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1. INTRODUCTION

Zadeh initiated the concept of fuzzy sets in 1965. In 1975, Zadeh made an extension concept
of a fuzzy set by an interval-valued fuzzy set. A semigroup is an algebraic structure consisting
of a non-empty sets together with an associative binary operation.Semirings which is a com-
mon generalization of rings and distributive lattices, was introduced by Vandiver [8]. It has
been found very useful for solving problems in different areas of pure and applied mathematics,
information sciences, etc., since the structure of a semiring provides an algebraic framework for

modelling and studying the key factors in these applied areas. Ideals of semiring play a central
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role in the structure theory and useful for many purposes. The theory of I'-semirings was intro-
duced by [2]. Since then many researchers enriched this field. Many authors have studied semi-
groups in terms of fuzzy sets. Kuroki is the main contributor of this study. Kuroki introduced
the notion of fuzzy ideals and fuzzy bi-ideals in semigroups. Atanassov introduced intuition-
istic fuzzy set is characterized by a membership function and a non-membership function for
each element in the Universe. In 2010, K. Hur and H.W. Kang introduced interval-valued fuzzy
subgroups and rings. Jun et al. introduced the new concept called cubic sets. These structures
encompass interval-valued fuzzy set and fuzzy set. Also Jun et al. introduced the notion of
cubic subgroups. Vijayabalaji et al. introduced the notion of cubic linear space. V. Chinnadurai
et al. introduced cubic ring. The purpose of this paper to introduce the notion of cubic ideals of
I'-semigroups and we provide some results on it.

In this paper we studied properties of cubic interior ideals of I'-semirings. Furthermore we
can show that the images or inverse images of a cubic interor ideal of an I'-semiring become a

cubic interior ideal.

2. PRELIMINARIES

2.1. I'-Semiring. Now we review definition of some types I'-semiring, which we use in the
next section.

Let S and I" be two additive commutative semigroups. We called S is an I'-semiring if there
exist mappings from S x I" x § ot S written as (a,a,b) — aab, and satisfying the following

conditions:

(1) ac(b+c) =aob+aoc and (a+b)oe = ace + boc
(2) a(a+B)b=aob+aPb
(3) (aabB)c =aa(bP)c forall a,b,c € Sand o,B €T.

An I'-semiring S is said to be regular if for each element a € S, there exists an element x € S
and o, B € I" such that a = aoxfa. An I'-semigroup S is called intra-regular if for every a € S
there exist x,y € S and «, 8,7 € I" such that a = xaafayy. A non-empty subset A of an I'-ring
S is an I"-subsemiring of S if A is a subsemigroup of (S,+) and ATA C A. A non-empty subset
A of an I'-semiring S is called a left(right)ideal of S if A is a additive subsemigroup of S and
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STA CA(AT'S C A). An ideal of S is a non-empty subset which is both a left ideal and a right
ideal of S. An I'-subsemiring A of a semiring S is called a interior ideal of S if STAI'S C A [6].

2.2. Fuzzy I'-semiring and interval valued fuzzy set. Now we will give definition of a fuzzy
subset and types of fuzzy I'-subsemigroups. Let X be a non-empty set. A mapping @ : X — [0, 1]

is a fuzzy subset of S.

Definition 2.1. [6] Let S be an I'-semiring. A fuzzy subset w of S is said to be a fuzzy I'-
subsemiring of S if w(x+y) > min{®(x), ®(y)} and @(xay) > min{w(x), w(y)}, forallx,y € S

and o eT.

Definition 2.2. [6] Let S be a I'-semiring. A fuzzy subset @ of S is said to be a fuzzy left (right)
ideal of S if w(x+y) > min{®(x),w(y)} and w(xay) > o (y)(@(xay) > o(x)), forall x,y € S
and o € I'. A non-empty fuzzy subset of an I'-semigroup S is a fuzzy ideal of S if it is a fuzzy

left ideal and fuzzy right ideal of S.

Definition 2.3. For a family {@; | i € I} of fuzzy sets in X, we define the join (V) and meet (/)
operations as follows:
(\/ a),-> (x) =sup{@;(x) |i €I} and (/\ a)i> (x) = inf{w;(x) | i € I}
icl icl

respectively, for all x € X.
Now we will introduce a new relation of an interval.

