
Available online at http://scik.org

J. Math. Comput. Sci. 2022, 12:70

https://doi.org/10.28919/jmcs/7095

ISSN: 1927-5307

CUBIC BI-IDEAL IN Γ-SEMIRINGS

SUNITA BUABAN, SUTHIHDA WONGKHAT, THITI GAKETEM∗

Department of Mathematics, School of Science, University of Phayao, Phayao 56000, Thailand

Copyright © 2022 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper we introduce the notion cubic bi-ideal in Γ-semiring and we study basic properties of cubic

bi-ideal.
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1. INTRODUCTION

Zadeh initiated the concept of fuzzy sets in 1965. In 1975, Zadeh made an extension concept

of a fuzzy set by an interval-valued fuzzy set. A semigroup is an algebraic structure consisting

of a non-empty sets together with an associative binary operation. Semiring which is a common

generalization of rings and distributive lattices, was introduced by Vandiver [8]. It has been

found very useful for solving problems in different areas of pure and applied mathematics, in-

formation sciences, etc., since the structure of a semiring provides an algebraic framework for

modelling and studying the key factors in these applied areas. Ideals of semiring play a central

role in the structure theory and useful for many purposes. The theory of Γ-semirings was intro-

duced by [3]. Since then many researchers enriched this field. Many authors have studied semi-

groups in terms of fuzzy sets. Kuroki is the main contributor of this study. Kuroki introduced
∗Corresponding author

E-mail address: thiti.ga@up.ac.th

Received December 18, 2021
1



2 SUNITA BUABAN, SUTHIHDA WONGKHAT, THITI GAKETEM

the notion of fuzzy ideals and fuzzy bi-ideals in semigroups. Atanassov introduced intuition-

istic fuzzy set is characterized by a membership function and a non-membership function for

each element in the Universe. In 2010, K. Hur and H.W. Kang introduced interval-valued fuzzy

subgroups and rings. Jun et al. introduced the new concept called cubic sets. These structures

encompass interval-valued fuzzy set and fuzzy set. Also Jun et al. introduced the notion of

cubic subgroups. Vijayabalaji et al. introduced the notion of cubic linear space. V. Chinnadurai

et al. introduced cubic ring. The purpose of this paper to introduce the notion of cubic ideals of

Γ-semigroups and we provide some results on it.

In this paper we studied properties of cubic bi-ideals of Γ-semirings. Furthermore we can

show that the images or inverse images of a cubic bi-ideal of an Γ-semiring become a cubic

bi-ideal.

2. PRELIMINARIES

2.1. Γ-Semiring. Now we review definition of some types Γ-semiring, which we use in the

next section.

Let S and Γ be two additive commutative semigroups. We called S is an Γ-semiring if there

exist mappings from S×Γ× S ot S written as (a,α,b)→ aαb, and satisfying the following

conditions:

(1) aα(b+ c) = aαb+aαc and (a+b)αc = aαc+bαc

(2) a(α +β )b = aαb+aβb

(3) (aαbβ )c = aα(bβ )c for all a,b,c ∈ S and α,β ∈ Γ.

An Γ-semiring S is said to be regular if for each element a ∈ S, there exists an element

x ∈ S and α,β ∈ Γ such that a = aαxβa. An Γ-semigroup S is called intra-regular if for every

a ∈ S there exist x,y ∈ S and α,β ,γ ∈ Γ such that a = xαaβaγy. A non-empty subset A of an

Γ-semiring S is an Γ-subsemiring of S if A is a subsemigroup of (S,+) and AΓA ⊆ A. A non-

empty subset A of an Γ-semiring S is called a left(right)ideal of S if A is a additive subsemigroup

of S and SΓA⊆ A(AΓS⊆ A). An ideal of S is a non-empty subset which is both a left ideal and

a right ideal of S. An Γ-subsemiring A of a semiring S is called a bi-ideal of S if AΓSΓA ⊆ A

[3].
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2.2. Fuzzy Γ-semiring and interval valued fuzzy set. Now we will give definition of a fuzzy

subset and types of fuzzy Γ-subsemigroups. Let X be a non-empty set. A mapping ω : X→ [0,1]

is a fuzzy subset of S.

