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Abstract. In this paper we consider a one-dimensional swelling porous-elastic system with second sound and
distributed delay term. We prove that the combination of the frictional damping with the heat flux effect is strong
enough to provoke an exponential decay of the energy even if the delay is a source of destabilization.
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1. INTRODUCTION

Using the second law of thermodynamics, Eringen [9] developed general and linear constitu-
tive equations of mixtures of viscous liquids, elastic solids and gas. Then established a relation
between the continuum theory of swelling porous elastic soils and the classical diffusion theo-

ries. For more discussion on continuum theories that have been developed to model mixtures we
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refer the reader to [3]. As discussed deeply in [14], expansive soils cause minor to major struc-
tural damages to buildings, that includes floor slab on grade cracking, buckling of pavements
and cracking of buried pipes. Thus to deal with this problematic soil, it is essential to evaluate
its swelling potential, and then propose several techniques to prevent structural damages, such
as reducing the swelling, using sufficiently strong structures and isolating the structure from the
swelling soil (see [22]). For more practical applications of the theory in architecture and civil
engineering, we mention for example Handy [11], Hung [12], see also ([10], [13]).

The linear theory of swelling porous elastic soils as considered in [23] and [24] is given by

the system

(1.1) P19y = Pi,—Gl+H;

P2V = Pu+G2+H,

where ¢ represent the displacement of the fluid with density p; and y is the elastic solid material
with density p,. The functions (P;,P,) represent the partial tension, (G, G,) the internal body
forces, and (H;,H,) the external forces, acting on the displacement and on the elastic solid,

respectively. Moreover, the partial tensions (P;, P») are given by

Py o
—A ],
P 2 Yy
) .. ) ) a a ) ..
where A is the positive definite matrix , with ay, a3 are positive constants and a;
a az

# 0 is a real number.

Wang and Guo [26] considered (1.1) by taking

G = Gy=0,
Hl - —PIY(X)(Pn
H = 0

where y(x) is an internal viscous damping function with positive mean. By using the spectral

method they established an exponential stability result. More recently, in [7], the authors studied
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(1.1) with different conditions
G, = Gy=H; =0,
t
Hy = = [ glt=5)ulr)ds — B
T
= [ 1B(0)1:(xt — 0)do
T

they used the multiplier method to establish a general decay result.

In the literature, many interesting results on the swelling porous system with different condi-
tions on G1,G,, H; and H, are considered (see [1], [2], [4], [16], [17], [18]), where the stability
results obtained by using either multiplier or spectral methods.

A system which is asymptotically stable may be destabilized under the effects of time delay,
that make it a property of practical and theoretical importance for many physical systems. As
mentioned in [21], by a change of variable, distributed delay can be regarded as a memory
acting only on the time interval (f — 7, — 71),

) =1
/ 1(s)us (5,1 —5)ds = / w(t =) (x,5) ds,
T )
for more discussions (see [8], [27]).

Models governed by the Fourier’s law of heat conduction leads to an infinite speed of heat
propagation, which means that any thermal disturbance at one point has an instantaneous ef-
fect somewhere else. By replacing Fourier’s law B¢ + 6, = 0 with a wave propagation process
described by Cattaneo’s law 7¢q; + Bg + 6, = 0, the problem of the infinite speed of heat propa-
gation is eliminated (see [6], [25]).

In the present work, we consider (1.1) with distributed delay term on the elastic solid is in

the form of distributed delay term, that is:
Gl = GZ = 07
(%)
H = we +/ (o) (x,t —o)do,
T

H, = 0.

Thus, we are concerned with the following thermoelastic system of swelling porous elastic

soils with a linear frictional damping and an internal distributed delay acting on the transverse
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displacement, where the heat flux is given by Cattaneo’s law:

(

P10 — a1 Qe — A Wx + 1 @+ [ Ko (5)@r (x,1 —5)ds = 0 in (0,1) x (0, 00),
P2V — A3V + a2 Py + 86, = 0, in (0,1) x (0,00),

P36 — qx+ 8y =0, in (0,1) x (0,00),

(1.2) g+ Bq+ 6, =0, in (0,1) x (0,00),

¢ (x,0) = @ (x), ¢ (x,0) = @1 (x),8(x,0) = Bp(x) in (0,1),

v (x,0) = o (x), ¥ (x,0) = y1 (x), ¢(x,0) = go (x) in (0,1),
@(0,1) = @(1,1) = y(0,1) = y(1,1) = 6(0,1) = 6(1,1) =0 in (0,e0),

