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Abstract. In this work, at first we prove an existence result of best proximity pair for noncyclic relatively p-
nonexpansive mapping in the setting of modular spaces endowed with a convex directed graph. Furthermore, we
study the convergence of a pair of sequences ((x;,x),)), generated by a new iterative scheme for noncyclic relatively
(pG)-nonexpansive mapping in uniformly convex modular spaces equipped with a convex directed graph.
Keywords: best proximity pair; uniformly convex Banach space; noncyclic relatively nonexpansive mapping;
Mann iteration; graph theory; modular space; uniformly convex modular; directed graph.

2010 AMS Subject Classification: 32H50.

1. INTRODUCTION

The notion of modular spaces was firstly initiated in 1950 by Nakano [11] in connection
with the theory of ordered spaces. These spaces was developed and generalized by Orlicz and
Musielak [10].
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Let A and B be two nonempty subsets of a modular space X,. A self-mapping T : AUB —
AUB is said to be noncyclic provided that 7 (A) C A and T (B) C B. For such mapping, a
minimization problem can be considered such that it solution is called a best proximity pair
of the mapping 7, that is, a pair (p,q) € A X B such that Tp = p, Tg=q and p(p—¢q) =
dist, (A,B).

The existence of best proximity pair was firstly considered and studied in 2005 by Eldred
et al. [4]. They proved that if (A,B) is a nonempty weakly compact pair of a strictly convex
Banach space X such that (A,B) has a geometric property called proximal normal structure,
then every noncyclic relatively nonexpansive mapping defined on A U B has a best proximty pair.
Afterwords, many authors have studied and developed many results on the existence problem
of best proximity pair for noncyclic mapping under various contractive condition in different
type of spaces. In the last fifteen years, the question of the existence and convergence to a best
proximity pair was investigated by many authors and found extensions and generalizations for
different class of mappings and spaces; for more related works and results, we refer readers to
[1,3,5,6,7,8].

In the current paper, we prove an existence result for noncyclic relatively nonexpansive map-
ping in the sitting of modular spaces endowed with a directed graph. Moreover, we established
a convergence result for a new iterative process to a best proximity pair for such mapping in

modular spaces equipped with a directed graph.

2. PRELIMINARIES

Throughout this work, X stands for a linear vector space on the field R. Let us start with

some preliminaries and notations.

Definition 1. [2] A function p : X — [0, 40| is called a modular if the following holds:
(1) p (x) =0 ifand only if x = 0;
2) p(=x)=p )
3) plax+(1—a)y) <p(x)+p(y), forany a € [0,1] and for any x, y in X.
If (3) is replaced by (3’) p (ox+ (1 —a)y) < ap (x) + (1 — ) p (y) for any & € [0,1] and x,

yin X, then p is called a convex modular.



BEST PROXIMITY PAIR FOR NONCYCLIC RELATIVELY p-NONEXPANSIVE MAPPINGS 3

The modular space is defined as X, = {x cX: /%in}) p(Ax) = O}. Throughout this paper, we
H
will assume that the modular p is convex.

The Luxemburg norm in X, is defined as

X

Il :inf{?L >0:p (I) < 1}.
Associated to a modular, we introduce some basic notions needed throughout this work.

Definition 2. [1] Let p be a modular defined on a vector space X.

(1) We say that a sequence (x),cy C Xp is p-convergent to x € X, if and only if
r}grolo p (x, —x) = 0. Note that the limit is unique.

(2) A sequence (x,), C X, is called p-Cauchy if p (x, — X)) — 0 as n,m — oo,

(3) We say that X, is p-complete if and only if any p-Cauchy sequence is p-convergent.

(4) A subset C of X is said p-closed if the p-limit of a p-convergent sequence of C always
belong to C.

b)) A subset C of Xp is said p-bounded if  we have
diamp (C) =sup{p (x—y) : x,y € C} < oo.

(6) A subset K of X, is said p-sequentially compact if any sequence (x,), of C has a subse-
quence p-convergent to a point x € C.

(7) We say that p satisfy the Fatou property if p (x —y) < lin}iinfp (Xn — yn) whenever (x,),

p-converges to x and (y), p-converges to'y, for any x,, X, y, y, in Xp.

Let us note that p-convergence does not imply p-Cauchy condition. Also, x, 25 x does not
imply in general Ax;, 25 Ax, for every A > 1.

Let A, B be nonempty subsets of a modular space X,. We adopt the notations:

distp (A,B) =inf{p (x—y):x€ A,y € B},
61) (AaB) :Sup{p(x_y) : XGA,yEB},

8¢ (B) =8 ({x},B) ={p(x—y) : yE€A}.
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A pair (A,B) is said to satisfy a property if both A and B satisfy that property. For instance,
(A,B) is p-closed (resp. convex, p-bounded) if and only if A and B are p-closed (resp. convex,
p-bounded). A pair (A, B) is not reduced to one point means that A and B are not singletons.

Recall the definition of the modular uniform convexity.

Definition 3. [2] Let p be a modular and r > 0, € > 0. Define, fori € {1,2},

Di(r,s):{(x,y) €X, x X, : p(x) gr,p(y)gr,p<x_,y) zre}.

