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1. Introduction

A Boolean matrix is a matrix over the binary Boolean algebra {0,1}, where the
(Boolean)addition and (Boolean) multiplication in {0, 1} are defined as a+b = maz{a, b}, ab=
min{a,b}(we assume 0 < 1). Let B,, denote the set of all n x n matrices over the Boolean
algebra {0, 1}.

For A, B € %8, if there is a permutation matrix P such that PBPT = A, then we say

B is permutation similar to A (written B ~ A).

B, 0

A matrix B € B, is reducible if B ~ , where B; and By are square(non-

C By
vacuous), and B is irreducible if it is not reducible.
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A matrix B € 9B,, is primitive if there is a nonnegative integer k such that B* = J the
all-ones matrix.The least such k is called the exponent of B, denoted by ~(B).

A matrix B € B,, is called transitive if B> < B. Denote by t(B) the least integer s = 1
such that B® is transitive, i.e.B* < B®.

In 1970,5 Schwarz[1] introduced a concept of the transitive index and gave some results.

A matrix A = [a;5] € B, is called tournament matrix if a; = 0(¢ = 1,2,...,n) and
a;; +aj; = 1(1 <1< j <mn). Let T, denote the set of all n x n tournament matrices.

Notice that a matrix T;, € T, satisfies the equation
A+ AT =, — 1,

where J,, is the matrix of all 1’s and I, is the identity matrix.

Certain properties of tournament matrix have been investigated in [2,3,5,6].
2. Preliminaries

The notation and terminology used in this paper will basically follow those in [4]. For

convenience of the reader, we will include here the necessary definitions and basic results

in [5,6].
0 1 0 0 0
0 O 1 0 0 0 O 0
_ 1 0 0 1 --- 0 1 0 - 0
Let Tn = ) ) (n > 3)7 Tl = . . )
1 1 0 0 1 1 1 0
Ix1
1 1 0 O
nxn
Ty 0 - 0 L 0 - 0
J Ty - 0 J I - 0
7?5777,: . . ) . 7I3m: . ) . . )
J - J T3 J - J I

where J is the matrix of all 1’s, I3 is the identity matrix of order 3.
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Lemma 2.1 ([3]) Let T, € ¥,.Then

A0 0 -+ 0
J Ay 0 -+ 0

T, ~ J J As -+ 0 5
J J J - A

where all the blocks J below the diagonal are matrices of 1’s,and the diagonal blocks
Ay, -+, A are irreducible components of T,,. Let A; be n; x n; matrix,1 <i < k,1 <

n; < n. Then k and n; are uniquely determined by 7;,.

Lemma2.2([6]) If 7,, € ¥, and n > 4. Then T, is primitive if and only if 7}, is
irreducible.
It is obvious that 3 x 3 tournament matrix is not primitive, the primitive exponent of

4 x 4 irreducible tournament matrix is 9. For n > 4, we have

Lemma 2.3([6]) If T, € T, and n > 5, then v(7,,) <n + 2.

Lemma2.4([5]) Let n > 5, then v(T,,) = n + 2.

Lemma2.5([5]) If n > 5,7, € %, is irreducible. Then (7,,) = n + 2 if and only if

T,, is isomorphic to T,.

Lemma2.6([6]) If 3 <e <mn+2and n > 6, then there exists an irreducible T,, € ¥,

such that v(T,,) = e.
3. Main results

It is evident that if A € B, is primitive digraph, then ¢(A) = ~(A). For primitive

tournament matrix 7T),, its primitive exponent is determined by Moon and Pullman in [6].
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In this paper we obtain results on transitive index of reducible tournament matrices.

Theorem 3.1 Let T, € ¥, be reducible matrix and n > 8. Then there exists a

positive integer s < n + 1 such that

B 0 0 - 0
J By 0 -+ 0
Ti~A=| J J By -+ 0
JoJ B,

where all the blocks J below the diagonal are matrices of 1’s, and the diagonal blocks B;
is zero matrix of orderl;, or Zs,,, or matrix of 1’s of order m;(4 < m; < n), 1 <i <g.

0 <3¢, l; <n,and g, 1l;, m;, g are uniquely determined by T,.

Proof. It is obvious that the irreducible tournament matrix of order 1 is zero matrix of
order 1, the irreducible tournament matrix of order 2 is not exists,and the irreducible tour-
nament matrix of order 3 is isomorphic to T5. Hence , in Lemma2.1, the diagonal blocks A;
is zero matrix of order 1, or T,or irreducible tournament matrix of order m;(4 < m; <n).
Let A; # (0)1x1 (if there exists) ,A;41 = Aize = ... = Air, = (0)1x1, Aigi;+1 7# (0)151 (if

there exists). Then

Aier 0 0 0 0 0
J Ai.+2 0o |_ - 1 0 0
J Ai, 1 1 0

lini
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Let Aj 7é Tg (lf there eXiStS), Aj+1 = Aj+2 = ... = Aj-l—qi = T3>Aj+qi+1 7A T3<lf there
exists). Then

Aj 0 0 5 0 -+ 0
J Aj+2 0 o J T3 o0
. . . — 13qi —

J J Ajtq J J T

There exists that one among n — 1, n,n + 1 is multiple of 3, and set such number be s.
Since T}, is Boolean matrix of reducible tournament with order n(> 8), Ts,,° = Zs,,, T},° =
(0)1,%1;- If A; is irreducible tournament matrix of order m;(4 < m; < n) in Lemma2.1.
Then A;* = J. By Lemma2.3, the conclusion established and we complete the proof.

Note that ¢(T,,) =1, t(T3,) =3, n > 1.

Let T,, € ¥, be reducible matrix.Then Hence T, ~ Ty, 75 ~ T3. We have t(T3) =
t(T3) = 1.