\

where the functions (¢,y,0,q) are the transverse displacement of the beam, the ro-
tation angle, the difference temperature, the heat flux, respectively. The coefficients,
P1,P2,P3,4a1,a2,a3 B,8, 41, T are positive constants. T; and 7, are two real numbers with
0 <1 <1, uy > 0is a positive constant, U : [71,72] —> R is L™ function, p, > 0 almost

everywhere, such that

(1.3) W > /T " 12 (5) ds.

Finally, ¢o, @1, V0o, W1, 60,90, fo are the initial data and f ¢ is history function, belong to an

appropriate functional spaces.
The purpose of this paper is to study the well-posedness and the asymptotic behavior of the

solution of (1.2) regardless of the speeds of wave propagation.

2. PRELIMINARIES
As in [19], we introduce the new variable
(2.1) z2(x,p,5,t) = @ (x,t —ps) in (0,1) x (0,1) x (71,72) X (0,00).
It is straight forward to check that z satisfies
sz(x,0,8,t) +2p(x,p,5,£) =0 in (0,1) x (0,1) x (71, 72) X (0,00).

Consequently, problem (1.2) is equivalent to
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P1Pr — a1 Qe — AW+ I @1+ [ a(s)z(x, 1,5,2)ds = 0, in (0,1) x (0,0),
P2V — a3Wer + ar @y + 66, =0, in (0,1) x (0,0),

P36 —gx+ 6y =0, in (0,1) x (0,00),

Tq;+ Bg+ 6, =0, in (0,1) x (0,0),

sz (x,p,8,t) +2p(x,p,5,6) =0, in (0,1) x (0,1) x (71, 72) x (0,00),

¢ (x,0) = @0 (x), ¢ (x,0) = @1 (x),0(x,0) = 6p(x) in (0,1),

W (x,0) = yo (x), ¥ (x,0) = i1 (x), ¢ (x,0) = go (x) in (0,1),

0(0,1) = @(1,1) = ¥(0,1) = yi(1,1) = 0(0,2) = 6(1,1) = 0 in (0,00),
2(x,0,2,5) = @ (x,2) in (0,1) x (0,00) x (71, 72),
z2(x,0,0,5) = fo(x,p,s) in (0,1)x(0,1) x (71,72).

2.2)

\

For any regular solution of (2.2), we define the energy by

1 /1 a2
E(t) = 5/0 {p1¢?+pz%2+p303+0q2+(m—é) o7

2
a
+ <\/_a—3(Px+ \/a_s%) }dx

(2.3) %/1// s|ua(s)| 2% (x, p,5,1)dsdpdx.
0

We assume (1.3) holds and establish the well-posedness as well as the exponential stability

results of the energy.

3. WELL-POSEDNESS OF THE PROBLEM

In this section, we prove the existence and uniqueness of solutions for (2.2) using semigroup

theory. Introducing the vector function
0= (¢,u,¥,v,6,9,2),
and the two new dependent variables

u= @ and v =y,
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then the system (2.2) can be written as

o'(t)+ ¢ (r)=0, t>0,
¢(0) = 0o = (0,40, Wo,v0,60,490,20)" -

3.1

Where the operator o7 is defined by

—Uu

% <_al(Pxx _a2lllxx+“1u+f;2 ,LLQ(S)Z (x7 1,S,t)dS>

—v
AP = plz(_a3llfxx+a2(l)xx+50x)
%1(_%6 + 5Vx)
_(ﬁQ+ ex)
T
%ZP (X,p,S,t)
SO
0 —1I 0 0 0 0 0
—aj Hi  —as | R
— 0y — —— Ok 0 0 0 — [2 d
P p1 p1 p1 " Ha(s) ds
0 0 0 —1 0 0 0
sl =%0. 0 =5, o %4 o 0
2 2 5 P2
0 0 0 — 0 0 — 0 0
p3 | 3
0 0 0 0 —0, E 0
T T |
O 0 0 0O 0 0 ~9p