1

If D; (7‘,8) # 0, let

oi(r,e) = inf{l - %p <X42—y) s (xy) € Di} :
IfDi(r,€) =0, we set 6; (r,€) = 1. Fori € {1,2}, we say that
(i) p is uniformly convex (UCi) if for every r > 0 and € > 0, we have &; (r,€) > 0.
(ii) p is unique uniformly convex (UUCI) if for all s > 0 and € > 0, there exists 1 (s,€) >0
such that &; (r,€) > 1 (s,€), for r > s.
(iii) p is strictly convex (SC), if for every x, y € X, such that p (x) = p (y) and p (Xﬂ> =

2
px)+p )

, we have x = y.
) y

The following proposition characterize the relationship between the above notions:

Proposition 1. [2]
(a) (UUCI) implies (UCi) fori=1,2;
(b) 8 (r,e) < & (r,€) forr>0and e > 0;
(c) (UCY) implies (UC2) implies (SC);
(d) (UUCT) implies (UUC2).

Definition 4. [9] Let p be a modular. We say that the modular space X, satisfies the property
(R) if and only if for every decreasing sequence (Cy),cn of nonempty p-closed convex and

p-bounded subsets of X, has a nonempty intersection.

Lemma 1. [2] Let p be a convex modular satisfying the Fatou property. Assume that X, is

p-complete and p is (UUC2). Then X, satisfies the property (R).
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Proposition 2. [2] Let p be a convex modular. Assume that X, is p-complete and p is (UUC2).
Let C be a p-closed convex and p-bounded nonempty subset of Xp. Let (C;);c; be a family of
p-closed convex nonempty subsets of C such that ﬂC,' is nonempty, for any finite subset F of I.

icF

Then, (C;),.; has a nonempty intersection.

iel

Let us finish this section with a few terminology and basic definitions of graph theory. Let C
be a nonempty subset of a modular space X, and A = {(x,x) : x € C} the loops set. Consider
a directed graph G such that the set of vertices V(G) coincides with C and the set of its edges
E(G) contains all loops, i.e. A C E(G). Assume that G has no parallel edges, so it can be
identified to the pair (V(G),E(G)).

Let x and y be vertices of a graph G. A path from x to y of length N € N is a finite sequence (x;)
of N + 1 elements for which xo = x, xy =y and (x;,x;11) € E(G), fori=0,...,N—1.

A graph G is said to be connected if there is a path between any two vertices of the graph G. A
directed graph G = (V(G),E(G)) is said to be transitive if, for any x, y and z in V(G) such that
(x,y) and (y,z) are in E(G), then (x,z) € E(G). Moreover, the conversion of a graph G, denoted
G~!, is the graph obtained by reversing the direction of the edges of the graph G. Thus, we
have E(G™1) = {(y,x) eX x X : (x,y) € E(G)}.

Definition 5. Let X, be a modular space. A graph G is said to be convex if and only if for any

x,y, 2 winXp and A € [0,1], we have

(x,y) € E(G) and (z,w) € E(G) leads to ((1 —A)x+Az,(1—A1)y+Aw) € E(G).

Definition 6. Ler C be a nonempty subset of a modular space X,, and let G = (V(G),E(G)) be
a directed graph such that V(G) = C. We say that C have the property (OSC):
if each sequence (x,), C C p-converges to x and (x,,xn+1) € E(G), then (x,,x) € E(G), for all

n>0.

3. MAIN RESULTS

Definition 7. Let (A, B) be a nonempty pair of a modular space X,. A mapping T : AUB —
AUB is said to be noncyclic relatively (pG)-nonexpansive mapping if the following conditions

hold:
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i) T is noncyclic, i.e. T(A) CAand T(B) C B;
ii) T preserves edges, i.e. for allx € A and b € B, if (x,y) € E(G) then (Tx,Ty) € E(G);
i) p(Tx—Ty) < p (x—y), forall (x,y) € A X B such that (x,y) € E(G).

In the sequel, we assume that the modular space X, is equipped with a convex transitive

graph G identified by the pair (V(G),E(G)).

Definition 8. We will say that a pair of sequences ((xn,y,)), p-converges to a pair (x,y), if the

sequences (xy), and (yn), p-converge to x and y, respectively.

Definition 9. Let C be a nonempty subset of a modular space X,, and let G = (V(G),E(G)) be
a directed graph such that V(G) = C. We say that G have the property (F), if (x,,yn) € E(G)

and x, 2 x and y, 2y, then (x,y) € E(G).

Definition 10. Let C be a nonempty subset of a modular space Xp, and let G = (V(G),E(G))
be a directed graph such that V(G) = C. We say that G have the property (£) if the graph G
does not have parallel edges, that is, if (a,b) € E(G) and (b,a) € E(G), then a = b.

Definition 11. We say that a nonempty pair (A,B) of a modular space is proximal p-
compactness provided that every generalized sequence ((Xo,Ya))qe; Of A X B satisfying the

following condition p (xo — yo) = disty (A, B) has a p-convergent subsequence in (A,B).

