y, X).

Remark 2.22. By definition, the decomposition of SZ-pseudo almost automorphic func-
tions is unique. Furthermore, Sf-pseudo almost automorphic spaces are translation-
invariant.

A significant result is the next theorem, which is due to Diagana [5].

Theorem 2.23. Let v € U. The space PAAL(X) equipped with the norm || - [|g is a
Banach space.

We also have the following composition result.

Theorem 2.24.([5]) Let F = G + ® € PAAY(R x Y,X) such that H® € AA(R x
Y, LP((0,1),7v(s)ds)) and ®° € PAPy(R x Y, LP((0,1),7(s)ds)). Moreover, we suppose
that G satisfies the Lipschitz condition; that is, there exists L > 0 such that for all
u,v €Y andt € R

(9) 17t u) = f(E o) < Ll =]y

and that ¢ satisfies:

( / V()| D(E+ s, u(s)) — Bt + s, U<5>>des) v
(10) ’

<o [ A6uts) - otsiipas)

for all u,v € L} (R,~ds) and t € R.
Furthermore, if h = g + ¢ € PAAY(Y) with h® € AA(LP((0,1),7(s)ds)) and ¢* €
PAPy(LP((0,1),v(s)ds)) such that K = {g(t):t € R} is compact, then t — F(t,h(t))

belongs to PAAL(X).
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3. Main results

Fix v € U and p > 1. Throughout the rest of the paper, we suppose that v € U satisfies

inf ~(t) = co > 0.
tel(goo)’v() Co

To study the existence of a pseudo almost automorphic solution to Eq. (1) with SE-
pseudo almost automorphic coefficients we will assume that the following assumptions

hold:

(H1) The family of closed linear operators A(t) for t € R on X with domain D(A(t))
(possibly not densely defined) satisfy the Acquistapace and Terreni conditions, the
evolution family of operators U = {U(t, s) }+>s generated by A(-) has an exponen-
tial dichotomy with constants N,d > 0 and dichotomy projections P(t) (t € R).
Moreover, 0 € p(A) for each ¢t € R and the following hold

(11) SH%HA(S)AA@)HB(X,XM <a
t,s€

(H2) There exists 0 < a < # < 1 such that X!, = X, and X} = Xj for all ¢ € R,
with uniform equivalent norms. Let ¢3(«), c3, ¢4 be the bounds of the continuous
injections X5 — X,, Xa — X, X5 < X.

(H3) The function RxR — X, (¢,s) = A(s)['(¢, s)y € bAA(T, X,,) uniformly for y € Xg.

(H4) The function R x R — X (t,s) — I'(t, s)y € bAA(T, X,,) uniformly for y € X.

(H5) The linear operators B(t), C(t) : X, — X are bounded uniformly in ¢ € R. More-
over, both ¢t — B(t) and t — C(t) belong to AA(B(X,,X)). We then set

¢5 := max (sup|| B| 5x. x), sup||C|| ez x))
teR teR

(H6) The function f € PAA?P(R x X,Xs) and g € PAAZ(R x X,X) N C(R x X,X).

Moreover, there exists L > 0 such that
1 (£, u) = f(t0)lls < Lfju—v]
for all u,v € X and t € R, and

lg(t,u) — g(t,v)|| < Liju — o
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for all u,v € X and t € R.

Definition 3.1. A continuous function u : R — X, is said to be a mild solution to (1)
provided that the functions s — A(s)U(t, s)P(s)f(s, B(s)u(s))
and s — A(s)U(t, s)Q(s)f(s, B(s)u(s)) are integrable on (t,s) and

u(t) = —f(t, Bt)u(t)) + U(t, s)(u(s) + f(s, B(s)u(s)))

_ / A($)U(E, ) P(s) f (5, B(s)u(s))ds + /t " AU 5)Q(s) (5, B(s)u(s))ds

+/U@ﬁmmmc@www—[wm@mmmc@mmm

fort > s and for allt,s € R.
Under previous assumptions (H1)—(H6), it can be easily shown that (1) has a unique

mild solution given by

t

u(t) = —f(taB(t)U(t))—/ A(s)U(t, s)P(s) f (s, B(s)u(s))ds

—0o0
t

+/tooA(s)UQ(t, s)Q(s)f(s,B(s)u(s))dS—i—/ U(t,s)P(s)g(s,C(s)u(s))ds

—ZW%W@MWM£®MW%

for each t € R.

