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Abstract. Let G = (V,E) be a graph and X be a subset of V . Let B(X) be the set of vertices in V −X that has a

neighbour in a set X . The differential of set X is defined as ∂ (X) is |B(X)|− |X | and the differential of a graph is

defined as

∂ (G) = max{∂ (X)/X ⊂V} .

In this paper, we obtain the differential value of middle and splitting graph for path, cycle, star, wheel and complete

graph.
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1. INTRODUCTION

The differential in a graph is a subject of increasing interest, both in pure and applied math-

ematics. In Particular, the study of the mathematical properties of the differential in graph,

together with a variety of other kinds of differentials of a set, started in [5, 6]. The differential

of a set D was considered in [3], where it was denoted by η(D).
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Throughout this paper, G = (V,E) denote a simple graph. For graph, theoretical terminology

was not given here, refer to Harary [4]. For a vertex v ∈V , the open neighbourhood of v is the

set N(v) = {u ∈V/uv ∈ E} and the closed neighbourhood of the set N[v] = N(v)∪{v}. For a

set X ⊂V , its open neighbourhood is

N(X) =
⋃
v∈X

N(v)

and the closed neighbourhood is N[X ] = N(X)∪X . The subgraph induced by a set S ⊆ V will

be denoted by 〈S〉.

The boundary B(X) of a set X is defined to be the set of vertices in V −X dominated by the

vertices in X , that is B(X) = (V −X)∩N(X).

The differential ∂ (X) of X is |B(X)|− |X |. The differential of a graph G is defined as

∂ (G) = max{∂ (X)/X ⊂V} .

The differential of a graph has also been investigated in [1, 2, 8, 10]. Let T ⊂ V such ∂ (G) =

∂ (T ). Then we say that T as ∂−set. Sampathkumar and Waliker [9] introduced the concept of

Splitting graph.

2. SPLITTING GRAPH

Definition 1. Let G = (V,E) be an arbitrary graph. For each point v of a graph G, take a new

point v′. Join v′ to all points of G adjacent to v. The graph S(G) thus obtained is called the

splitting graph.

Theorem 2. For any path Pn,

∂ (S(Pn)) =


3
⌊n

3

⌋
for n≡ 0 (mod 3)

3
⌊n

3

⌋
+1 for n≡ 1,2 (mod 3)

Proof. Let {v1,v2, ...,vn} be the vertices of path Pn and {v′1,v′2, ...,v′n} be the corresponding

vertices to {v1,v2, ...,vn} which are added to obtain the splitting of the path S(Pn).

Case (i): n≡ 0(mod 3)

Consider the set V (S(Cn)) = {v1,v2, ...,vn,v′1,v
′
2, ...,v

′
n} and each vertex in S has the differential
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value 3. Let S′ =
{

v′2,v
′
5, ...,v

′
n−1
}

and clearly N(S′)⊂ N(S). Hence, no vertex in S′ belongs to

any ∂−set. So,

∂ (S(Pn)) = 3
⌊n

3

⌋
.

Case (ii): n≡ 1(mod 3) n≥ 7

It is obvious that when n = 4, where ∂ (S(P4)) = 4. Let S = S′ ∪ {vn−2,vn−1} where

S′ = {v2,v5, ...,vn−5}. Each vertex of S′ gives the differential value 3. Then, ∂ (vn−2) = 3,

∂ (vn−2,vn−1) = 4 and ∂ (vn−2,vn) = 3. Hence, S = S′∪{vn−2,vn−1} is a ∂−set. Therefore,

∂ (S(Pn)) = 3
⌊n

3

⌋
+1.

Case (iii): n≡ 2(mod 3)

Consider the set S = S′ ∪ {vn−1,vn}, where S′ = {v2,v5, ...,vn−3}. Each vertex of S′ has the

differential value 3 and each vertex of {vn−1,vn} gives the differential value 1. So

∂ (S(Pn)) = 3
⌊n

3

⌋
+1.

�

Theorem 3. For any cycle Cn,

∂ (S(Cn)) =


3
⌊n

3

⌋
for n≡ 0 (mod 3)

3
⌊n

3

⌋
+1 for n≡ 1,2 (mod 3)

Proof. Let V (Cn) = {v1,v2, ...,vn} be the vertices of the cycle graph of length n (n≥ 3) and

{v′1,v′2, ...,v′n} be the corresponding vertices to {v1,v2, ...,vn}. By the definition of splitting

graph, consider a vertex v′1 which connects the vertices that are adjacent to v1 and the vertex v′2

which connects the vertices that are adjacent to v2. Finally, we can consider the vertex v′n which

connects the vertices that are adjacent to vn such that

V (S(Cn)) =
{

v1,v2, ...,vn,v′1,v
′
2, ...,v

′
n
}
.