Definition 2.1. [3] Let S be an Γ-semiring. A fuzzy subset ω of S is said to be a fuzzy Γ-

subsemiring of S if ω(x+y)≥min{ω(x),ω(y)} and ω(xαy)≥min{ω(x),ω(y)}, for all x,y∈ S

and α ∈ Γ.

Definition 2.2. [3] Let S be a Γ-semiring. A fuzzy subset ω of S is said to be a fuzzy left (right)

ideal of S if ω(x+y)≥min{ω(x),ω(y)} and ω(xαy)≥ ω(y)(ω(xαy)≥ ω(x)), for all x,y ∈ S

and α ∈ Γ. A non-empty fuzzy subset of an Γ-semigroup S is a fuzzy ideal of S if it is a fuzzy

left ideal and fuzzy right ideal of S.

Definition 2.3. For a family {ωi | i ∈ I} of fuzzy sets in X , we define the join (∨) and meet (∧)

operations as follows:(∨
i∈I

ωi

)
(x) = sup{ωi(x) | i ∈ I} and

(∧
i∈I

ωi

)
(x) = inf{ωi(x) | i ∈ I}

respectively, for all x ∈ X .

Now we will introduce a new relation of an interval.

Definition 2.4. An interval number on [0,1], say a is a closed subinterval of [0,1], that is a =

[a−,a+], where 0 ≤ a− ≤ a+ ≤ 1. Let D[0,1] denoted the family of all closed subinterval of

[0,1], i.e.,

D[0,1] = {a = [a−,a+] | 0≤ a− ≤ a+ ≤ 1}.

The interval [a,a] is identified with the number a ∈ [0.1].

Definition 2.5. Let ai = [a−i ,a
+
i ] ∈ D[0,1] for all i ∈ I where I is an index set. We define

r inf
i∈I

ai =

[
inf
i∈I

a−i , inf
i∈I

a+i

]
and r sup

i∈I
ai =

[
sup
i∈I

a−i ,sup
i∈I

a+i

]
.

We define the operations “�”, “�”, “=”, “r min” “r max” in case of two element in D[0,1].

We consider two interval numbers a := [a−,a+] and

b := [b−,b+] in D[0,1]. Then
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(1) a� b if and only if a− ≥ b− and a+ ≥ b+

(2) a� b if and only if a− ≤ b− and a+ ≤ b+

(3) a = b if and only if a− = b− and a+ = b+

(4) r min{a,b}= [min{a−,b−},min{a+,b+}]

(5) r max{a,b}= [max{a−,b−},max{a+,b+}].

Definition 2.6. Let X be a set. An interval valued fuzzy set A on X is defined as

A = {(x, [µ−(x),µ+(x)] | x ∈ X},

where µ− and µ+ are two fuzzy sets of X such that µ−(x) ≤ µ+(x) for all x ∈ X . Putting

µ(x) = [µ−(x),µ+(x)], we see that A = {x,µ(x) | x ∈ X}, where µ : X → D[0,1].

Definition 2.7. For a family {µ i | i∈ I} of interval valued fuzzy sets in X , we define the (ti∈Iµ i)

and (ui∈Iµi) are defined as follows:

(ti∈Iµ i)(x) = r sup µ i(x) and (ui∈Iµ i)(x) = r inf µ i(x)

respectively, for all x ∈ X where µ : X → D[0,1].

2.3. Cubic Γ-Semirings.

Definition 2.8. Let X be a non-empty set. A cubic set A in X is a structure of the form

A = {〈x,µ(x),ω(x)〉 : x ∈ X}

and denoted by A = 〈µ,ω〉 where µ is an interval valued fuzzy set (briefly. IVF) in X and ω is

a fuzzy set in X . In this case we will use

A (x) = 〈µ(x),ω(x)〉= 〈[µ−(x),µ+(x)],ω(x)〉

For all x ∈ X . Note that a cubic set is a generalization of an intuitionistic fuzzy set.