Definition 2.4. An interval number on [0, 1], say a is a closed subinterval of [0, 1], that is @ =
l[a=,a"], where 0 < a~ < a" < 1. Let D[0, 1] denoted the family of all closed subinterval of
0,1], ie.,

D[0,1]={a=[a,at]|0<a <a" <1}

The interval [a, ] is identified with the number a € [0.1].

Definition 2.5. Let @; = [a; ,a;"] € D|0,1] for all i € I where I is an index set. We define

177

rinfa; = infatl-_,infa;r and rsupa; = supai_,supaj' .
i€l i€l i€l icl icl icl
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99 ¢

We define the operations “>", “=<”, “=" “rmin” “rmax” in case of two element in D|0, 1].

We consider two interval numbers @ := [a~,a™] and
b:=[b",b"]in D[0,1]. Then
(1) a>=bifandonlyifa~ > b~ and a™ > b+
(2) a=<bifandonlyifa~ <b~ anda™ < b+
(3) a=bifandonlyifa~ =b~ anda™ =b*
(4) rmin{a,b} = [min{a~,b~ },min{a’,b*}]
(5) rmax{a,b} = [max{a~,b” },max{at,bt}].

Definition 2.6. Let X be a set. An interval valued fuzzy set A on X is defined as

A={(x [ (x),u"(x)] | xeX},

where 1~ and u™ are two fuzzy sets of X such that u~(x) < u*(x) for all x € X. Putting

w(x) = [ (x),u™(x)], we see that A = {x,lt(x) | x € X}, where & : X — DI[0,1].

Definition 2.7. For a family {f1; | i € I'} of interval valued fuzzy sets in X, we define the (L;c/It;)

and (M;erp;) are defined as follows:
(UierfT) () = rsupH,(x)  and  (MieifB,)(¥) = rinfH,(x)
respectively, for all x € X where it : X — D|0, 1].
2.3. Cubic I'-semiring.
Definition 2.8. Let X be a non-empty set. A cubic set 7 in X is a structure of the form
A ={(x, [(x), 0(x)) : x € X}

and denoted by &7 = (I, @) where I is an interval valued fuzzy set (briefly. IVF) in X and @ is

a fuzzy set in X. In this case we will use

For all x € X. Note that a cubic set is a generalization of an intuitionistic fuzzy set.
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Definition 2.9. Let A be a subset of a non-empty set X. Then cubic set characteristic function
Xa = (Hy,,Wy,) of is defined as
B [1,1], if x€A, 0, if x€A,
Iy, () = and @y, (x) =
[0,0], if x¢A. 1, if xé¢A.
Definition 2.10. For two cubic set &/ = (i}, ;) and & = (l,,®,) in an I'-semiring S, we
define
ACBSM <H, ad o >0

Definition 2.11. Let &/ = (|, ®;) and Z = (li,, @) be two cubic set in an I"-semiring S. Then

o © R = {{x,(H5H)(x), (01 - @) (x)) : x € S}

which is briefly denoted by &/ ©® % = ((it;3H,), (@) - @,)) where [t;5(L, and o, - @, are defined
as follows, respectively:
rsupx:yﬁz {rmin{ﬁl (y),ﬁz(Z)}} if x= yﬁza

(181, (x) =
[0,0], otherwise

and

inf max{®@(y),a(z)} if x=yBz,
(@ 2)(x) = { -

I, otherwise

forall x,y,z€ Sand B € I". And

o ® B = {(x, (B, 711) (), (01 % @) (x)) : x € S}

which is briefly denoted by &7 © Z = (| %I, ), (@) * @2)) where [1, %1, and @, * @, are defined
as follows, respectively:
rsup,_,g, {rmin{f, (y),i,(2)}} if x=yBz,

(H %) (x) =
[0,0], otherwise

and

inf max{w(y),mn(z)} if x=yPz,
(s o)) = { s

1, otherwise
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forall x,y,z€ Sand B €T.