The proof of our main result requires the next technical lemmas

Lemma 3.2. Under assumption (H5), ifu € PAA(X,), then B(-)u(-) and C(-)u(-) belong
to PAA(X).

Proof. Let u = h+ ¢ € PAA(X,) where h € AA(X,) and ¢ € PAP(X,), then
B()u(-) = B(-)h(:) + B(-)¢(+). First, it is easy to see that B(-)u(-) € BC(R,X,). Since
h € AA(X,), for every sequence of real numbers (s)),en, there exists a subsequence

(Sn)nen and a measurable function g; such that
T (s + ) = ()] =0

and

Tl (s — 5,) = A(s) o =0
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for each t € R.
Since B(-) € AA(B(X,, X)), there exists a subsequence (s, )gen Of (S5 )neny and a measur-

able function go such that
[1B(sn, +5) = g2(s) || o) = 0,

and
192(5 = 5n,) — B(8) | Bxta.x) — 0

as k — oo for each ¢t € R.

By using the triangle inequality, One has
B8, 4 8)h(sn, +5) = g2(8)g1(s)[| < |B(sn,, + $)h(sn, + ) = B(sn, + 5)g1(s)|

+ [ B(sn, + 5)91(5) = ga2(s)g1 (s)

< csllhsny +5) = 91()lxa + [[91llool [ B(sn + 8) = 92(5) | e )

Then

Tim [ B(sn, + 5)h(sn, + 5) = g2(s)g1(s)]| =0,

Analogously, one can prove that
nh_{rolng?(S - Snk)gl(s - Snk) - B(S)h(S)H =0,

hence, B(-)h(-) € AA(X)
To complete the proof, it suffices to notice that

1 T

o7 | IBs)e(s)lds <

<> M )l ds

and hence

1"
Jim 5z [ IBOe)lds o

Lemma 3.3. ([2])For each © € X, suppose that Assumptions (H1)-(H2) hold and let
a, B be real numbers such that 0 < a < B < 1 with 28 > a + 1, then there are constants

r(a, B),7 (o, B),d(B) > 0 such that

(12) |A@U(t, ) P(s)x]s < 7', B)e T (= 5) P, t>s
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(13) JA()U (t,5)P(s)zl5 < r(a, B)eT 2t —5) 2], t>s
and
(14) 1A(s)Uq(s, Q)| < d(B)e Vx|, t<s

Lemma 3.4. Under assumptions (H1)—(H6), the integral operators I'y and Ty defined by
t
Cu)(0)i= [ AU (s Bloyuls)ds

and
(Fau)(t) := /too A(s)Uq(t, s)Q(s) f (s, B(s)u(s))ds
map PAA(X,) into itself.

Proof. Let u € PAA(X,). By Lemma (3.2) one has B(-)u(-) € PAA(X) C PAAL(X).
Using the composition theorem on generalized Stepanov-like pseudo almost automorphic
functions (Theorem (2.24)), we deduce that F(t) := f(t, B(t)u(t)) € PAAL(Xp). In par-

ticular,
[1F e = sup [L£(t, B{t)u(®))lls < o0

Now write F' = ¢+, where ¢* € AA(LP((0,1),v(s)ds)) and ¢* € PAP,(LP((0,1),v(s)ds)),

then I'; can be decomposed as

(Tyu)(t) = ®(t) + P(t)

t

CD(t)—/ A(s)U(t,s)P(s)¢p(s)ds and \Il(t)—/ A(s)U(t, s)P(s)w(s)ds,

—00 —00

Next we show that & € AA(X,). For that; for each t € R and k£ € N; we set

t—k+1

k
Op(t) := /k At — s)U(t,t — s)P(t — s)op(t — s)ds = / A(s)U(t,s)P(s)p(s)ds,

-1 t—k
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Let ¢ > 1 such that % + % = 1, where p > 1. Using Eq. (13) and the Hélder’s inequality,
it follows that

t—k+1 s
102(0)]la < ca(@) )]s < ea(@)r(r, B) / eI (¢ — 57 §(s)l|dls

t—k+1 s

— ey(a)r(an B) / (s — b+ )Pt — 5) Pllp(s)]| 7P (s — ¢+ K)ds
t—k
t—k

< ex(@)r(aB)] / (s — 4 R)e 0 ¢ — g)-ags)

t—k

o A T A

—k
k

_ —gd, _ 1/q
< e [ o] ol
k

-1

_ 1—0—6% 5 =5
< ¢y es(a)r(a, B) | ——(k — 1) PeFF|gller s
4

= Cyla, B,0)|llst x,)-

Since the series > -, <(k - 1)_66%6"3) is convergent, we deduce from the well-known
Weierstrass test that the series Y -, @4 (¢) is uniformly convergent on R. Furthermore
t o0
B1) = [ AU s)P(s)o(s)ds = 3 Bilt),
- k=1