We have reserved the following spaces
1
2o ={veron: [ ywa—of,
0
H!(0,1)=H'(0,1)nL;(0,1),
HZ(0,1) = {y € H*(0,1) : y(0) = (1) = 0},
and 7 is the energy space given by

A = HI0,1)x L*(0,1) x H(0,1) x L2(0,1) x L*(0,1)

XL2(0,1) x L*((0,1) x (0,1) X (11, 12)) .
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We will show that .7 generates a Cy Semi-group on 7.
v e _ = T . : .
Let o = (@,u,y,v, 9,q,z)T , 0= ((p,ﬁ, v,V, G,G,Z) , we equip the Hilbert space .77 with the

inner product through

1 1 1 1
a

<¢7§5>%”:Pl/uﬁdx+P2/V\7dx+p3/95+T/q¢7—|— <a1—q_2)
3

0 0 0 0
xdx+/( .+ x) (ﬂNx—i— a Nx> dx
/ ¢ O+ a3y \/a_3<p Vazy,
1 1 %
(32) [ [ [ slua(s) 2t pos.0)ztr. pos.tdsdpds
1
00

 is the Hilbert space. In this box, the inner product above is equivalent to the natural inner
product set to .77.
The domain of o7 is

¢ €A :@ecH*(0,1)NH} (0,1),y € H2(0,1)NHL(0,1),
D(d)= v,q € H(0,1),u,0 € H}(0,1),
2,2p € L3 ((0,L) x (0,1) x (71, 72)) ,u (x) = (x,0,s) in (0,L).

Clearly, D(.«7) is dense in .7Z. Now we can give the following existence and uniqueness result.

Theorem 1. Suppose that hypothesis (1.3) holds. Then, for any initial data ¢y € F there
exists a unique solution ¢ € C([0,00),5) of problem (3.1). Moreover, if ¢y € D(</), then
9 € C([0,%0),D(7))NC'[0,e0), 7).

Proof. To obtain the above result, we will prove that o/ : D(.«/) — ¢ is a maximal monotone
operator. For this purpose, we need the following two steps.

Step 1: In this step, we prove that the operator .7 is monotone. Let ¢ € D(.7),
1 2 1 1 T )
(A9,9) = B/o q + 5/ / |2 (s)|z°(x, 1,5) ds dx
T

1
(3.3) <u1—§ |a (s )|ds)/ uzdx+/ / Uz (s)z(x,1,5)ds dx.
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Using Young’s inequality, the last term in (3.3), we have
1 T
—/ u/ Ua(s)z(x,1,5) ds dx

0 T]

1 T 1 1 1 T
(3.4) <= |ua(s)] ds/ u? dx—l——/ / a2 (s)|2%(x, 1,5) ds dx,

2 7 0 2 0 Jr
substitute (3.4) in (3.3) yield,

1 () 1
40.0), 2B [ ¢ x (= [ el as) [1e ax.

By (1.3), (A¢,¢) ,, > 0, then we conclude that .’ is monotone
Step 2: We prove that operator .« + [ is surjective. That is to say, for everything G =

(21,82,83,84,85,86,87) € S, we are looking for ¢ € D (A) satisfying

(o +1)¢ =G,
s0 we get
(P_”:gla
1t — a1 Qo — AW+ pu+ [ pa(s)z(x, 1,s,1) ds = p1go,
Y —v=gs,
(3.5) P2V — a3 Wiy + a2 Pxx + 06, = P2ga,

P30 — gx+ O6vx = P3gs,
(T+B)(]+9x: 786,
Z—i_%ZP (X,p,t) =87

\

Suppose we have found u and v. Therefore, the first and the third equation in (3.5) given

(3.6) u=aqo—gi,

V=Y 8.

Itis clear that u € H}(0,1),v € H}(0,1). And we can find
(3.7) 2(x,0,5) = u(x), ifx€ (0,1),s € (11, 72) .
Following the same approach as in [20], we obtain by using equations for z in (3.6),

(3.8) z(x,p,s) —|—s_lzp (x,p,5) = g6 (x,p,5), ifx€ (0,1),s € (11,72).
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Then by (3.7) and (3.8),
p
(3.9 z(x,p,5) = e Pou(x) + seps/ g7 (x,7,5)e"dr.
0