Property 1. Let (A, B) be a nonempty pair of a modular space X, such that A is nonempty. If

(Ao, By) is proximal p-compactness then (Agy,By) is p-closed.

Proof. Let (x,), be a sequence in Ay which p-converges to x € X,. For all n € N, there exists
Yn € B such that p(x, —y,) = dist, (A, B).

Since (Ao, Bp) is proximal p-compactness, then there exists a subsequence ((x(p(n),y(p(n)))n of
the sequence ((x,,y»)), wWhich p-converges to a pair (x',y") € Ag x By. Thus, x = x. Since p

satisfies the Fatou property, then

px—y) < Tminfp (xg(m) = Vo) = distp (4,B).

Therefore, x € Ap. In the same way we show that By is p-closed. U
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Theorem 1. Let p be a convex modular satisfying Fatou property and (UUCI). Let (A,B) be
a nonempty convex and p-bounded pair of a p-complete modular space Xp. Assume that A is
nonempty and (Ao, Bo) is proximal p-compactness, and (x,y) € E(G) for all (x,y) € Ay X By.
Suppose that T : AUB — AUB is noncyclic relatively (p G)-nonexpansive. Then, T has a best
proximity pair (x,y) in AUB such that (x,y) € E(G).

Proof. The theorem is trivial if we assume that AN B # 0, so we assume that AN B = (. Suppose
that .# denotes the collection of all nonempty p-closed convex and p-bounded pairs (E,F) of
(Ao, Bo) such that T is noncyclic on (E,F) and p (x —y) = d, (A, B), for some (x,y) € E x F.
Since Ag is nonempty, p-closed, convex and p-bounded, and T is noncyclic on Ag U By, then
(Ao, Bp) € Z#. Hence, .7 is nonempty. Moreover, .7 is partially ordered by a reverse inclusion,

that is, (E|,F1) < (E»,F,) if and only if (E>,F>) C (E1,Fy). Let (Eq,Fy),.; be a decreasing

acl
chain in 7. Let E =y Eq and F = [, Fy. By the fact that X, satisfies the property (R), the
pair (E, F) is nonempty p-closed and convex. Since (E,F) C (Ag,Bp), then (x,y) € E(G) for
all (x,y) € E x F. Moreover, T is noncyclic on EUF. Indeed, let x € E, so x € E, for all
o € 1. Since T is noncyclic on Ey U Fy, for all o € 1, then Tx € Ey for all o € 1. Therefore,
Tx € E =y Eq- Using the same arguments, one has 7 (Fy) C Fy.

Let (xq,Ya) € Eq X Fy such that p (xo —ye) = distp (A, B). We have (xq,yq) € E(G), for all
a € I. Since (Ag,Byp) is proximal p-compactness, then there exists a subsequence (xq,,Yq;) Of

the sequence (x¢,yq) such that xg, Py xeEand Yo, LN y € F. Using the Fatou property, one

has
p (x—y) <liminfp (xo, — ygo;) = dist, (A,B).

Therefore, there exists a pair (x,y) € E X F such that p (x —y) = disty (A,B). So every in-
creasing chain in .# is bounded above with respect to the reverse inclusion. Hence, Zorn’s
lemma implies that .# has a minimal element denoted by (Kj,K>). Thus, (x,y) € E(G) for all

(x,y) € K1 x K3, and dist, (K1,K>) = dist, (A,B). Since T is noncyclic, then
T (conv (Ky)) C T (K;) Cconv(T (K;)) and T (comv (K3)) C T (Kz) Cconv(T (K3)),

where the notation comnv (K;) describes the p-closed convex hull of K;, for i € {1,2}. In

fact, using the definition of the p-closed convex hull of a set, it is quite easy to see that



8 NOUR-EDDINE EL HARMOUCHI, KARIM CHAIRA, ABDESSAMAD KAMOUSS

T (Ki) C com (T (Ky)).

Now, let us prove that T (conv (T (K;))) € T (K;). We have T (K;) C K, then conv (T (K)) C
K. Hence, T (conv(T (K;))) € T (K;). Therefore, T (conv(K;)) C T (K;) C conv (T (Ky)).
As the same way, we show that T (conv(K,)) C T (K,) C conv (T (K3)). Thus, T is non-
cyclic on conv (T (K;)) Uconv (T (K3)). The minimality of the pair (K;,K3) in .% leads to
Ky =conv (T (K1)) and K> = conv (T (Kz)). If dist, (Ki,K>) = 0, then T has a fixed point on
ANB. Consequently, we assume that dist, (K;,K>) > 0.

Case one: min {diam, (K,),diam, (K>)} = 0. We assume that K; = {x*}. By the fact that
(K1, K>) is proximal, there exists y* € K such that p (x* —y*) = dist, (A, B).

Moreover, (x*,y*) € E (G). Since T is noncyclic relatively (pG)-nonexpansive on K; UKj, one

has

p(T()=TOH"))=p " =TH")) <p " —y") =disty (A,B).
Thus, p (x* —T (y*)) = distp (A, B). Otherwise,

2

disty (A,B) < p (x* ) < %p (x* =y )+ %p (x* =Ty") =disty (A,B).