Case(i): n≡ 0(mod 3)

Let S be a set ∂−set, where S = {v1,v4,v7, ....,vn−2}. Each vertex in S gives the differential
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value of 3. Then the set
{

v′1,v
′
4,v
′
7, ...,v

′
n−2
}

is an independent set and it is adjacent only with

neighbours of S. So,

∂ (S(Cn)) = 3
⌊n

3

⌋
.

Case (ii): n≡ 1(mod 3)

Consider the differential set S = S′ ∪ {vn}, where S′ = {v1,v4, ...,vn−3}. Then the set{
v′1,v

′
4, ....,v

′
n−3
}

is an independent set and it is adjacent only with the vertices of B(S). So,

∂ (S(Cn)) = 3
⌊n

3

⌋
+1.

Case (iii): n≡ 2(mod 3)

Consider the differential set S = S′ ∪ {vn}, where S′ = {v1,v4, ...,vn−4}. Then the set{
v′1,v

′
4, ...,v

′
n−4
}

is an independent set and it is adjacent only with the vertices of B(S). So,

∂ (S(Cn)) = 3
⌊n

3

⌋
+1.

�

Theorem 4. For any star graph, ∂ (S(K1, n−1)) = 2n−3, n≥ 3.

Proof. Let V (K1, n−1) = {u,v1,v2, ...,vn−1} be the star graph of n vertices. By the definition

of splitting graph, consider a vertex v′1 which connects the vertices that are adjacent to v1 and

the vertex v′2 which connects the vertices that are adjacent to v2 and finally, we can consider

the vertex v′n−1 which connects the vertices that are adjacent to vn−1 and consider u′ for a

head vertex u. The head vertex u of S(K1, n−1) is adjacent with all the vertices of S(K1, n−1)

except u′ and u′ is not connected with any other vertices in the graph of S(K1, n−1). Hence

∂ (S(K1, n−1)) = (2n−1−1)−1 = 2n−3. �

Theorem 5. For any wheel graph, ∂ (S(Wn)) = 2n−3, n≥ 4.

Proof. Let V (Wn) = {v1,v2, ...,vn} be the vertices in a graph Wn and vn be the central vertex

of Wn. Let {v′1,v′2, ...,v′n} be the new vertex set corresponding to the vertex set of {v1,v2, ...,vn}

such that V (S(Wn)) = {v1,v2, ...,vn,v′1,v
′
2, ...,v

′
n}. The vertex vn is adjacent to all the vertices of
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the splitting graph S(Wn) except v′n. Hence deg(vn) = 2n−2 = ∆(S(Wn)). Thus, the differential

value of the graph S(Wn) is

∂ (S(Wn)) = ∂ ({vn}) = 2n−2−1 = 2n−3.

Hence, ∂ (S(Wn)) = 2n−3. �

Theorem 6. For any complete graph, ∂ (S(Kn)) = 2n−3, n≥ 3.

Proof. Let V (Kn) = {v1,v2, ...,vn} be the vertices and {v′1,v′2, ...,v′n} be the corresponding

vertices to {v1,v2, ...,vn} to obtain splitting graph S(Kn) such that

V (S(Kn)) =
{

v1,v2, ...,vn,v′1,v
′
2, ...,v

′
n
}
.

Clearly, S = {v1} be the differential set of S(Kn) and hence ∂ (S(Kn)) = 2n−3. �

3. MIDDLE GRAPH

Definition 7. The Middle graph M(G) of a graph G, is the graph whose vertex set is V (G)∪

E(G) where two vertices are adjacent if and only if they are either adjacent edges of G or one

is a vertex and the other is an edge incident with it, refer [7].

Theorem 8. For any path Pn, then

∂ (M(Pn)) =



3
⌊

n−1
3

⌋
+2, n≡ 0 (mod 3)

3
⌊

n−1
3

⌋
, n≡ 1 (mod 3)

3
⌊

n−1
3

⌋
+1, n≡ 2 (mod 3)

Proof. Let V (Pn) = {u1,u2, ...,un} and E(Pn) = {v1,v2, ...,vn}. By the definition of middle

graph, V (G) =V (Pn)∪E(Pn) where G = M(Pn).

Case(i): n≡ 0(mod 3)

We observe that any vertices of V (Pn) not belongs to any differential set. In this case, there are

two possible differential sets.
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If N = 6k, where N = |V (M(Pn))| then S1 = {u2,u4, ...,un−1} and if N = 6K +3 then

S2 = {u2,u4, ...,un−2}

where k ∈ N and if either S1 or S2 contains only the elements of V (Pn) and

∂ (S1) =

⌊
n−1

2

⌋
or ∂ (S2) =

⌊
n−1

2

⌋
.

Suppose S contains only vertices of E(Pn) = {v1,v2, ...,vn−1} and S = {v2,v5, ...,vn−1} where

each vertex in S except vn−1 gives the differential value is 3 and the differential value of vn−1 is

2. Hence,

∂ (S) = 3
⌊

n−1
3

⌋
+2.