Definition 2.12. Let o7 = (14, fa) and Z = (g, fp) be two cubic set in a semiring S. Then

the intersection of .7 and % denoted by &/T1.4 is the cubic set
ATIB = (Ha g, faV [B)
where (L, M) (x) = rmin{f,(x), Hg(x)} and (f4 V f5)(x) = max{ fa(x), fa(x)} forallx € S.

Definition 2.13. A cubic set &/ = (I, ) in an I'-semiring S is called a cubic I'-subsemigroup

of S if it satisfies:

(D) w(x+y) = rmin{u(x),u(y)} and @(x+y) < max{ow(x),o(y)}
(2) f(xay) = rmin{fi(x), @(y)} and @(xety) < max{o(x), ®(y)},
forallx,ye Sand a €T

Definition 2.14. A cubic set &7 = (I, ®) in an I'-semiring S is called a cubic left (right) ideal

of S if it satisfies:

(D) w(x+y) = rmin{u(x),u(y)} and @(x+y) < max{ow(x),o(y)}
(2) f(xay) = f(y) (H(xery) = fi(x)) and o(xory) < @(y), (@(xety) < o(x))
forallx,ye Sand a €T

A non-empty cubic set &7 = ([t, ®) of S is called cubic ideal of S if it is a cubic left ideal and a
cubic right ideal of S.

3. CUBIC INTERIOR IDEAL IN [-SEMIRING.

Definition 3.1. A cubic I'-subsemiring .&#' = ([, @) in a I'-semiring S is called a cubic interior

ideal of S if L(xayBz) = u(y) and o(xayBz) < o(y), forall x,y,z € Sand o € T".

It is clarly every cubic ideal of an I'-semiring S is cubic interior ideal of S. The following

theorems we will study basic properties of a cubic interior ideal.

Theorem 3.1. Let &/ = (I, ®) be cubic interior ideal and % = (t|, ®;) be cubic interior ideal

of I'-semiring S. Then .27 1.4 is a cubic interior ideal of I"-semiring S.
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Proof. By assumptoin, we have .7 % is a cubic ['-subsemiring of S. Let a,x,y € S, y €.
Then

(ENE) (xaaBy) = rmin{E(xaapy), |, (xaaBy)} = rmin{i(a), i, ()} = (@OE)(a).

and

(U o) (xaafy) = max{o(xaafy), o (xaafy)} < max{w(y),o(a)} = (0U o)(a).

Thus, &7 1.4 is a cubic interior ideal of S. O

Corollary 3.2. The intersection of any family of cubic interior ideals of I'-semiring S is a cubic

interior ideal of I'-semiring S.

Theorem 3.3. Let S be a I'-semiring and let A be non-empty subset of S. Then A is an interior
ideal of § if and only if the characteristic cubic set x4 = <ﬁx A,wa> is a cubic interior ideal of

S.

Proof. Suppose that A is a interior ideal of S and let x,y € S and oo € I'. Since A is an I'-
subsemiring of S we have x+y € A and xay € A. Thus I, (x) = L, (v) = [, (x +y) =
[1,1] and @y, (x) = @y, (y) = @y, (x+y) = 0. So I,, (x+y) = rmin{i,, (x),1,, (v)} and

0, (x+) < max{@y, (), 0z, ()} Similarly we have T, (x) = TL,, (¥) = i, (xty) = [1,1]
and @y, (x) = oy, (y) = 0y, (xay) = 0. It implies that

Wy, (xary) = rmin{L,, (x),1,, (v)}
and
0y, (xay) < max{ay, (x), 0y, (y)}.

Ifx¢ Aory¢A, then xay € A. Thus, [T, (x) or i, (v) = [0,0], it (xory) = [1, 1] and @y, (x)

or 0y, (v) =1, oy, (xcry) = 0. It implies that

by, (xay) = rmin{i,, (x), 1, (v)}
and

0y, (xay) < max{awy, (x), 0y, (y)}.

Thus x4 = ([, @y,) is a cubic I'-subsemigroup of S.
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Letx,y,z € Sand «, B € I'. Then the following cases:

Ify € A, then xayfz € A. Thus, I, (v) = [, (xayBz) = [1,1] and @y, (v) = @y, (xayfz) =
0. It implies that

By, (xayBz) = iy, (v)
and
Wy, (xayBz) < @y, (v).