¢ e C(R,X,) and
[2(t)]la < Z [®x(0)]] < K1l|Bllsex,)-
=1

Fix k € N, let us take a sequence (s},), of real numbers. Since ¢ € ASP(Xj) and

A(s)U(t,s)P(s)y € bAA(T, X, ) uniformly for y € X3, then for every sequence (s),), there

exists a subsequence (s,), and functions 6, h such that

(15)  lim A(s + s,)U(t + Spn, S+ ) P(s + sn)x = 0(t,s)x for each t,s € R,z € Xj.

n—o0

(16) lim O(t — s, 5 — sp,)x = A(s)U(t, s)P(s)x for each t,s € R,z € Xp.

n—oo

(17) lim [o(t + sn+ ) = h(t+ )|lsrx,) =0, for each t€R.
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(18) lim [[h(t — sp + ) — @(t + *)[|sp(x,) =0 for each ¢ €R.
n—oo

We set
k
Gi(t) :== O(t,t — s)h(t — s)ds
k—1

Using triangle inequality, we obtain that
195t + 5n) = Gi(t)llo < an(t) + by(2)
where
k
ak(t) == / |A(t+ 50— $)U (t4 $n, t+ 50— 8) Pt 45, — 8) (Ot + 8, — 5) — h(t — 5)) || ds
k-1
and
k
b (1) ::/ At + 80— U+ 80,8+ 50— )Pt + 50— 5) — B(t,t — )] bt — 3)|| ds
k-1

Using Eq. (13) and the Holder’s inequality it follows that

ay(t) < Cole, B, 0)[|d(t + 50 — 5) = h(t = 5) sz x,)

Then, by (17), lim a(¢) = 0 and by using the Lebesgue dominated convergence theorem

Y
n—

and (15), one can get lim b*(¢) = 0. Thus,
n—oo

k
lim @y (t + s,) = / O(t,t —o)h(t — o)do, for each t e R.
k

n—+00 1

Analogously, one can prove that
k
lim O(t — sp,t — S — s)h(t — s, — s)ds = Py (t), for each t € R.

n—oo Jr._4

Therefore, &, € AA(X,). Applying Theorem (2.7), we deduce that the uniform limit
() = 3 Bl) € AA(X,).
k=1

Now, we prove that ¥ € PAPy(X,). For this; for each ¢t € R and k € N; we set

t—k+1

k
U (t) == /k A(t — s)U(t,t — s)P(t — s)Y(t — s)ds = / A(s)U(t, s)P(s)(s)ds,

-1 t—k
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By carrying similar arguments as above, we deduce that Uy (t) € BC(R,X,), > pe; Yi(t)

is uniformly convergent on R and
00 t
=Y w(t) = / A($)U(t, ) P(s)(s)ds € BC(R, X.)
k=1 >
To complete the proof, it remains to show that

1 T
Iim — /] -
m / 9Ot = 0

In fact, the estimate in Eq. (13) yields

t—k+1

(s — 4 R)e T (1 - 5) P ()l (s — £+ k)ds)

190l < extertans) ( [

—k

L t—k+1
S Cg /PC

= Cy(a, 5,9) ([M V(s —t+ k)W(S)HZdS) "

—k

1/p
st k>|rw<s>ugds)

Then, one has

1 T C ’5 T t—k+1 1/p
o [ o< S [ ([ neeigas)

< %/ (/Olws)w(m—k)Hf;ds);dt

Since ¢* € PAPy(L?((0,1),v(s)ds)), the above inequality leads to ¥, € PAPy(X,). Then
by the following inequality
o MCCIEE MUTCESEAUIRES wF-y IR
2T : 2T g
we deduce that the uniform limit U(-) = >"° ¥, (-) € PAPy(X,), which ends the proof.