_ 0 O - T; 0
For T,. By Lemma 2.1, Ty ~ T4 or Ty ~ Ay = o |,or Ty~ Ay =
J T3 J 0
Since t(Ty) = 1, t(As) = t(A;) = 3, hence #(T}y) < 3.
. Ty O .
For T5. By Lemma 2.2, T5 ~ Ts, or T5 ~ As = |, or Ty ~ A5 =
J T3
_ T, 0
T3 0 & _ _ 0 O y
,or Ty ~ A= J T3 0 ,or Ty ~ A5 = ,or Ts ~ A5 =
J TQ J B4
J J T
B, 0
, where By is primitive tournament matrix of order 4. Clearly, ¢(T5) = 1,
J 0
t(As) = t(As) = t( A) =3, t(As) = t(As) = 9. Hence t(T5) < 9.
- , T, 0\ - T, 0 .
Similarly, ¢(7;) < 9,i = 6,7. Let Ag = , A = , where By is
J B4 J B4

primitive tournament matrix of order 4. It is easy to see that t(Tg) = t(T7) = 9.

For n > 8, we have
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Theorem 3.2 Let T, € T,, be reducible matrix and n > 8. Then ¢(7},) < n + 1.

Proof. By Theorem 3.1, there exists a positive integer s < n + 1 such that

B 0 0 --- 0
J By 0 -+ 0
Ii~A"=| J J By --- 0
J J J - B,

where all the blocks J below the diagonal are matrices of 1’s,and the diagonal blocks B;
is zero matrix of orderl;,or Zs,,, or matrices of 1’s of order m;(4 < m; < n),1 <i < g.
0 <3¢, 1; <n, and ¢, l;, m;, g are uniquely determined by T,,. Obviously, (A*)? < A*. A*

is transitive matrix. Hence ¢(7},) = t(A*) < s < n + 1. This completes the proof.

0 0 - T,1 O s 0 -
Let T = i ST = ! LT = 77 and T —
J Tn—l J 0 J Tn—3
To-s (1) (1) n(2) 7 (2) 7
~|. Then 75,7, 1", T, ITn” € %,. By Lemma2.5, t(1,,-1) =n—1+2 =
J T3

n+ 1(n > 8). Hence
HTM) = ((T) = +(Tp_1) =+ 1(n > 8).

Theorem 3.3 Let T}, € ¥, be reducible matrix and n > 8. Then

(1) If n =0 or 1(mod 3). Then t(7,,) = n+ 1 if and only if 7}, is isomorphic to 7" or
.

(2) If n = 2(mod 3). Then t(T,,) = n + 1 if and only if 7,, is isomorphic to TV, or
T, o0 TP, or TV,
Proof. (1) Suppose n =0 or 1(mod 3). If T, is isomorphic to T or TV, by Theorem
3.3, t(T,) = t(T\V) = t(TV) = n + 1.

Conversely, suppose t(7,,) = n + 1. If there exists B; that is Z3,, 1 < i < g,1 < 3¢,

then set s = n if n = 0(mod 3) and s = n— 1, if n = 1(mod 3),in Theorem 3.1. Hence s is
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multiple of 3. By Theorem 3.2, s < n+ 1, and ¢(7,,) < s < n+ 1. This is impossible. By
0 Ao 0

Lemma 2.5 and Theorem 3.1, T}, ~ yor T, ~ , where J is matrices

J A J 0
of 1’s, Ag is irreducible tournament matrix of order n — 1. By Lemma 2.5, we have that

T,, is isomorphic to Tél) or T,&”.

(2) Suppose n = 2 (mod 3). If T,, is isomorphic to T,gl), or Tfll), or T,Sz), or Tff), then
t(T,) = t(Tél)) = t(ﬁgl)) = n+1. It is easy to verify that ¢(7,,) = t(TTSQ)) = t(ﬁ(f)) =n—+1.
Conversely, suppose t(7,,) =n + 1.

If there does not exist B; that is Z3,,, 1 <17 < g,1 < 3¢;, in Theorem 3.1. By Lemma

0 A
2.5 and Theorem 3.1, T, ~ ,or T, ~ ’ , where J is matrices of 1’s,

J Ay J 0

Ajg is irreducible tournament matrix of order n — 1. By Lemma 2.5, we have that T, is
isomorphic to 7V or TV,
If there exists B; that is Z3,,, 1 < ¢ < g,1 < 3¢;, in Theorem 3.1. By Lemma 2.5

T; 0 Ao . '
and Theorem 3.1, T, ~ ,or T, ~ , where J is matrices of 1’s,

J A J Ty

Ayp is irreducible tournament matrix of order n — 3. By Lemma 2.5, we have that T,, is
isomorphic to T7(l2) or TT(LQ). This completes the proof.

Let &F%R,, denote the set of transitive indices of all reducible tournament matrices of
order n. It is easy to verify that

STR, = 6GTNR;3 = {1},

STR, = {1, 3},

S%R; = {1,3,9},

S%Rs = {1,3,4,6,7,9},

SR, ={1,3,4,5,7,8,9}.

For n > 8, we have

Theorem 3.4 G%R, ={1,3,4,...,n,n+ 1}, where n > 8.

T 0
Proof. Obviously, #(T,) = 1. Let T, = | . t(T},) = 3, hence, 1,3 € GTR,.
J P]Fn—?»
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By Lemma2.6, there exists an irreducible tournament matrix Tn_l of order n — 1 such
. 0 O
that v(7,,—1) = e, where 4 < e <n+1,n>8. Let T, = . . Then T}, € T,
J Tn—l
and ¢(T,,) = v(T,_;) = e. This completes the proof.
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