If y ¢ A, then xayfz € A. Thus, I, (v) = [0,0], I, (xayBz) = [1,1] and oy, (y) = 1,
Wy (x0yfz) = 0. So I, (xayfz) = [, (v) and oy, (xayBz) < @y, (v). We conclude that
Ty, (x0yB2) = T, () and @y, (x0yB2) < 0, (7).
This implies that Y4 = (I, , @y, ) is a cubic interior ideal of S.

Conversely, suppose that x4 = ([, , @y, ) is a cubic interior ideal of S.
Let x,y € A and « € T Then, [, (x) = @, (v) = [1,1]. Since x4 = (H,,,®y,) is a cubic

subsemiring of S

W Wy, (x+y) = rmin{i, (x), @, (v)}

and @y, (x+y) < max{wy, (x), 0, ()}

) I, (xary) = rmin{fL,, (x),f@,, ()}

and @, (xaty) < max{ oy, (x), 0, ().

If x+y¢A and xay ¢ A, then by (1) and (2), @, (x+y) < rmin{ft,, (x),f,, (v)} and
g (x-+y) > max{ ey, (x), @, ()} and Ty, (vy) < rmin{TLy, (x),,, ()} and @y, (xay) >
max{ @y, (x),wy, (y)}. It is a contradiction. Hence x+y € A and xay € A. Therefore A is
an I'-subsemiring of S. Let x,y,z € S and &, € T with y € A. Then 1,, (y) = [1,1] and
@y (¥) = 0. Since x4 = (I, , @y, ) is a cubic interior ideal of S we have [, (xayfz) = [, (v)
and @y, (xayBz) < @y, (). Thus I, (xayBz) = [1,1] and @y, (xayBz) = 0. Hence xayfz € A.

Therefore A is an interior ideal of S. ]
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Definition 3.2. Let &/ = (I, @) is cubic set in X. For any k € [0, 1] and [s,¢] € D|0, 1], we define
U(A,[s,t],k) as follows:

U [5,1],K) = [ € X | E(x) = [s,1], 0(x) <k},
and we say it is a cubic level set of &7 = (I, ®).

Theorem 3.4. Let S be an I'-semiring. Then &/ = (I, @) is a cubic interior ideal of S if and

only if the level set U (<7, [s,t],k) is an interior ideal of S.

Proof. Suppose that &7 = (I, ®) is a cubic interior ideal of S.
Then o/ = (I, ®) is a cubic I'-subsemiring of S. Thus (x+y) »= rmin{(x), L (y)}, @(x+y) <

max{®(x), ®(y)} and f(xay) = rmin{fi(x),f(y)}, o(xay) < max{o(x), o(y)}. Let x,y €
U(<,[s,t],k) and oc € T. Then [(x) = [s,t], £(y) = [s,7] and @(x) <k, o(y) < k. Thus

B(x+y) = rmin{f(x), f(y) } = rmin{[s, ], [s, ]} = [s,7],
o(r+y) < max{o(x), 0(y)} = max{k &} = k
and
f(xay) = rmin{E(x), E)} = rmin{[s, ], s,1]} = [5,1].
o(xay) < max{o(x),o(y)} = max{k,k} = k.
So x+y and xay are elements of U (<7, [s,t],k). Hence U (<, [s,1],k) is a ['-subsemiring of S.
Letx,y,z€ Sand o, € T". withy € U(,[s,t],k). Then (y) = [s,¢] and w(y) < k. Thus

L(xayBz) = w(y) = [s,t]

and
o(xaypz) < w(y) <k.

It xayBz ¢ U(,|s,t],k), then [(xoyBz) < [s,t] and w(xayBz) > k. It is a contradiction. So
xayPz € U(,[s,t],k). Hence U(<,[s,t],k) is an interor ideal of S. Therefore U (<7, [s,t],k)
is a cubic level set is an interor ideal of S.