Definition 2.9. Let S be an Γ-semiring. Then cubic set characteristic function χA = 〈µχA
,ωχA〉

of is defined as

µχA
(x) =


[1,1], if x ∈ A,

[0,0], if x /∈ A.
and ωχA(x) =


0, if x ∈ A,

1, if x /∈ A.
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Definition 2.10. The whole cubic set S in an Γ-semiring S is defined to be a structure

S = {〈x,1S(x),0S(x)〉 : x ∈ S}

with 1S(x) = [1,1] and 0S(x) = 0 for all x ∈ S. It will briefly denoted by S = 〈1S,0S〉.

Definition 2.11. For two cubic set A = 〈µ1,ω1〉 and B = 〈µ2,ω2〉 in an Γ-semiring S, we

define

A vB⇔ µ1 � µ2 and ω1 ≥ ω2

Definition 2.12. Let A = 〈µ1,ω1〉 and B = 〈µ2,ω2〉 be two cubic set in an Γ-semigroup S.

Then

A }B = {〈x,(µ1◦̃µ2)(x),(ω1 ·ω2)(x)〉 : x ∈ S}

which is briefly denoted by A }B = 〈(µ1◦̃µ2),(ω1 ·ω2)〉where µ1◦̃µ2 and ω1 ·ω2 are defined

as follows, respectively:

(µ1◦̃µ2)(x) =


r supx=yβ z {r min{µ1(y),µ2(z)}} if x = yβ z,

[0,0], otherwise

and

(ω1 ·ω2)(x) =


inf

x=yβ z
max{ω1(y),ω2(z)} if x = yβ z,

1, otherwise

for all x,y,z ∈ S and β ∈ Γ. And

A ~B = {〈x,(µ1∗̃µ2)(x),(ω1 ∗ω2)(x)〉 : x ∈ S}

which is briefly denoted by A }B= 〈(µ1∗̃µ2),(ω1∗ω2)〉where µ1∗̃µ2 and ω1∗ω2 are defined

as follows, respectively:

(µ1∗̃µ2)(x) =


r supx=yβ z {r min{µ1(y),µ2(z)}} if x = yβ z,

[0,0], otherwise

and

(ω1 ∗ω2)(x) =


inf

x=yβ z
max{ω1(y),ω2(z)} if x = yβ z,

1, otherwise
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for all x,y,z ∈ S and β ∈ Γ.

Definition 2.13. Let A = 〈µA, fA〉 and B = 〈µB, fB〉 be two cubic set in a semiring S. Then

the intersection of A and B denoted by A uB is the cubic set

A uB = 〈µAuµB, fA∨ fB〉

where (µAuµB)(x) = r min{µA(x),µB(x)} and ( fA∨ fB)(x) = max{ fA(x), fB(x)} for all x ∈ S.

And union of A and B denoted by A tB is the cubic set

A tB = 〈µAtµB, fA∧ fB〉

where (µAtµB)(x) = r max{µA(x),µB(x)} and ( fA∧ fB)(x) = min{ fA(x), fB(x)} for all x ∈ S.

Definition 2.14. [3] A cubic set A = 〈µ,ω〉 in an Γ-semiring S is called a cubic Γ-subsemiring

of S if it satisfies:

(1) µ(x+ y)� r min{µ(x),µ(y)} and ω(x+ y)≤max{ω(x),ω(y)}

(2) µ(xαy)� r min{µ(x),µ(y)} and ω(xαy)≤max{ω(x),ω(y)},

for all x,y ∈ S and α ∈ Γ.

Theorem 2.1. Let A = 〈µ1,ω1〉 and B = 〈µ2,ω2〉 be a cubic Γ-subsemiring of S. Then AuB=

〈µ1uµ2,ω1∨ω2〉 is a cubic Γ-subsemiring of S.