*

Since p is (UUC1), then p is strict convexity (SC). Hence, x* —y* = x* — Ty*. Thus, y* = Ty*.
Therefore, T has a best proximity pair (x*,y*) € A x B such that (x*,y*) € E(G).

Case two: If min {diam, (K,) ,diam, (K>)} > 0.

Assume that 7 does not have a best proximity pair. Let (p,q) € K; x K, such that p (p — q) =
distp (A,B). Moreover, we have (p,q) € E(G). Since T is noncyclic relatively (pG)-

nonexpansive, one has
distp (A,B) < p(Tp—Tq) < p(p—q) =disty (A,B).

Hence, p (Tp —Tq) = distp (A, B). Thus, we must have p # T p and g # Tq. Therefore,

T T
<p+2 p_q—|—2 ") — dist, (A, B).

Set ey =min{p (p—Tp),p(q—Tq)}. We have & >0 and R = 8, (K,K>) > 0, since p # Tp
and g # Tq. For all y € K3, one has (p,y) € E(G) since (K;,K>) C (Ao,Bop) and (x,y) € E(G),
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for all (x,y) € Ag X By. Thus, for all y € K; one has

p(p—y)<R and p(Tp—y) <R
&
Moreover, p (Tp—p) > & > R%. Therefore, using the fact that p is (UUCI) we get

p+Tp R &
— <R[1- —— R.
P50 ) <r (o (S3) ) <

Hence, 0,:7, (K2) < R. As the same way, one can prove that 8,:7, (Kj) < R.
2 2
p+Tp «_49tTq

Set x* =

and y

. Therefore, (x*,y*) € K| x K, such that (x*,y*) € E(G),
p (x* —y*) = disty (A,B) and max {8 (K>), 8y (K1)} < 8 (Ki,K>). Suppose that there exists
A € (0,1) such that max {8 (K»), 8y« (K1)} < A8, (Ki,K>). Set

G :{XEKl : 5X(K2)§l6p (K],Kz)} and GzZ{XEKz : 5X(K1) g/lép (K],Kz)}.

Thus, (x*,y*) € G1 x G,. Moreover, (G,G3) is a p-closed convex pair.
In fact, let y € (0,1) and x, X' € Gy, and prove that z = yx+ (1 — y)x’ € G;. For all y € K5, one

has

pz—y)=p(+(1—7)—y)
<yo(x—y)+(1-7)p (' —y)
< YASp (K1,K2) + (1= 7)A8, (K1, K2)

<A (K1,K2).

Therefore, 0, (K>) < A8, (Ki1,K>), that is, z € G1. Therefore, G is p-closed.

Let (x,), be a sequence in Gy such that (x,), p-converges to x € K;. Using the Fatou prop-
erty for all y € K5, one has p (x—y) < liminf, p (x, —y). Since x, € Gy, for all n > 0, then
p (x, —y) < Adp (K1,K>) forall n > 0.

Hence, liminf, p (x, —y) < A6y (K1,K>). Thus, p (x —y) < A0y (K1,K>) for all y € K5. There-
fore, 0, (K») < A8, (K1,K>). This implies that x € Gy, that is, G is p-closed. Following the
same arguments one can prove that G, is p-closed convex.

Now, let us prove that 7 is noncyclic on G; UG». Let x € Gy, forall y € K, we have (x,y) € E(G)
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and
p(Tx—Ty)<p(x—y) <A (Ki,K2).

Then, Ty € By (Tx,A8, (K1,K>)), for all y € K. Thus, T (K>) C By (Tx,A8, (K1,K2)) NK>.
Since K, = conv (T (K3)), we have K> C B, (Tx, A8, (Ki,K>)).

Therefore, 87, (K2) < A6y (Ki1,K>). Hence, Tx € Gy, thatis, T (G1) C Gj. As the same way,
one can prove that 7 (G, ) C G,. The minimality of the pair (K}, K3 ) in the collection .%, implies
that G| = K| and G, = K. Therefore, x € K; and 6, (K1) < A8, (K1, K>). Thus,

5p (KI,KZ) = sup Oy (Kz) < 7L5p (Kl,Kz) .

xeK;

Hence, 0y (K1,K>) = 0, contradiction. Therefore, T has a best proximity pair (x*,y*) € A x B
such that (x*,y*) € E(G). O

Proposition 3. Let p be a convex modular (UUCI) such that for all r > 0 and € > 0 we have

px)<rp(y)<randp(x—y)>re Then,
px+(1—1)y) <r(1=2t(1—1)n (s,€)),
foralls <randt€]0,1].
Proof. Letr >0, € >0 and x, y € X, such that
p(x)<rp(y)<rand p(x—y)>re.

Since p is (UUC1), there exists 11 (s, €) > 0 such that 6;(r,€) > 1n1(s,€) > 0, for s < r.

1
o Ifr = 7 there is nothing to prove.
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1
e Ift € {O,E), then

ptx+(1—=t)y)=p(t(x+y)+(1-21)y)

=p (21# +(1 —2t)y)

X+y

<up (1) +1-2000)
<20r(1 =M (s.8)) + (1~ 20)
< 2t —2rtm (s,€) + 7 —2rt
< r(1-2m; (5.€)).