For the coverse, Syppose that U (<7, [s,t],k) is a cubic level set is an interor ideal of S. Let
x,y € S and o € T'. By assumption, x + y and xaty are elements of U (<, [s,t],k). Then t(x+
y) = [s,t], ®(x+y) < kand ft(xery) = [s,t], @(xay) < k. Since U (<, [s,t],k) is a cubic level set
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is a I"-subsemiring of S we have x,y € U (<7, [s,t],k). Thus fr(x) = [s,¢], &(y) = [s,¢] and o(x) <
k, o(y) < k. So, fi(x+y) = rmin{f(x)i(y)}, @(x+y) < max{o(x)o(y)} and [(xay) =
rmin{f(x)(y)}, o(xoy) < max{w(x)w(y)}. Hence o = (I, ®) is a cubic I'-subsemiring of
S.

Assume that x,y,z € S and «, € I. By assumption, xayfz and y are elements of
U(,[s,t],k). Thus, m(xayBz) = [s,t],1(y) = [s,t] and o(xaafy) < k,0(y) < k. So,
H(xayBz) = u(y) and o(xayBz) < o(y). Hence & = (I, ®) is is a cubic interor ideal of
S. 0

4. HOMOMORPHIC INVERSE IMAGE OPERATION TO GET CUBIC SET

In this section, we study some properties of homomorphic and inverse image of cubic set.

Definition 4.1. [4] Let 4’(X) be the family of cubic set in a set X.
Let X and Y be given classical sets. A mapping : X — Y induces two mapping %, : € (X) —
C(Y), o — () and €, € (Y) = € (X), B €, ' (#) where €, (<) is given by

rsup,_p B(x), if A7l 0,
GE)) = SUPy_(x) H (X) (y) #

[0,0], otherwise

inf,_,o(x), if A7l 0,
G =1 h(x) ©(X) ) #

1, otherwise
forall y € Y. The inverse image €, ' (%) is defined by ¢, ' (i) (x) = ©(h(x)) and €, ' (@) (x) =
@(h(x)) for all x € X. Then the mapping %, (%, ') is called a cubic transformation (inverse
cubic transformation) induced by A. A cubic set &7 = (I, @) in X has the cubic property if for

any subset T of X there exists xo € T such that [1(xg) = rsup, . ft(x) and ®(xg) = infyc7 ®(x).

Theorem 4.1. For a homomorphism 4 : X — Y of semirings,
let 6, : €(X) — € (Y) be the cubic transformation induced by h. If & = (I, 0) € €(X) is a

cubic interior ideal of X which has the cubic property, then %},(A) is a cubic interior ideal of Y.

Proof. Let & = (I, ) € € (X) be a cubic interior ideal of X and o € T

Let xo € h™'(h(x)), yo € k' (h(y)) be such that [I(x0) = rsup,c;1 () B(a), ®(x0) =
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inf,c)-100)) @(@) and [L(yo) = rsupyep-1(ny)) B(D), @(yo) = infyep1((y)) @(b) respectively.
Then

Gn(I) (h(x) +h(y)) FSUPc 1 ((x)+h(y)) B (2) = H (X0 +Y0)

rmin{f(xo), &£(yo)}

rmin{7sup,ep,-1 () B(@), 7 SUPpep1 (1(y)) B (D)}
), €]

rmin{%,(f(a))(h(x)), Cu(K(b))(h(y))},

Y

Ch(@)(h(x) +h(y))

inf 1 () 4n(y)) @(2) < @(x0 +0)
max{®(xo), ®(yo)}

max{inf,c;,-1 () @(a), infyep1 4y (D) }
max {6} (h(x)),¢,(h(y))}-

I IA

And
G (i) (h(x)ah(y))

FSUP i1 (h(x)ah(y)) B (2) = (X0 0y0)
rmin{fL(xo), &(yo) }

rmin{7sup,es-1 () 1(@), 7 SUPpep-1((y)) H(D) }
rmin{é}(f(a))(h(x)), ¢x(i(a))(h(y))},

Iy

en(o)(h(x)ah(y)) = infcp1((nany)) @) < @(x0y0)
< max{(xo),®(yo)}
= max{inf,c; 1)) @(a), infyep15,)) (D) }