Definition 2.15. [3] A cubic set A = 〈µ,ω〉 in an Γ-semiring S is called a cubic left (right)

ideal of S if it satisfies:

(1) µ(x+ y)� r min{µ(x),µ(y)} and ω(x+ y)≤max{ω(x),ω(y)}

(2) µ(xαy)� µ(y) (µ(xαy)� µ(x)) and ω(xαy)≤ ω(y), (ω(xαy)≤ ω(x))

for all x,y ∈ S and α ∈ Γ.

A non-empty cubic set A = 〈µ,ω〉 of S is called cubic ideal of S if it is a cubic left ideal and a

cubic right ideal of S.

3. CUBIC BI-IDEAL IN Γ-SEMIRING

Definition 3.1. A cubic Γ-subsemiring A = 〈µ,ω〉 in a Γ-semiring S is called a cubic bi-ideal

of S if µ(xαyβ z)� r min{µ(x),µ(z)} and ω(xαyβ z)≤max{ω(x),ω(z)},

for all x,y,z ∈ S and α,β ∈ Γ.
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The following theorems we will study basic properties of a cubic bi-ideal.

Theorem 3.1. Let A = 〈µ,ω〉 be cubic bi-ideal and B = 〈µ1,ω1〉 be cubic bi-ideal of Γ-

semiring S. Then A uB is a cubic bi- ideal of Γ-semiring S.

Proof. By assumptoin, we have A uB is a cubic Γ-subsemiring of S.

Let x,y,z ∈ S, α,β ∈ Γ. Then

(µ uµ1)(xαyβ z) = r min{µ(xαyβ z),µ1(xαyβ z)}

� r min{r min{µ(x),µ(z),r min{µ1(x),µ1(z)}}

= r min{r min{µ(x),µ(z),µ1(x),µ1(z)}}

= r min{r min{µ(x),µ1(x),µ(y),µ1(z)}}

= r min{µ uµ1(x),µ uµ1(z)}

and
(ω ∨ω1)(xαyβ z) = max{ω(xαyβ z),ω1(xαyβ z)}

≤ max{max{ω(x),ω(z)},max{ω1(x),ω1(z)}}

= max{max{ω(x),ω(z),ω1(x),ω1(z)}}

= max{max{ω(x),ω1(x),ω(z),ω1(z)}}

= max{ω ∨ω1(x),ω uω1(z)}
Thus, A uB is a cubic bi-ideal of S. �

Corollary 3.2. The intersection of any family of cubic bi-ideals of Γ-semiring S is a cubic

bi-ideal of Γ-semiring S.

Theorem 3.3. Let S be a Γ-semiring and let A be non-empty subset of S. Then A is a bi-ideal

of S if and only if the characteristic cubic set χA = 〈µχA
,ωχA〉 is a cubic bi-ideal of S.

Proof. Suppose that A is a bi-ideal of S and let x,y ∈ S and α ∈ Γ. Since A is an Γ-subsemiring

of S we have x+y ∈ A and xαy ∈ A. Thus µχA
(x) = µχA

(y) = µχA
(x+y) = [1,1] and ωχA(x) =

ωχA(y) = ωχA(x+ y) = 0. So

µχA
(x+ y)� r min{µχA

(x),µχA
(y)}

and

ωχA(x+ y)≤max{ωχA(x),ωχA(y)}.



8 SUNITA BUABAN, SUTHIHDA WONGKHAT, THITI GAKETEM

Similarly we have µχA
(x) = µχA

(y) = µχA
(xαy) = [1,1] and ωχA(x) = ωχA(y) = ωχA(xαy) = 0.

It implies that

µχA
(xαy)� r min{µχA

(x),µχA
(y)}

and

ωχA(xαy)≤max{ωχA(x),ωχA(y)}.

If x /∈ A or y /∈ A, then xαy ∈ A. Thus, µχA
(x) or µχA

(y) = [0,0], µχA
(xαy) = [1,1] and ωχA(x)

or ωχA(y) = 1, ωχA(xαy) = 0.

µχA
(xαy)� r min{µχA

(x),µχA
(y)}

and

ωχA(xαy)≤max{ωχA(x),ωχA(y)}.