From (3.5)¢ we have

0r = 786 — (B + 7)g;
SO

X X

(3.10) 9:1'/ g6dx—(ﬁ+f)/ q dx,

0 0
then 6(0) = 6(1) = 0. Using (3.6) and (3.10) in (3.5), we get

—a1 Qxx _aZl//xx“‘%(P = hl S L2(0’ 1)7
(3.11) — B3y — 2P+ P2y — (B4 1)8g = ho € L(0, 1),
— 83— p3(gs —7) fy g6(y) dy = h3 € L*(0,1),

where
M =+ pr+ [ pa(s)e* ds,

(3.12) hy = pgi+piga— [ sta(s)e™ [y eg7(x,T,5) dT ds,

hy = p2(g3+g4) — 10,
hy=—06g3:—p(gs—7 [y 86(y) dy).

The variational formulation associated with (3.11) takes the form

(3.13) B((¢,v.4),(0,v.9)) =F (9,¥,9),

where B:[H; (0,1) x H} (0,1) x L2 (0, 1)}2 — R is the bilinear form
1 1 1
B((¢:y,9),(9,¥.9)) zaz/O (wx¢x+¢x%)dx+////0 <p¢dx+pz/0 Yyrdx
1 1
+a1/0 (Px(pxdx_8(7+ﬁ)/0 qWdx

+(T+ﬁ)/01q51dx+5(f+ﬁ)/()l wGdx

s (e B [ (/qu<y>dy/0xcz<y>dy> dx,

and F : [H!(0,1) x H}(0,1) x L2(0,1)] — R is the linear form

1 1 1 X
F<¢,u7@=/o mam/o hzwx+/0 h3/0 d(y) dy dx,
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where the space V = H!(0,1) x H}(0,1) x L2(0, 1) quipped with the norm
2 by . Lo
lo.valy =ar [ g dr+a [ widrs(B+7) [
which is equivalent to

2
(e, w.qlly = locllz + 1wz + 2 + 1 wll3 + llgl3:

To solve the problem (3.11), it suffices to show that B is continuous and coercive, and that F is
continuous, we can therefore easily see that B and F are bounded, and moreover, we have for a

c>0:
o 1 1 5 1 )
B((9.¥.0)1 (0. 7.0y =202 [ wigudvt (B+7) [ @ dvra [ glax
L L 5 ! 1 2
o [ v [ g aveps(pae? [ (/0 q(y)dy) dx
> Cll(9,v.q) 13-

therefore, according to the Lax-Milgram theorem, the system (3.11) admits a unique solution
@ € H'(0,1),w € H}(0,1) and g € L2(0, 1).

By replacing ¢ in (3.6);, ¥ in (3.6); and ¢ in (3.10) we get
M € Hy(0,1),V €eHLN0,1),6 € H}(0,1),

similarly by inserting u in (3.9) we obtain z,z, € L* ((0,1) x (0,1) x (1,72)) if (¢,g) = (0,0) €
HJ(0,1) x L2(0,1) then (3.13) reduces to
1 o 1
az/o <va7xdx+pz/0 wwdx—5<B+f)/0 qy dx

1
(3.14) — / hoWr dx Y € HL(0,1),

0
which implies
(3.15) P2V = a2@u+ (B+7)8g +hy € L2(0,1),

by the theory of regularity for linear equations, it follows that

v e H*(0,1)NH(0,1).
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Moreover (3.14) is also true for all ¢ € C'([0,1])  H!(0,1) so we have

1 1
p2/0 ye dx+/() (_a2¢xx_5(B+f)q—h2)¢d)C:O,

for all ¢ € C' (|0, 1]), thus using integration by parts and bearing in the mind (3.15),

y(1)9(1) = y2(0)9(0) =0 v¢ € C' ([0, 1]).
So, ¥ (0) = (1) = 0. Therefore we get

—a1Qxx = QZWxx_%(P“f’hl € LZ(O’ 1)7

X
~qc= 8= (B+)ps [ q0) dy+hs € 2(0.1),
thus we have

¢ € H*(0,1)NHy(0,1), g € HL(0,1).

Finally, we ensure the existence of unique ¢ € D(<7) such that (3.5) is satisfied, by the applica-
tion of the regularity theory of linear elliptic equations. Consequently, .27 is maximal operator.