Thus,

M) p(ext (1-1)y) < r(1—26m; (s,))

 Ifr e (%,1},then

p(tx+(1-0)) = p (tx— (1 0)x-+ (1 —0)x-+ (1 1))

—p ((2t—1)x+2(1—t)x—;y>

<@-np+201-np (*52)
<2t —=1D)r+2r(1—1) (1 —n(s,€))
<2rt—r+2r—2rt—2r(1—1)n(s,€)
<r(1=2(1-1)m (5,2)).

Thus,

@ p(x+(1—1y) < r(1-2(1— 1) (s,)).

Otherwise, for all 7 € [0, 1], we have 2¢ > 2(1 — 1) and 2(1 —1) > 2¢(1 — r). Therefore,

pex+(1—1)y) < r(1-2(1— 1)1 s,)).

forall s < r.

11



12 NOUR-EDDINE EL HARMOUCHI, KARIM CHAIRA, ABDESSAMAD KAMOUSS

Consider the following two sequences given by: for all n € N,

¢ ¢
Xn+1 = (1 - an>Zn + Oyy x;+1 = (1 - OCn)Z; + any;z

) Yn = (1 - ﬁn)zn + BTz, and y; = (1 - ﬁn)ZZ +BnTZ:1
= (1—38,)xy+ 6, Txy z2, = (1—38y)x,+ 6,Tx,

3
where (xo,x(,) € Ag X By such that p (xo —yo) = dist, (A,B), and (Q)n, (Bn)s and (5,), are
sequences in (0, 1) such that

) liyrln o, =0;

G) 0<a<§,<b<1 andli,?15n:6.
We will say that ((x,),;(x},),) p-converges to a best proximity pair (x,x’), if (x,) p-converges

to x and (x],) p-converges to x’ such that Tx = x, Tx' = x" and p (x —x) = d (A,B).

Lemma 2. Let p be a convex modular and X, be a modular space endowed with a directed
transitive and convex graph G = (V(G),E(G)), where V(G) = AUB is non empty p-closed
convex and p-bounded, and E(G) is convex and A C E(G). Let T : AUB — AU B be mapping
which preserve edges. Assume that there exists (xo,y0) € A X B such that (xo,Txo) € E(G) and
(x4, Txy) € E(G). Then, the pair of sequences ((xy,x),))n is G-monotone, that is, (Xn,Xn41) and
) are in E(G), for all n > 0. Moreover, (x,,Tx,) and (x),,Tx},) are in E(G), for all

o
(xn’xn—i-l

n>0.

Proof. By the convexity of the G-interval [xo, Txo], one has (xg,z0) and (zo, Txp) are in E(G).
Since T preserves edges, then (Txp,Tzp) in E(G). Transitivity of the graph G leads to (z9,Tz0)
in E(G). The convexity of the G-interval [zo, T'zo] implies that (zo,yo) and (yo,Tzo) are in E(G).
The convexity of the G-interval [zg,yo| leads to (zo,x1) and (x1,yp) are in E(G). Therefore,
(x0,x1) € E(G). Moreover, since T preserves edges one has (Tzg,Tx;) € E(G). Transitivity of
the graph G for (x1,y0), (vo,Tz0) and (T'zo,Tx) leads to (x;,Tx;) € E(G). Thus, (xo,x;) and
(x1,Tx;) are in E(G).

By induction, let us prove that (x,,x,+1) € E(G). By the convexity of the G-interval [x,, Tx,],
one has (x,,z,) and (z,, Tx,) are in E(G). Since T preserves edges, one has (Tx,,Tz,) in E(G).

Transitivity of the graph G for (z,,Tx,) and (Tx,,Tz,) implies that (z,,Tz,) € E(G). The



BEST PROXIMITY PAIR FOR NONCYCLIC RELATIVELY p-NONEXPANSIVE MAPPINGS 13
convexity of the G-interval [z,,Tz,] implies that (z,,y,) and (y,,Tz,) are in E(G). Convexity
of the G-interval [z,,,y,] leads to (z,,X,+1) and (x,+1,y,) are in E(G). Transitivity of the graph
G for (x,,z,) and (z,,X,+1) implies that (x,,x,+1) € E(G). Moreover, (x,+1,Yn), (yn,Tz,) and
(Tzn, Txpy1) leads to (xp41,Txp11) € E(G). Thus, (x,,x,+1) and (x,41,Tx,+1) are in E(G).

Therefore, the sequence (x,), C A is G-monotone. Following the same argument, we prove

/

that the sequence (x;,

. . / .
), C B is also G-monotone. Hence, the pair of sequences ((x,,x},)), is

G-monotone. O

Theorem 2. Let p be a convex modular satisfying Fatou property and (UUCI). Let (A,B) be a
nonempty convex and p-bounded pair of a p-complete modular space X,. Assume that (Ao, By)
is proximal p-compactness, and (x,x") € E(G) for all (x,x") € Ag X By and G satisfies the prop-
erty (OSC). Let T : AUB — AUB be a noncyclic relatively (pG)-nonexpansive mapping.