Thus χA = 〈µχA
,ωχA〉 is a cubic Γ-subsemiring of S.

Let x,y,z ∈ S and α,β ∈ Γ. Then the following cases:

If x,z ∈ A, then xαyβ z ∈ A. Thus, µχA
(x) = µχA

(z) = µχA
(xαyβ z) = [1,1] and ωχA(x) =

ωχA(y) = ωχA(xαyβ z) = 0. It implies that

µχA
(xαyβ z)� r min{µχA

(x),µχA
(z)}

and

ωχA(xαyβ z)≤max{ωχA(x),ωχA(z)}.

If x /∈ A or z /∈ A, then xαyβ z ∈ A. Thus, µχA
(x) = [0,0] or µχA

(z) = [0,0], µχA
(xαyβ z) = [1,1]

and ωχA(x) = 1 or ωχA(z) = 1, ωχA(xαyβ z) = 0.

µχA
(xαyβ z)� r min{µχA

(x),µχA
(z)}

and

ωχA(xαyβ z)≤max{ωχA(x),ωχA(z)}.

We conclude that µχA
(xαyβ z) � r min{µχA

(x),µχA
(z)} and ωχA(xαyβ z) ≤

max{ωχA(x),ωχA(z)}.

This implies that χA = 〈µχA
,ωχA〉 is a cubic bi-ideal of S.
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Conversely, suppose that χA = 〈µχA
,ωχA〉 is a cubic bi-ideal of S.

Let x,y ∈ A and α ∈ Γ Then, µχA
(x) = µχA

(y) = [1,1]. Since χA = 〈µχA
,ωχA〉 is a cubic

subsemiring of S

(1)


µχA

(x+ y)� r min{µχA
(x),µχA

(y)}

and ωχA(x+ y)≤max{ωχA(x),ωχA(y)}.

(2)


µχA

(xαy)� r min{µχA
(x),µχA

(y)}

and ωχA(xαy)≤max{ωχA(x),ωχA(y)}.

If x + y /∈ A and xαy /∈ A, then by (1) and (2), µχA
(x + y) ≺ r min{µχA

(x),µχA
(y)} and

ωχA(x+ y) > max{ωχA(x),ωχA(y)}. and µχA
(xαy) ≺ r min{µχA

(x),µχA
(y)} and ωχA(xαy) >

max{ωχA(x),ωχA(y)}. It is a contradiction. Hence x+ y ∈ A and xαy ∈ A. Therefore A is an

Γ-subsemiring of S. Let x,y,z∈ S and α,β ∈ Γ with x,z∈ A. Then µχA
(x) = µχA

(z) = [1,1] and

ωχA(x) = ωχA(z) = 0. Since χA = 〈µχA
,ωχA〉 is a cubic bi-ideal of S we have µχA

(xαyβ z) �

r min{µχA
(x),µχA

(z)} and ωχA(xαaβy) ≤ max{ωχA(x),ωχA(z)}. Thus µχA
(xαyβ z) = [1,1]

and

ωχA(xαyβ z) = 0. Hence xαyβ z ∈ A. Therefore A is a bi-ideal of S. �

Definition 3.2. Let A = 〈µ,ω〉 is cubic set in X . For any k ∈ [0,1] and [s, t]∈D[0,1], we define

U(A, [s, t],k) as follows:

U(A , [s, t],k) = {x ∈ X | µ(x)� [s, t],ω(x)≤ k},

and we say it is a cubic level set of A = 〈µ,ω〉.

Theorem 3.4. Let S be a Γ-semiring. Then A = 〈µ,ω〉 is a cubic bi-ideal of S if and only if

the level set U(A , [s, t],k) is a bi-ideal of S.