Hence, from Lumer-Phillips theorem the result of Theorem 1 follows. U

4. EXPONENTIAL STABILITY

In this section, we state and prove our stability result for the energy of the solution of system

(2.2), using the multiplier technique. To achieve our goal, we need the following lemmas.

Lemma 1. Let (¢,y,0,q,2) be a solution (2.2) and assume (1.3) holds. Then the energy
functional defined by (2.3) satisfied

d

(4.1) -

(E() < ~BJy P~ (= 2 lwa(s)lds ) Jy oPdx, 1> 0.

Proof. Multiplying the equations (2.2)1, (2.2)2, (2.2)3, and (2.2)4 by ¢y, y;, 0 and g respectively,

and we integrate along [0.1] using the boundary conditions ,and by addition, we obtain

DN | —
Q.l&

1
t/{P1<Pt2+a1¢f+lel/2+a3‘lff+P392+Tq2+2azllfx¢x}dx
0

1

1 1
T
(4.2) =-p / gPdx— 1 / @ dx — / X / 2uz(s)z(x,1,s,t)dsdx.
T
0 0

0 1
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We multiply (2.2)4 by |Uz(s)|z, and integrates over (0,1) x (0,1) x (71,72), we have

1 1 1 T 2 1 1 o 1 )
E/O /0 /T e (x,p,s,t)depdx:_i/o /f /0 |1a2(5)]2% (x, 5, 1)dpdsdx
| |
1 1 T )
__E/O / |,u2(S)’Z (x717sgf)dsdx
T

1 1 T 5
s [ I0) (0,50 dsd,
2 0 T1

and recall that z(x,0,s,t) = ¢y,
1 1 r1
4.3) 5/ / / s|u2(s)\z2(x,p,s,t)dsdpdx———/ / |2 (s)|2%(x, 1, s,1)dsdx
0 0 T

x [ )2 s
0 T1

combining (4.2) and (4.3), we get

1

d 2 2 K
E( —_ﬁ/q dx — .Ul/(P, dx — /(Pz/ Wa(s)z(x, 1,s,¢)dsdx

4.4) // |2 (s)|22 (x, 1,5,1)dsdx + = // |2 ()| @2 (x,1)dsdx.

From Young’s inequality

1 © 1 (53
o ([ meztrsnas)acs s [ ([l ax
0 T T
4.5) +§/0 /le]/.Lz(s)]zz(x,l,s,t)dsdx.

Inserting (4.5) in (4.4), we get

(4.6) e < (ul—— s |ds) / prdx— P / P

1
o [ 7 )o@ nasax, 1 > 0.
2 0 T1

Therefore, we get (4.1).

Lemma 2. Let (¢, Y, 0,q,z) be the solution of (2.2). Then the functional

a
Fi(t):= p1/<pt<pdx—a—§pz/wpdx,
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satisfies the estimate

1 1 1 1
/ 1 2
Fit) = =5 (m—Z—i)/(pfdx+p1/(p,zdx+80/l//t2dx+Cgo/(p,2dx
1 »
4.7) —I—CO/G dx+Co/\u2 |ds//|,u2 (5)| 22 (x,1,s,t) dsdx.
0T

Proof. Differentiating f | (¢) using (2.2); and (2.2),, gives

1 1

i) = pl/wfdx+/<p a1 Qex + a2 Yo — U1 @ — /uz z(x,1,s,t)ds | dx
0 0
1

a a
__2/(P[a3‘//xx+a2q)xx—59x]dx——zpz/l//t(ptdx
as 0 as /

1
= pi / ¢Fdx —a / Qidx— / Q@rdx
0 0 0

Then,

2 ;
ro = - (a- —2)/<p3dx+p1/<p,dx /¢ [ )25 1.5.00ds | d
gl

13

a da
(4.8) ~2p, / vigdx— 22 / 9.0dx.
as as
0 0
Now, we estimate the terms in the right hand side of (4.8). Using Young’s inequality, we have
5 . N 1
a a
4.9) 2 / pOdx < (a1 - —2> / 02dx+Cp / 62dx,
a
30 0
a
(4.10) —épz / wipdx < & / yidx +Cy, / @Fdx.
0

By using the Cauchy-Schwarz’s, Young’s and Poincaré inequalities, we obtain
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(%) 1 n

1
—/(p /,uz(s)z(x,l,s,t)ds dx < Co/|/.12 |ds//\,u2 ) 2% (x,1,s,t) dsdx
0

T 07
(4.11) ( ) / ¢rdx.
Finally, by substituting (4.9), (4.10) and (4.11) in (4.8), we obtain estimate (4.7).