Of course, the proof for (I'yu)(-) is similar to that for (I';u)(-). However, one makes use

of Eq. (14) rather than Eq. (13).

Lemma 3.5. Under assumptions (H1)—(H6), the integral operators I's and I'y defined by

(Tgu)(t) ::/ U(t,s)P(s)g(s,C(s)u(s))ds

—00
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and

() (¢ / Uo(t, $)Q(s)g(s, C(s)u(s))ds
map PAA(X,) into itself.

Proof. Let u € PAA(X,) C PAA?(X,), since C(-) € ASP(B(X,,X)) it follows that
C()u(-) € PAAP(X). Using the theorem of composition of generalized Stepanov-like pseu-
do almost automorphic functions (Theorem (2.24)), we deduce that G(t) := g(t, C(t)u(t)) €
PAAP(X). Now, write G = ¢ + 1), where ¢* € AA(LP((0,1),(s)ds))

and ® € PAP,(LP((0,1),7(s)ds)). Thus I's can be rewritten as

(Fau)(t) = @(t) + V(1)

where
B(t) = / U(t, s)P(s)é(s)ds and W(¢) = / U(t, 5)P(s)u(s)ds,

—00 —00

Next we show that ® € AA(X,). For that; for each t € R and k € N; we set
k t—k+1
By (t) = / Ut t — $)P(t — 8)o(t — )ds / U, 5)P(s)6(s)ds,
k-1 t—k
Let ¢ > 1 such that i + % = 1, where p > 1. Using Eq. (6) and the Holder’s inequality, it
follows that

H@k(t)HaS/t [U(, 5)P(s)$(s)]lads

—k

t—k+1
Sn(a)/ ) e7 (= 5) g (s) | ds

—k

t—k+1 B
= n(o) / VP(s — b4 B)e T (¢ — s)lp(s) Iy VP (s — £+ K)ds
t—k

t—k}-f—l / S) —va 1/q
§n(a)[/k YUP(s —t+ k)e2 (t—s)qu]
t—

[ e motoea]

—k

ko 1/q
- By _ga
<G Up”(a)[/ SRR ds} 9llsz x)
k-1
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2 o =S
(k—1)"%"> k||¢‘|s£(X)

1= Cyle, 0)|9llsz x)-

Since the series » >, ((k: - 1)‘“6%6k) is convergent, we deduce from the well-known

Weierstrass test that the series Y ;- @k (¢) is uniformly convergent on R. Furthermore

—00

Bt) = [ Ulo)P)os)ds = Y au()
® € C(R,X,) and
[0l < 3 10(0)] < Kalllsz o,

Fix k € N, let us take a sequence (s;,),, of real numbers. Since ¢ € AS?(X) and U(t, s)y €
bAA(T, X,) uniformly for y € X, then for every sequence (s/,),, there exists a subsequence

(8n)n and functions 6, h such that

(20) lm U(t+ sy, 5+ ) P(s + sp)x = 0(t,s)x for each t,s € R,z € X.
n—oo
(21) lim O(t — sp, s — sp)x = U(t,s)P(s)x for each t,s € R,z € X.
n—oo

(22) lim [|p(t + sn + ) — h(t +)[lszx) = 0, for each ¢ €R.

n—oo
(23) lim [|A(t = sp + ) — &t +)[|spx) = 0 for each ¢ €R.

n—o0
We set

k
Hi(t) == O(t,t — s)h(t — s)ds
k-1

Using triangle inequality, Eq. (6) and the Holder’s inequality, we obtain that
[Pkt + 50) — He()]la < cn(t) + di(t)
where

k
k)= || U(t+ sp,t+ s, — S)P(t+ s, — ) (p(t + s, — 5) — h(t — 5)) dsHa
k-1

k
<nle) ([ a7 = e F oS0+ s ) = it = )Pk~ 5)ds )

-1

< Cyla, 0)||p(t + s, — 5) — h(t — 5)[lsnx)
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and

di(t) = || ' [U(t+ sn,t+ 8, — 8)P(t + 5, — 5) — O(t,t — 5)] h(t — s)ds]|

k
< / NU(t + sp,t + s, — $)P(t + 5, — 8) — 0(t, t — s)h(t — 9)||ads
k

-1
By (22), lim c*(t) = 0. By using the Lebesgue dominated convergence theorem and (20),
n—oo

one can get lim cf(¢) = 0. Thus,
n—o0

k
lim Oy (t + s,) = O(t,t — o)h(t — o)do, for each t € R.

n—oo k—1

Analogously, one can prove that

k
lim O(t — sp,t — S — s)h(t — s, — s)ds = Py(t), for each t € R.