Assume that there exists xo € Ao such that (xo,Txo) € E(G). Then,

i) the pair of sequences ((xy,x},)), of (3) has a subsequence ((xq,(n),x’go(n))) which p-
n
converges to a best proximity pair (x,x') of T;
ii) Moreover, if G satisfies the property (L) then sequences ((xn,x},)), of (3) p-converge

to a best proximity pair of T.

Proof. The theorem is trivial if AN B # 0, so we assume that AN B = . It follows from the proof
of Theorem 1 that T has a best proximity pair (p,q) € A x B, then T has fixed point ¢ € By.
Therefore, (x9,q) € E(G), so (Txo,q) € E(G) and for alln € N, (x,11,9) € E(G), and

P (Xnt1—q) < 0p (yn—¢q) +(1— ) p (20 —q)
< 0 (Bup (Tzn —q) + (1= Bu) p (2n—q)) + (1 — ) p (2 — q)
<0 (zn—q)+ (1= 04)p (20 —q)
<p(zm—q)
<8P (Txn—q) + (1 =8,) p (xn—q)

Sp(xn_Q)-
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Hence, (p (x, —q)), is a decreasing sequence. Therefore, lirrln p (x, —¢q) =r > 0 exists. Now,
let us prove that li’{n p (xn — Tx,) = 0. Assume that there exist & > 0 and a subsequence (x,, ),
of the sequence (x,), such that p (x,, — Tx,,) > &.

For € € (0, 1), there exists kg € N such that p (xnko —q) <r+2¢s0p (Txnk0 —q) <r+2e.
Since (p (x, —¢q)),, is a decreasing sequence, then for all k > ko we have p (x, —¢q) < r+2¢

and p (Tx,, —q) <r+2e.

Since p is (UUC1) and p (xp, — Txy,) > € > (r+2¢) and by the condition (C;) and

20
r+2
Proposition 3, one has

P (xnk+1 _Q> < O, P (yi’lk - q) + (1 - Oan)p (an _CI)
) <Pz —0)

=P (8 (Txn, —q) + (1= 85,) (xn, — q))

&
< (r+2¢e)(1-26, (1—8,)m <r, rfz))

< (r+2e) 1—2a(1—b)171<r,rj_—02)).

By the condition (C;) and limit as k goes to infinity, one has

. &
r:h]EHp (xXn1—q) < (r+2e) (I—Za(l—b)m <nr+2)) :

Since € is arbitrary chosen, we let € goes to 0 and then

&
r§r(1—2a(1—b)n1 (r,r_f2>) <r,

which leads to a contradiction. Therefore, lim p (x, — Tx,) = 0. In the same way we show that
n—oo

limp (x, —Tx,) =0.

Otherwise, we have p (xo —x{) = disty (A, B) then by the definition of the sequences (x,),
and (x),),, and the convexity of p one has p (x, —x,) = dist, (A,B) and (x,,x),) € E(G) for
all n > 0. Since (Ao, By) is proximal p-compactness, then the sequence (x,,x),), has a subse-
quence (x(P(n),xip(n))n which p-converges to (x,x’) € Ag X By. Let us prove that (x,x’) is a best
proximity pair of 7. We have (x<P("))n and (xlfP(n)>n p-converge to x and x’ respectively, and

P <x(p(,,) —x’(P(n)> = disty (A, B), then using Fatou property we get

p(x—x) < lin}linfp <x(p(n) —x’(P(n)> =disty (A,B).
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Therefore, p (x —x') = dist, (A, B).
Let us prove that the sequence (x,), p-converges to x. By contradiction, we assume that (x,),
does not p-converges to x. Thus, there exists V € #'(x) a neighbourhood of x and a subsequence
(XW(X))n such that xy,(,) ¢ V forall n € N. Since Ay is p-sequentially compact, then the sequence
(xllf(n))n has a subsequence (XWOG(n))n p-converges to y € Ag. We have the sequence (xllfoc(n))n
i1s G-monotone and satisfies the property (OSC). Thus, (xwoa(n) , y) € E(G). Also we have
(x(p(x),x) € E(G). For Xyoo(n), WE COnstruct a sequence (ky),, such that for all Xyoo(n) ONE has
(xwoc(k,,)ax(p(k,,)) € E(G). Property (F) implies that (y,x) € E(G). Otherwise, for xyqq(s), We

construct a sequence (), such that for all xy.q(,) one has (x(p(hn),xwoa(hn)) € E(G). The

property (F) leads to (x,y) € E(G). We have (x,y) and (y,x) are in E(G). By the property (%),
one has x = y. Therefore, the sequence (xwoc(n))n p-converges to x. Hence, there exists N € N
such that for all n € N, xy,5(,) € V which a contradiction. Thus, (xn),, p-converges to x.