Lemma 3. Let be the solution of (2.2). Then the functional

satisfies the estimate

R < / yids+Cy / Pidv+Cy / pldx

L] (7]
+C81/\H2(S)\ds/ /qu(S)\zz(x,l,s,t)ds dx
T 0 T]
1

2
a
4.12) +2¢ O/ (ﬁ¢x+¢£wx) dx

Proof. Taking the derivative of F, (¢), using (2.2) and integration by parts, we obtain

1

Fat) = az/[alfpxerazwxx—ul(pz /uz x,l,st)a’s](—<p+¢_w)
0 \/_

+P102/(Pt ¢ + /a3y, )dx

N

1
2
a;

aj
_a_30 [a3Wxx+aZ(Pxx_69x](\/_a—3(P+va3W)dx
ul 2
——Pz A q)z—f'\/ W) dx+ <p§0zdx

1
+uax\/az / v @dx + / vodx |,
0 0
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next, we write

Folr) = —alaz/lfp (\/——<Px+\/_llfx)dx az/%( <Px+\/_llfx>
0

[\SX\S]

_Ha

5

1
/fpzfpdx—maz\/%/(p,wdx
0

1
_az/(—a3§0+\/_l//> (/HZ x,l,s,t)ds) dx
0
a3 1
p1—= 2

a\w

1
/ —(px+\/_1//x)dx— 2p2 /tmp,dx
30

1

2

a3 P2 / 21x /
i +Mazy/a3 | yi@dx.
vas ) t
Then,
0 = —a (al——)/wx( ot V@ ) dx
1
_a2/<—(p—|—\/_l[/> (/uz z(x,1,s, t)ds) dx
0
2 1
+P1\/—2_0/ dx-l-Plaz\/_/%‘I/tdx‘f'
1
(4.13) __@p /l//godx— / 2dx+,u1a2\/_/l//(pdx
. a3\/a—30 t\t O t .

Using Young’s inequality in (4.13), we get

1

2
—ay (al — \j—%) /(px (\j—%fprr\/a_w/x) dx
0

1
(4.14) < 81/(_(Px+\/_‘/’x) dx—l—Cgl/gDzdx
0
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1 1
613
(4.15) —ﬁi;/%@ﬂ (/ w+q/¢w
3 3 5
2 1 1
a
(4.16) pra2/as / P vidx < f/’;i [ wiar+ci [ grax
3 0 0
and
1
(4.17) me@/% 2m+q/¢ﬂx
0

By using the Cauchy-Schwarz inequality and those of Young and Poincaré in (4.13), we obtain:

1
_azo/(\/__q)Jr\/_W) /le z(x,1,8,¢)ds | dx

1

2
a
< €/<—x+ a x>dx
1O \/CZ—S(P Vazy;

(7 1 T
(4.18) —|—C€1/|u2 (s)|ds/ /|u2 (5)| 2% (x,1,5,1)ds | dx.
T

Finally, substituting (4.14), (4.15), (4.16), (4.17) and (4.18), we obtain the estimate (4.12).

Lemma 4. Let (¢,y,0,q,z) be the solution of (2.2). Then the functional

1 1
1
=p2 [ vdvrp1 [poar+EL [ g%
0 0

satisfies

! 2
! < " / 2 _/ & . 2
i) < (1 ) ot [ (ot vaw)
2
+C2/92dx+|u1|/ /|u2(s)|z2(x,1,s,t)ds dx
0

(4.19) +m/¢m+m/Wm.