Therefore, &, € AA(X,). Applying Theorem (2.7), we deduce that the uniform limit
D) =D D(-) € AA(K,).
k=1

Now, we prove that ¥ € PAPy(X,). For this; for each ¢t € R and k € N; we set

U (t) == :1 U(t,t —s)P(t — s)y(t — s)ds = /t:H Ul(t,s)P(s)y(s)ds,
- —
By carrying similar arguments as above, we deduce that Uy (t) € BC(R,X,), > oo, Yi(t)
is uniformly convergent on R and
W) = 3w (1) = / " AUt 5)P(s)6(s)ds € BO(R, X.)
=1 —o0
To complete the proof, it remains to show that

1 T
Jim 5 [ @)t =0

In fact, the estimate in Eq. (6) yields

t—k+1 s
19(8)] < n(a) ( [ s =t e sy ol (s - e+ k)ds)

—k

t—k+1

1/p
e —t+k>uw<s>npds)

= Cyla, 0)[[¥lsz )
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Then, one has

1 T C(a 5) T t—k+1 %
_ < Z9\ 7 _ P
o [ ol < S0 ([ e pas) e

< %‘;“/ (/Olv<s>||w<s+t—k>upds);dt

Since ¢* € PAPy(L?((0,1),v(s)ds)), the above inequality leads to Uy, € PAPy(X,). Then

by the following inequality

1 T T

— W(t < — U(t) — g — v d
g MG ILCEDSLACED I | 1wl

we deduce that the uniform limit U(-) = > 7 ¥, (-) € PAPy(X,), which ends the proof.
Of course, the proof for (I'yu)(-) is similar to that for (I'su)(-). However, one makes use

of Eq. (7) rather than Eq. (6).

Theorem 3.6. Under the assumptions (H1)—(H6), the evolution equation (1) has a unique

pseudo-almost automorphic mild solution whenever L is small enough.

Proof. Consider the nonlinear operator Il defined on PAA(X,) by

t

Hu(t) = —f(t, B(t)u(t)) — / A(s)U(t,s)P(s)f(s, B(s)u(s))ds

—00
t

+/tooA(s)UQ(t, s)Q(s)f(s,B(s)u(s))dS—i—/ Ul(t,s)P(s)g(s,C(s)u(s))ds

—00

- / " Ualt, $)Q(s)9(s, C(s)uls))ds

for each t € R. As we have previously seen, for every u € PAA(X,), f(-,Bu(:)) €
PAA(Xp) € PAA(X,). In view of Lemmas (3.4) and (3.5), it follows that II maps
PAA(X,) into its self. To complete the proof one has to show that II has a unique
fixed point.
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Let u,v € PAA(X,). For I'; and I'y, we have the following approximations

T2 = (C)Olla < [ IAGUEPE) s, Bs)u(s)) = Fs. Bls)o()] ads
< ax(@er(a,8) [ (6= 9T fls Bls)uls)) - £(s. Bls)o(s)ds

< Leg(a)eqr(a, 6)/_ (t — 5)’0‘6776(t75)||3(s)u(5) — B(s)v(s)||ds

< Les(a)esesr(a, B) / (t — 59 u(s) — v(s)||ads

< Les(a)esesr(e, B)(407) T (1 = a) u = vl]a -

where I is the classical I' function.

I(C20)(t) - (C0) O < [ I AG Ut )Q(s) [f (5 Bls)u(s)) — £(s Bs)o(s)] [lads
< eslalend(s) [ " | £ (s, Bls)u(s)) — £(5, Bls)o(s))]|ads
< Les(a)esd () / " 60| B(s)uls) — B(s)o(s)|ds

< Leg(a)eqesd(B) /OO e 6D |u(s) — v(s)||ads

t

< Les(a)eacsd(B)0Hu — v||ayoo-

Similarly, For I's and I'y, we have the following approximations

1(D3u)(t) — (D) (Bl < / |U(t,5)P(s) [g(s, C(s)u(s)) — (s, Cls)o(s))] [lads
< n(a) / (t — )T I||g(s, C(s)uls)) — g(s. C(s)u(s))sds
< In(a) / (t — )T C(s)uls) — C(s)o(s)|ds