Proof. Suppose that A = 〈µ,ω〉 is a cubic bi-ideal of S. Then A = 〈µ,ω〉 is a cubic Γ-

subsemiring of S. Thus µ(x + y) � r min{µ(x),µ(y)}, ω(x + y) ≤ max{ω(x),ω(y)} and

µ(xαy)� r min{µ(x),µ(y)}, ω(xαy)≤max{ω(x),ω(y)}. Let x,y ∈U(A , [s, t],k) and α ∈ Γ.
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Then µ(x)� [s, t], µ(y)� [s, t] and ω(x)≤ k, ω(y)≤ k. Thus

µ(x+ y)� r min{µ(x),µ(y)}= r min{[s, t], [s, t]}= [s, t],

ω(x+ y)≤max{ω(x),ω(y)}= max{k,k}= k

and

µ(xαy)� r min{µ(x),µ(y)}= r min{[s, t], [s, t]}= [s, t],

ω(xαy)≤max{ω(x),ω(y)}= max{k,k}= k.

So x+ y and xαy are elements of U(A , [s, t],k). Hence U(A , [s, t],k) is a Γ-subsemiring of S.

Let x,y,z ∈U(A , [s, t],k), [s, t] ∈ D[0,1],k ∈ [0,1]. Then µ(z) � [s, t],µ(x) � [s, t],µ(y) �

[s, t] and ω(z)≤ k,ω(x)≤ k,ω(y)≤ k.

Since A = 〈µ,ω〉 is a cubic bi-ideal of S we have

µ(xαyβ z)� r min{µ(x),µ(z)} and ω(xαyβ z)≤max{ω(x),ω(z)}

for all x,y,z ∈ S and α,β ∈ Γ. Thus µ(xαyβ z)� [s, t] and ω(xαyβ z)≤ k.

Hence (xαyβ z) ∈U(A , [s, t],k) for all x,y,z ∈U(A , [s, t],k) and

[s, t] ∈ D[0,1],k ∈ [0,1]. Therefore U(A , [s, t],k) is a cubic level set is a bi-ideal of S.

For the coverse, let x,y ∈ S and α ∈ Γ. By assumetion, x + y and xαy are elements

of U(A , [s, t],k). Then µ(x + y) � [s, t], ω(x + y) ≤ k and µ(xαy) � [s, t], ω(xαy) ≤ k.

Since U(A , [s, t],k) is a cubic level set is a subsemiring of S we have x,y ∈ U(A , [s, t],k).

Thus µ(x) � [s, t], µ(y) � [s, t] and ω(x) ≤ k, ω(y) ≤ k. So, µ(x+ y) � r min{µ(x)µ(y)},

ω(x + y) ≤ max{ω(x)ω(y)} and µ(xαy) � r min{µ(x)µ(y)}, ω(xαy) ≤ max{ω(x)ω(y)}.

Hence A = 〈µ,ω〉 is a cubic Γ-subsemiring of S.

Assume that x,y,z ∈ S and α,β ∈ Γ. By assumetion, xαyβ z and x,z are elements of

U(A , [s, t],k). Then µ(xαyβ z) � [s, t],µ(x) � [s, t],µ(z) � [s, t] and ω(xαaβy) ≤ k,ω(x) ≤

k,ω(z) ≤ k. Thus, µ(xαyβ z) � r min{µ(x),µ(z)} and ω(xαaβy) ≤ max{ω(x),ω(z)}. Hence

A = 〈µ,ω〉 is is a cubic bi-ideal of S. �
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4. HOMOMORPHIC INVERSE IMAGE OPERATION TO GET CUBIC SET

In this section, we study some properties of homomorphic and inverse image of cubic set.

Definition 4.1. [4] Let C (X) be the family of cubic set in a set X .

Let X and Y be given classical sets. A mapping h : X → Y induces two mapping Ch : C (X)→

C (Y ), A 7→ Ch(A ) and C−1
h : C (Y )→ C (X), B 7→ C−1

h (B) where Ch(A ) is given by

Ch(µ)(y) =


r supy=h(x) µ(x), if h−1(y) 6= 0,

[0,0], otherwise

Ch(ω)(y) =


infy=h(x)ω(x), if h−1(y) 6= 0,

1, otherwise

for all y∈Y . The inverse image C−1
h (B) is defined by C−1

h (µ)(x) = µ(h(x)) and C−1
h (ω)(x) =

ω(h(x)) for all x ∈ X . Then the mapping Ch (C−1
h ) is called a cubic transformation (inverse

cubic transformation) induced by h. A cubic set A = 〈µ,ω〉 in X has the cubic property if for

any subset T of X there exists x0 ∈ T such that µ(x0) = r supx∈T µ(x) and ω(x0) = infx∈T ω(x).