Clearly, S contains either the elements of V (Pn) or E(Pn) but not both. Therefore,

∂ (M(Pn)) = 3
⌊

n−1
3

⌋
+2.

Case(ii): n≡ 1(mod 3)

We observe that any vertices of V (Pn) not belongs to any differential set. In this case, there are

two possible differential sets S1 = {u2,u4, ...,un−1} and S2 = {u2,u4, ...,un−2} and if either S1

or S2 contains only the elements of V (Pn) and

∂ (S1) =

⌊
n−1

2

⌋
or ∂ (S2) =

⌊
n−1

2

⌋
.

Suppose S contains only vertices of E(Pn) = {v1,v2, ...,vn−1} and S = {v2,v5, ...,vn−1} where

each vertex in S gives the differential value is 3. Hence,

∂ (S) = 3
⌊

n−1
3

⌋
.

Clearly, S contains either the elements of V (Pn) or E(Pn) but not both. Therefore,

∂ (M(Pn)) = 3
⌊

n−1
3

⌋
.

Case(iii): n≡ 2(mod 3)

We observe that any vertices of V (Pn) not belongs to any differential set. In this case, there are
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two possible differential sets S1 = {u2,u4, ...,un−1} and S2 = {u2,u4, ...,un−2} and if either S1

or S2 contains only the elements of V (Pn) and

∂ (S1) =

⌊
n−1

2

⌋
or ∂ (S2) =

⌊
n−1

2

⌋
.

Suppose S contains only vertices of E(Pn) = {v1,v2, ...,vn−1} and S = {v2,v5, ...,vn−1} where

each vertex in S gives the differential value is 3 except vn−1. The differential value of vn−1 is 1.

Therefore,

∂ (S) = 3
⌊

n−1
3

⌋
+1.

Clearly, S contains either the elements of V (Pn) or E(Pn) but not both. Therefore,

∂ (M(Pn)) = 3
⌊

n−1
3

⌋
+1.

�
Theorem 9. For any cycle graph, ∂ (M(Cn)) = n, n≥ 3.

Proof. Let V (Cn) = {u1,u2, ...,un} and E(Cn) = {v1,v2, ...,vn}. By the definition of middle

graph, V (G) =V (Cn)∪E(Cn) where G = M(Cn).

Case(i): When n is even

Let S = {v1,v3,v5, ...,vn−1}. Clearly, S is a γ−set of G. Since ∂ (G) + 2 γ(G) = N where

N = |V (G)| if and only if there exists a ∂−set which is also a γ− set of G. Hence S is a ∂−set

of G. So, ∂ (S) =
3n
2
− n

2
= n. Hence, ∂ (M(Cn)) = n.

Case(ii): When n is odd

In this case, the possible ∂−sets are S1 = {v1,v3,v5, ...,vn−2} and S2 = {v1,v2, ...,vn−1}. In all

the cases, we get, ∂ (M(Cn)) = n. �

Theorem 10. For any star graph, ∂ (M(K1, n−1)) = n−1, n≥ 3.

Proof. Let V (K1, n−1) = {u1,u2, ...,un} and E(K1, n−1) = {v1,v2, ...,vn−1} where u1 be the

head vertex of the given graph K1, n−1. By the definition of middle graph G=M(K1, n−1) whose

vertex set is V (G) =V (K1, n−1)∪E(K1, n−1). Clearly, the degree of each vertex vi is n and the

graph induced by 〈G−N[vi]〉 contains only isolated vertices which does not belong to any other

differential set. Hence, ∂ (M(K1, n−1)) = n−1. �
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Theorem 11. For any complete bipartite graph, ∂ (M(Km,n)) = mn.

Proof. Let (X ,Y ) be a bipartition of Km,n where |X | = m and |Y | = n and m ≤ n. Let X =

{x1,x2, ...,xm} and Y = {y1,y2, ...,yn} and G=M(Km,n). Let X1,X2, ...,Xm be the mKn+1 cliques

and Y1,Y2, ...,Yn be the nKm+1 cliques in M(Km,n). Further Xi and Yj have exactly one common

vertex.

Let wi j be the vertex common to both Xi and Yj. Let S be the ∂−set of G. Assume w11 ∈ S.

Clearly, every vertex in the corresponding row and column is dominated by w11 and hence no

other vertices in the corresponding row and column belong to S. Hence, all the leading diagonal

vertices {w11,w22, ...,wmm} belongs to S.

The set S dominates all the vertices in V (G)− S except S′ = {vm+1,vm+2, ...,vn}. Since

all the vertices in S′ are independent and B(S′) ⊆ B(S), no elements of S′ are in S. Hence,

S = {w11,w12, ...,wmm}. Then

∂ (G) = [|X1|−1+ |X2|−1+ ...+ |Xm|−1]−|S|

= [(n−1)+(n−1)+ ...+(n−1)]−m

= m(n−1)−m = mn.

�
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