Now, let us prove that x = Tx and x’ = Tx'. Consider the subsets
C, = {y €By : (xn,y) € E(G) and p (x, —y) =dist, (A7B)},

for all n € N. It is quite easy to see that C, is nonempty convex and p-bounded, for all n > 0.
Moreover, let (z,) » be a sequence of C, which p-converges to a point z € By. Let us prove that
z € C,. Since x, € A and z € By, then (x,,z) € E(G). Otherwise, using the Fatou property one

has
distp (A,B) < p (x, —z) < liminfp (x, —z,) = dist, (A,B),
p

for all n > 0. Thus, p (x, —z) =dist, (A,B), for all n > 0. Therefore, C, is p-closed for all n > 0.
Using the property (R), we obtain ﬂCn is nonempty p-closed and convex. Hence, there exists
w € By such that (x,,w) € E(G) an(ri p (x, —w) = dist, (A, B) for all n > 0. By Fatou property,
we have p (x —w) < lirr}linfp (x, —w). Thus, p (x —w) = distp (A,B). Otherwise, since T is

noncyclic relatively (pG)-nonexpansive one has

P (X1 —Tw) < P (yn—Tw) + (1 = au)p (20 — Tw)

< PP (20 —w) + 04 (1= Bn) p (20 —Tw) + (1 — &) p (20 — Tw)
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< 0nfnnp (Txn —w) + 0P (1= 82) p (Xn —w) + 8, (1 — Cufn) p (xn — W)
+(1=8,) (1= ) p (xa —Tw)
< 0B 8np (Txn —w) + (8n + 04 By — 204, B4) p (x4 — W)

+ (1= 684) (1= ufn) p (xn — Tw)
for all n > 0. Using the liminf as n goes to infinity and conditions (C) and (C;), we obtain
lin}linfp (x,—Tw) < Glin}linfp (x,—w)+(1—-0) lirr}linfp (X —Tw).
Hence,
lin}iinfp (xp—Tw) < lin}linfp (x, —w) =distp (A,B).

Therefore, by Fatou property we get p (x —Tw) < liminf, p (x, — Tw). Thus, p (x—Tw) =
distp (A, B). Moreover,

dist, (A,B) < p ((X_TW)+(X_W)> < px—Tw)+p(x—w)

2 2

(x—Tw)+ (x—w)
Hence, p < 7

Therefore, x — Tw = x — w. Thus, w = Tw. Since T is noncyclic relatively (pG)-nonexpansive

) = disty (A,B). Since p is (UUCI), then p is strictly convex.

mapping then
p(Tx—w)=p(Tx—Tw) <p(x—w) =disty (A,B).

The strict convexity of p implies that x = T'x, that is, x is a fixed point of T on Ag. Otherwise,

since T is noncyclic relatively (pG)-nonexpansive, then
P (x—Tx’) =p (Tx—Tx') <p (x—x') .

Hence, p (x — Tx') = dist, (A, B). By the strict convexity of p, one has x — Tx’ = x —x’. Thus,
x' = Tx, that is, x' is a fixed point of T in By. In order to complete the proof, we show
that (x},), p-converges to x'. By contradiction, we assume that there exists a subsequence

(x’w(n)> which converge to x” # x’. Since (Ag,By) is proximal p-compactness, then there
n
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exists a subsequence (xW(”))n C Ap which p-converges to x. We have p (x —x') = dist, (A, B)

and p (x —x") = dist, (A, B). Moreover,

dist, (A,B) < p (x_x +x") _ ( (x — X”))

p( )—|— p(x x) distp (A,B).

1
-2
Hence, the strict convexity (SC) leads to x’ = x”, contradiction. Therefore, the sequence (x,),

p-converges to x'. Thus, (x,,x],) p-converges to a best proximity pair (x,x’) of 7. O

If we assume that o, = 3, = 0, then the sequence (3) will be Mann iteration defined by
(5) Xpt1 = 6,Tx,+ (1 —68,)x, and x;,H = 8,Tx,,+(1—6,)x,,
where (6,),, is a sequence in (0, 1) such that 0 <a < 8, <b < 1 and lim¢, = 6.

Corollary 3. Under the same assumptions of Theorem 2, the sequence (5) p-converges to a

best proximity pair of T.

2 for
all x = (x1,x) € R2. The modular p is convex satisfying the Fatou property and (UUCI), and

Example 1. Let X = R?, we define the modular p : X — [0,4-o0[ by p (x) = |x1|?

Xp is a p-complete modular space.

Let
) 1 1
A=< (x,y)€R: —2<x< -1 and —Egygi
and
5 1 I
B=<S(x,y)eR* : 1<x<2and —=<y<—-,.

The pair (A, B) is convex and p-bounded in X, with d, (A,B) = 4. Moreover,

1 1 1 1
Ao:{(—l,y) — Syéi} and Boz{(l,y) — Syé—}

are nonempty and proximal p-compactness. Consider the convex graph G = (V(G),E(G)) such
that V(G) = AUB and for x = (x1,y1) and y = (x2,y2), we have (x,y) € E(G) if and only if
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x1 < xp. Moreover, for all x € Ay and y € By, one has (x,y) € E(G). Consider the mapping

T :AUB — AUB defined by

((x—1 y\ .
< D) 7_§> lf(X,y)EA,

T(x,y) =

x+1 y\ .
\< D) 7_5) lf('xvy)EB'

It easy to see that T is noncyclic relatively (pG)-nonexpansive.