Theorem 4.1. For a homomorphism h : X → Y of Γ-semiring,

let Ch : C (X)→ C (Y ) be the cubic transformation induced by h.

If A = 〈µ,ω〉 ∈ C (X) is a cubic bi-ideal of X which has the cubic property, then Ch(A) is a

cubic bi-ideal of Y .

Proof. Let A = 〈µ,ω〉 ∈ C (X) be a cubic bi-ideal of X and α ∈ Γ.

Let x0 ∈ h−1(h(x)), y0 ∈ h−1(h(y)) be such that µ(x0) = r supa∈h−1(h(x)) µ(a), ω(x0) =

infa∈h−1(h(x))ω(a) and µ(y0) = r supb∈h−1(h(y)) µ(b), ω(y0) = infb∈h−1(h(y))ω(b) respectively.

Then

Ch(µ)(h(x)+h(y)) = r supz∈h−1(h(x)+h(y)) µ(z)� µ(x0 + y0)

� r min{µ(x0),µ(y0)}

= r min{r supa∈h−1(h(x)) µ(a),r supb∈h−1(h(y)) µ(b)}

= r min{Ch(µ(a))(h(x)),Ch(µ(b))(h(y))},
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Ch(ω)(h(x)+h(y)) = infz∈h−1(h(x)+h(y))ω(z)≤ ω(x0 + y0)

≤ max{ω(x0),ω(y0)}

= max{infa∈h−1(h(x))ω(a), infb∈h−1(h(y))ω(b)}

= max{Ch(h(x)),Ch(h(y))}.

And

Ch(µ)(h(x)αh(y)) = r supz∈h−1(h(x)αh(y)) µ(z)� µ(x0αy0)

� r min{µ(x0),µ(y0)}

= r min{r supa∈h−1(h(x)) µ(a),r supb∈h−1(h(y)) µ(b)}

= r min{Ch(µ(a))(h(x)),Ch(µ(b))(h(y))},

Ch(ω)(h(x)αh(y)) = infz∈h−1(h(x)h(y))ω(z)≤ ω(x0αy0)

≤ max{ω(x0),ω(y0)}

= max{infa∈h−1(h(x))ω(a), infb∈h−1(h(y))ω(b)}

= max{Ch(ω(a))(h(x)),Ch(ω(b))(h(y))}.

Thus Ch(µ)(h(x)+h(y))� r min{Ch(µ(a))(h(x)),Ch(µ(b))(h(y))},

Ch(ω)(h(x)+h(y))≤max{Ch(h(x)),Ch(h(y))} and

Ch(µ)(h(x)αh(y))� r min{Ch(µ(a))(h(x)),Ch(µ(b))(h(y))},

Ch(ω)(h(x)αh(y))≤max{Ch(ω(a))(h(x)),Ch(ω(b))(h(y))}.

Hence Ch(A ) is a cubic Γ-subsemiring of Y .

Similarly, let h(a),h(x),h(y) ∈ h(X) and let a0 ∈ h−1(h(a)), x0 ∈ h−1(h(x)),

y0 ∈ h−1(h(y)) be such that µ(a0) = r supa∈h−1(h(a)) µ(a), ω(a0) = infa∈h−1(h(a))ω(a), µ(x0) =

r supb∈h−1(h(x)) µ(b), ω(x0) = infb∈h−1(h(x))ω(b) and µ(y0) = r supc∈h−1(h(y)) µ(c), ω(y0) =

infc∈h−1(h(y))ω(c) respectively and α,β ∈ Γ. Then

Ch(µ)(h(a)αh(x)βh(y)) = r supz∈h−1(h(a)αh(x)βh(y)) µ(z)� µ(a0αx0βy0)