O
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Proof. By differentiating F3 (¢), taking in account the second and the third equations in (2.2),
and integrating by parts, we obtain

1 1

Fg (t) = PZ/%zdx+/(a3lex+a2(Pxx_69x) ll/CbC‘f‘pl/(Ptzdx
0 0
|

+/<p 01 Prx + 0 Y — 111 Q1 — /uz 2(x,1,5,t)ds dx+“1/ ¢*d
0

I 1
I !
— pz/y/fdx—%/l//fdx—az/ (pxl//xdx+3/ Gllfxdx—i—m/(ptzdx

/(pzdx al/ Qpdx — az/ O Yy x——/ 0*d
(%)
—/ (0] /,uz(s) (x,1,s,t)ds | dx.
0
T

Finally, the estimate (4.19) is established, using Young’s and Poincaré inequalities. 0J

Lemma 5. Let (¢,y,0,q,z) be the solution of (2.2). Then the functional F 4(t) =
1
03 g’ 6 (Jo q(y)dy)dx,

satisfies the estimate

1

1
(4.20) Fi(t) < ’)23 / 0%dx+ & / vidx+c (1+ 1) / q’dx.
0 0

Proof. Differentiating Fy (1), and using the equations in (2.2), we obtain

Fy(t) = Tp30/16t </qu(y)dy> dx+fp3o/10% (/qu(y)dy> dx
1

X 1
— T/(—Qx—5llfzx) </0 q(y)dy> dx+ ‘L'p3/0 6;dydx

0

1 1
1 X
— T/qzdx—f—ST/o lV[de+p3/9/o (—ﬁq—ex)dydx
0 0

1 1 1
1 X X
= ’c/qzdx+5r/ l//,qu—ﬁpg/e/ qdydx—pg/e/ 0,dydx.
0 0 0
0 0 0
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Now we use Cauchy-Schwarz and Young’s inequalities

1
Fo) < r/ 2dx-|——/ y/,zdx+61'£3/ qdx— p3/92dx
0

2

+Bp3 8/92dx+lip3/0 (/qudy) dx,

then
1

1
1
F(t) < (’c+618+%)/ qzdx—l—(ﬁp38—p3)/92dx+é/wtzdx.
4e 0 J 4e

0
Thus we get the estimate (4.20).

Lemma 6. Let (¢, v, 0,q,z) be the solution of (2.2). Then the functional

11
(7]
Fs:= [ [ [ se P ()] 2x.pos.r)dsdpar,
1
00

satisfies, for some positive constant my, the following estimate

Fs5() < _ml/// s|ua(s)| 22 (x, p,s,t)dsdpdx

1
“.21) - / / 1a(6)] (. pos.)dsdr+ i [ gPd
00

Proof. Differentiating Fs (1), and using (2.2)s, we obtain

11
(%)
Pa) = =2 [ [ [T e P )|zt pos.a)zpxpos.dsdpd
1
00

d Lo _ 2
= [ [ a() 2.t dsd
dp() T

1 1
T
_/ / / e P |a(s)| 2 (x, 5.1 )dsdpdx
T

0

1
- -/ / [1a(s) e 2 (x,p.5,)dsdpdx — 2(x,0,5,1)]
0
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1 1 .
2
— 2
[ [ [ s e 2xp.s.n)dsdpar
T
00

Since z(x,0,s5,1) = ¢y and e < e P < 1, for all p € [0.1], we get

1 T
(2
0 < = [ [ el 2w s ndsdet [ )lds [ gl
Tl

07

1 1
T
[ [ [ se @) 2 xpos.n)dsdpas.
T
00

Using the fact that —e™* is an increasing function, we have —e ™ < —e™ %, for all s € 1], 12].

Finally, setting m; = e~ and by (1.3), we obtain (4.21). [

Next, we define a Lyapunov functional L and show that it is equivalent to the

energy functional E (7).

Lemma 7. For N sufficiently large, the functional defined by

(4.22) L(t) :=NE (t) + N1 F| + N> F> +2F; + N3Fy + N4Fs,

where N1,N,,N3 and Ny are positive real numbers to be chosen appropriately later, satisfies
(4.23) c1E(t) < L(t) < cE(t), Vt >0,

for two positive constants c| and c;.