Consider the following parameter sequences (&), (Bn), and (6,), given by

2(n+1) n+2 n? 41
" 3n%+2) P mt3 T 3

forall n > 0. We have

. ) 1 1
11,?1&”:0’11,?15”:8 and O<§§5n§6<1.

Now, let us compute the pair of the sequences ((x,),;(x),),) generated by the iterative process
1

1
(3). Let xo = (ug,vo) = | —1,—= | and x, = (up,vj) = | 1,= |. We have
2 0 070 2

=8 (-1.5°) +01-&) (- 1)

— (—1,%vo+(l —5o)vo)

yo=Po (—1,—% (1 —%50) Vo) +(1—Po) (—1, (1 —250) Vo)
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1 3 3
Moreover, Tx| = (—1, ) (1 — EO‘OBO) (1 — 55()) v0>. As the same way , we compute x> as

follows:

BRI MR RSATE AN
= (-38) (1-38) (1 Seum) ).
and T2y (—1,—% (1 —%(X{)ﬁo) (1 —%51) (1 —%50) vo>. Hence,
SRERTEMESERN
rm2en)(-28)( )0
BB )

e (1-30) (- 308)(-39) (-3
(- aw) (-28) (- 2e)o)

Therefore,

Thus,

By induction, we prove that

o= (TT (1 30) T (1 3o ) o).

One has,
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yn:Bn< 1H<1——5k)§<1 ajﬁ,>vo)
+(1-By) (- k ;(1 6k>ﬁ(1— a,[s]) v0>
({3 f1(-58) T (1= 50m))

We have

l\-)IUJ

Therefore, one has

Xpil = Qy ( 1 H ( %8k> ::) (1 — %ocj[i]) v0> + <—l,kI’1 (1 — §5k) jIj) (1 — %ajﬁj) v0>
(pT () T (- S o)

Thus, for alln > 0
n—1 3 n—1 3
Xp = —1,H (1 ——5k> H (1 ——(Xjﬁj) Vo | -
k=0 2] 0% 2

As the same way, we compute the sequence (x;,), as follows

(T (=30 T (1- 3o )0,

d 3 d 3
for all n > 0. Moreover, H (1 — —Sk) =0 and H (1 — —Ocjﬁj) = 0. Therefore, the pair of
k=0 2 =0 2
the sequences ((xy),;(x,),) p-converges to ((—1,0);(1,0)) € Ay x By best proximity pair of
the mapping T.
Next, we will show via the Table 1 and figures 1, 2, 3 and 3 that the new iterative process

(3) converges faster than Mann’s iteration by using MatLab R2020a software. By taking the

1 1 2 1
initial couple (xO,xé)) = ((—1, E) , (1, E)) and the parameters sequences 04, = —3((””2—:_ 2)),
2 1
B, = 2n—:_3 and 6, = 3” 2+ , for all n > 0, we get Table 1 and figures 1, 2, 3 and 4 which
n

illustrate clearly the fastness 0f the proposed algorithm to converges to a best proximity pair of

T. The numerical results of Table I confirm that the new iteration is more advantageous than
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Mann’s iteration and its requires less numbers of iteration than Mann’s iteration. In fact, it can

be easily seen from the 1 that the proposed scheme requires 361 iterations to achieve the best
proximity pair of T against 1076 iterations for Mann’s scheme. The figures 3 and 4 illustrate

the behaviour of the sequences (xy), and (x},), defined by (4) and Mann’s iteration (3) on the
subsets A and B, respectively.

1 K : T 05
I\ Y\ —— The sequence {xy} defined in (3)
III \". —— The sequence {x,} defined in (3)
h \ 1
=\ \ —— The sequence {xp} on Mann iteration 0.4
III "-\ \. —— The sequence {x;] on Mann iteration
VN \
A \\ T 03
| \
| \ y
I|I \'-.‘ \'\_\ - 02
| Y\
\ LY N
\ I 0.1
.\_\ ,\\ .
\ - ——
\\___ ———— E e o S S —— T 0.0
. o
0 2 4 6 ’

—— The sequence {x,} defined in (3) r0.5
The sequence {x;,} defined in (3)

—— The sequence {x,} on Mann iteration |

—— The sequence {x,} on Mann iteration 0.4
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—— Our method
—— Mann

0.5 1

0.4 1

10.3 A

Valeur de x_n

o
N
.

0.1

0.0 1

0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Rang de I'itération

FIGURE 3. Comparisons of the sequence (x;), of the new iteration and Mann’s iteration on

A.

059 —— Our method
| —— Mann

0.4 4

0.3 4

o
N

Valeur dex’ n

0.14

0.0 4

0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Rang de l'itération

FIGURE 4. Comparisons of the sequence (x},), of the new iteration and Mann’s iteration on

B.
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CONCLUSION

A best proximity pair existence theorem for noncyclic relatively p-nonexpansive mappings
has been proven in the context of modular spaces endowed with a graph. Furthermore, a new
iterative method has been introduced in order to approximate a best proximity pair of such
mapping in the case of modular spaces endowed with a graph. The result has been validated

with a numerical example.
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