� r min{µ(a0),µ(y0)}

= r min{r supa∈h−1(h(a)) µ(a),r supc∈h−1(h(y)) µ(c)}

= r min{Ch(µ(a))(h(a)),Ch(µ(c))(h(y))}.
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And

Ch(ω)(h(a)αh(x)βh(y)) = infz∈h−1(h(a)αh(x)βh(y)ω(z)≤ ω(a0αx0βy0)

≤ max{ω(a0),ω(y0)}

= max{infa∈h−1(h(a))ω(a), infc∈h−1(h(y))ω(c)}

= max{Ch(ω(a))(h(a)),Ch(ω(c))(h(y))}.

Thus Ch(h(a)αh(x)βh(y))� r min{Ch(µ(a))(h(x)),Ch(µ(c))(h(y)) and

Ch(ω)(h(a)αh(x)βh(y))≤max{Ch(ω(a))(h(a)),Ch(ω(c))(h(y))}.

Hence Ch(A ) is a cubic bi-ideal of Y . �

Theorem 4.2. For a homomorphism h : X → Y of Γ-semiring,

let C−1
h : C (Y )→ C (X) be the inverse cubic transformation, induced by h.

If A = 〈µ,ω〉 ∈ C (Y ) is a cubic bi-ideal of Y then C−1
h (B) is a cubic bi-ideal of X .

Proof. Suppose that A = 〈µ,ω〉 ∈ C (Y ) is a cubic bi-ideal of Y ,

let x,y ∈ X and α ∈ Γ. Then

C−1
h (µ(x+ y)) = µ(h((x+ y))) = µ(h(x)+h(y))

� r min{µ(h(x)),µ(h(y))}

= r min{C−1
h (µ(x)),C−1

h (µ(y))},

C−1
h (ω(x+ y)) = ω(h(x+ y)) = ω(h(x)+h(y))

≤ max{ω(h(x)),ω(h(y))}

= max{C−1
h (ω(x)),C−1

h (ω(y))}.
And

C−1
h (µ(xαy)) = µ(h(xαy)) = µ(h(x)αh(y))

� r min{µ(h(x)),µ(h(y))}

= r min{C−1
h (µ(x)),C−1

h (µ(y))},

C−1
h (ω(xαy)) = ω(h(xαy)) = ω(h(x)αh(y))

≤ max{ω(h(x)),ω(h(y))}

= max{C−1
h (ω(x)),C−1

h (ω(y))}.

Thus C−1
h (µ(x+ y))� r min{C−1

h (µ(x)),C−1
h (µ(y))}

and C−1
h (ω(x+ y))≤ r min{C−1

h (ω(x)),C−1
h (ω(y))}.
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C−1
h (µ(xαy))� r min{C−1

h (µ(x)),C−1
h (µ(y))},

C−1
h (ω(xαy))≤ r min{C−1

h (ω(x)),C−1
h (ω(y))}.

Hence C−1
h (A ) is a cubic Γ-subsemiring of S.

Let a,x,y ∈ X and α,β ∈ Γ. Then

C−1
h (µ(xαaβy) = µ(h(xαaβy)) = µ(h(x)αh(a)βh(y))

� r min{µ(h(x)),µ(h(y))}

= r min{C−1
h (µ(x)),C−1

h (µ(y))}

And

C−1
h (ω(xαaβy)) = ω(h(xαaβy) = ω(h(x)αh(a)βh(y))

≤ max{ω(h(x)),ω(h(y))}

= max{C−1
h (ω(x)),C−1

h (ω(y))}.

Thus C−1
h (µ(xαaβy))� r min{C−1

h (µ(x)),C−1
h (µ(y))} and

C−1
h (ω(xαaβy))≤max{C−1

h (ω(x)),C−1
h (ω(y))}.

Therefore C−1
h (B) is a cubic bi-ideal of X . �
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