< Ln(a)c5/ (t — s)_ae_?é(t_s)ﬂu(s) —v(8)]|ads

< Le(a)es (20727 (1 — a)|Ju — v a0-
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and
ICa)®) = )0 < [ 1ot 905 lo(s, Cls)uls) = g5, Cls)o()] ads
< ma) [ Ol Clopuls) — gl Ol ds
< Lm(a) [ e IOl ~ Clspols)]ds
< Im(a)es [ e ule) — o(s)ds
< Lm(a)esd ™ |u = vlfo.

Consequently,

ITTu — || a0 < LO||u — v a00

where
O := cs(ca(a) + ca(a)ear(a, B) (4071 °T (1 — )

+ ea(a)esd(B)6 ™+ e(a) (207 T (1 — a) + m(a)d ™).

By taking L small enough, that is, L < ©7!, the operator II becomes a contraction on
PAA(X,) and hence has a unique fixed point in PAA(X,), which obviously is the unique

pseudo-almost automorphic mild solution to (1).
4. Application

Fix y € Uand p > 1. Let @ ¢ RY (N > 1) be an open bounded subset with C?
boundary I' = 99 and let X = L*(Q) equipped with its natural topology || - [|2.
Let 0 < a < 8 < 1 with 28 > a + 1. In this section we study the existence and

uniqueness of pseudo almost automorphic solution to perturbed nonautonomous equation

(24)

%[u(t,x} Rt b(t,x)u(t,x))] = a(t, 1) A%u(t, x) + G (¢, c(t, 2)u(t, ), nRx 0

(25) u=Au=0, onRxTI
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where F': R x L*(Q) — X3, G : R x L*(Q) — L*(Q) are SP-pseudo almost automorphic
with

Xa = (L(Q), H5 () N HY (D))o

The coefficients a,b,c : R x Q@ — R are almost automorphic, z — a(t, z) is differentiable

for all t € R, t — a(t, x) is w-periodic (w > 0) in the sense that
a(t +w,z) =a(t,x), forallteR andx €

In addition to the above, we add the following assumptions:

(H7) infier zeq a(t,x) = my > 0, and
(H8) there exists d > 0 and 0 < p < 1 such that |a(t,z) — a(s,z)| < d|s — t|* for all

t,s € R uniformly in x € Q.

Define the linear operators A(t), B(t) and C(t) by
At)u = a(t,x)A%u for all u € D(A(t)) =D = HF(Q) N H*(Q),
B(t)u = b(t,z)u for all L*(),

C(t)yu = c(t,z)u for all L*(€).

Under previous assumptions, it is clear that the operators A(t) defined above are invertible

and satisfy Acquistapace-Terreni conditions. Clearly, the system

u(s) = ¢ € L*(Q),

has an associated evolution family (U(t, s))¢>s on L?(£2), which satisfies: there exist wy > 0

and M > 1 such that
U (t, 9)|| Ber2y < Me™0U=%) for every t > s.
Moreover, since A(t + w) = A(t) for all ¢t € R, it follows that

Ult+w,s+w)=Ul(t,s), D(t+w,s+w)=I(ts), Als+w)l(t+w,s+w)=A(s)I'(t,s)
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for allt,s € R with ¢ > s. Therefore, (¢, s) — ['(¢, s)w belongs to bAA(T, L*(©2)) uniformly
inw e L*(Q) and (¢,s) — A(s)['(t, s)w belongs to bAA(T, D) uniformly in w € D. Tt is
also clear that (H2) holds.

We need the following additional assumption:

(H9) The functions F € PAA(R x L*(Q), H}(Q) N H?*(Q))
and G € PAAD(R x L*(2), L*(2)) N C(R x L*(£2), L*(2)). Moreover, there exits
L > 0 such that

£, u) = F(t,0)l[s < Llju = vl

for all u,v € L*(Q) and ¢t € R, and
|Gt u) = G(t,v)[|l2 < Lllu — vl
for all u,v € L*(Q2) and t € R.

Theorem 4.1. Under assumptions (H7)-(H9), the equation (24)-(25), has a unique
solution u € PAA((L*(Q), H3(Q) N H*(Q))a.00) Whenever L is small enough.
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