Proof. Let L(t) := NE (t) + N\ F| + N2 F> + 2F3 + N3Fy + N4 Fs,

1 a 1
|L(t) —NE (1)| §N1p1/0 (p,(pdx—Nla—3p2/0 W, odx

as

NG

2 1
_N& a2
Nza3pz/o %(\/%(P—f—\/a_ﬂ/)dx

1
+N2P102/0 o ©++/a3y)dx
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+N2 Hi 2/ qudx+N2‘l,Llaz\/_/ v odx

+2p; /0 Yydx+2p) /0 Q@dx+ /0 ¢dx

1 X
+N37p3/0 9(/0 q(y)dy)dx
1 1 T
+N4T/ // 5|tz (5)| € P2 (x, p, 5,1)dsdpdx.
0 0 T

Exploiting Cauchy-Schwarz’s and Young’s and Poincaré inequalities, gives

1
_ < 2 2 2 2 az
LO-NE®)|<C [ (<pt+wt+e i+

+C/ // 5|tz (s)| € P2 (x, p, 5,1)dsdpdx.
T

O+ Vazy)’ + <p3>

<CE(1).
Which yields
(N-C)E(t)<L(t) < (N+C)E ().
Consequently, By choosing N large enough. We obtain estimate (4.23). 0J

Now, we are ready to state and prove the main result of this section.

Theorem 2. Let (¢,y,0,q,z) be the solution (2.2). Then there are two positive constants o

and 'y such that
(4.24) E(t) <aE(0)e ", t>0.

Proof. by differentiating (4.22) and recalling (4.1), (4.7), (4.12), (4.19), (4.20), (4.21) we obtain

2
L'(t) < — N(ul—/|,u2(s)|ds)—N1(Pl+Ceo)—C1N2—2P1—N4H1 /‘Ptzdx

1
A (a—;(px + Ja@3ys) dx — [BN — Nse(1 + ) /qzdx
0 0



SWELLING POROUS ELASTIC SOILS WITH DISRIBUTED DELAY TERM 21

2P2
4,/a3

[p23N3—C()N1 2C2 /92d —[ Ny — &N; — 2p2—82N3]/lV,2dx

1 T
—[N1C0[.L1—C81N2,LL1—2/J1+‘L'N4]//|,uz (S)|Z2 (x,l,s,t)dsdx
07
1 &
—’L'N4/// 1z (5)| 2% (x, p, s5,1) dsdpdx.
07
By setting
& ! & = ! E !
O_Nla 2_N37 1_4N27
we obtain

, 1
L'() < — N(ul—/]uz(s)]ds)—Nl (p1+Cgy) — C1N2 —2p1 — Nap /(Ptzdx
0

T

i o)

1 1
5/, (\jz_(/)x—l—\/—l//x) dx—[BN — N3c (1+N3)] /qzdx
p3 / 2 azpa by
— | = —2 — | —==N,—2p; —2
[2N3 C()N1 Cz}/@ dx {4\/61_3]\]2 P2 }/0 l//tdx
0
1 T
—[NIC()‘UI—CglNQ,lll—2H1+TN4]//|‘u2 (S>|Z2 (x,l,s,t)dsdx
07
1 1 m»
—TN4/// s (5)| 2% (x, p, 5,t) dsdpdx.
07

Next, we carefully choose our constants so that the terms inside the brackets are positive.

We choose N, large enough such that

aspa
4,/a3

o =

Ny—2p,—2>0,
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then we choose N; large enough such that

N a3 a3
o = —l(al — —2) —NyCe, + (al — —2) > 0.
2 as as
OnceN, is fixed, then we choose N3 large enough such that
_Ps3
o3 = ?N3 —CoN; —2C, > 0.

For any N1, N, and N3, choosing N4 large enough that
N1Copty — Ce Na g — 201 + TN4.

Finally, we choose N large enough (even larger so that (4.23) remains valid) so that

T
N Hl—/|ﬂz(s)| — Ny (p1 +Cegy) — C1 N, —2p; — Nyty > 0,
T

and
os =BN—c(1+N3)N3 > 0.

Take, 0 = TN4, we obtain

/ 1 1 a
L)< —/0 <a4<p,2+a1111,2+a392+a5q2+5(\/—a_3<px+\/cl_gwx)2+oc2<pf>

1 &

1
—ao///s\uz(s)\zz(x,p,s,t)dsdpdx
0

07

By (2.3), we get
(4.25) L' (1) < —6oE (1), Vi >0,
for some oy > 0. A combination of (4.23) and (4.25) gives

!/

(4.26) L (t) < —7yL(1), ¥t >0,

Where ¥ = a/C5. A simple integration of (4.26) over (0,7) yields

4.27) L(t) <L(0)e™ ™, Vt>0.

Finally, by combining (4.23) and (4.27) we obtain (4.24) with ox = ngl(o) , which completes the

proof. U
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