= max{%,(a(a))(h(x)), Ch(@(b))(~(y))}-

Thus €3, (1) (h(x) +h(y)) = rmin{ %} (f(a)) (h(x)), Cu(H (b)) (h(y))},
Gh(@)(h(x) +h(y)) < max{€(h(x)),€,(h(y))} and
Gh(I) (h(x)ah(y)) = rmin{%}(f(a))(h(x)), €u (i (a)) (h(y))},
Gh(@)(h(x)ah(y)) < max{€,(@(a))(h(x)),Ch(@(b))(h(y))}.
Hence %,(<7) is a cubic I'-subsemiring of Y.
Similarly, let i(a),h(x),h(y) € h(X) and let ag € h~ 1 (h(a)), xo € K~ (h(x)),
Yo € h~'(h(y)) be such that [(ap) = rsup,c;-1(s(q)) E(@), ©(ao) = inf,cp1(a)) @ (@), E(x0) =
FSUPpep1 (n(x) H(D), ©(x0) = infycp1 () @(b) and [L(yo) = rsupcp-1(0y)) H(c), @(yo) =
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infcp-1(n(y)) @(c) respectively and &, 8 € I'. Then

Ch(I)(h(a)oh(x)Bh(y)) = rSuprcp—1(nayan(x)p(n(y) B (k) = E(aoxoByo)
= H(x0) = rsuppep-1 () B (D) = Ch(H(D))(h(x)).
And
Ch(@)(h(a)ah(x)Bh(y)) = inficp1(h@)an()p(ay)) @ (k) < @(aoexoByo)
< 0(x) =infye 140 @(b) = € (@(D)) (h(x)).
Thus 6, (i) (h(a)oth(x) Bh(y)) = Ch((b))(h(x)) and
eh(@)(h(a)ah(x)Bh(y)) < Ch(@(b))(h(x)).
Hence %),(<7) is a cubic interior ideal of Y.

Theorem 4.2. For a homomorphism 4 : X — Y of semigroups,

let %h_l : €(Y) — %(X) be the inverse cubic transformation, induced by .

If o7 = (i, w) € €(Y) is a cubic interior ideal of ¥ then %, ' (B) is a cubic interior ideal of X.

Proof. Suppose that &7 = (i, w) € €' (Y) is a cubic interior ideal of Y,
letx,y € X and @ € I'. Then

@y (E(x+))

N1y |
~ ~ ':
5. B =
5 2N
K = T+
S
L s =
— /Q ~
B o=
—
& x =
- e N
@S } —~
o=
= \—i_—/
—_ N
S
= =
P
< =
~— N—r
jr—’

And
%, (0(x+y) = o(hlx+y)) = o(h(x)+h(y))

I IA
g8 B
[ R -
RooX
AN
S 8
L=
—
=
e T
= B
GQF
—
N—
o =
e
—
=<
N—
N—
—

And

Gy (Axay) = H(h(xay)) =H(h(x)oh(y))
rmin{ft(h(x)),u(h(y))}
rmin{%h_l(ﬁ X ),cfh_l(ﬁ(y»}»
o(h(xay)) = o(h(x)ah(y))
max{®(h(x)),0(h(y))}
max{‘fh_l(w(x)),cgh_](w()’))}‘

Iy
N

@, ' (o(xay))

IN
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Thus 6, (E(x+y)) = rmin{%, ' (E(x)), 6, ' (E())}
and 6, (@ (x-+)) < rmin{#;  (0(x)),; (@)}
67 ([Elxay)) = rmin{g;, (1), (B0)).
% ((xay)) < rmin{%; (0(1).%; (@)}
Hence %, ' (<7) is a cubic I'-subsemiring of S.
Leta,x,y € X and o, € I'. Then

@y, (H(xaaBy) = H(h(xaaBy)) = [ (h(x)oh(a)Bh(y))
fi(h(a)) = €, (F(a)).

Y

And
%, ' (o(xaaBy))

o(h(xaapy)) = o(h(x)ah(a)Bh(»))
< a(h(a)) =6, (0(a)).
Thus ¢, (i(xtafy)) = 4, (i(a)) and €, (0(xaBy)) < ;" ((a)).

Therefore ¢, ' (B) is a cubic interior ideal of X. O
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