Available online at http://scik.org
J. Math. Comput. Sci. 2022, 12:90
https://doi.org/10.28919/jmes/7111
ISSN: 1927-5307

SOME PROPERTIES OF k-GENERALIZED MITTAG LEFFLER FUNCTION
RELATED TO FRACTIONAL CALCULUS

KRISHNA GOPAL BHADANA!, ASHOK KUMAR MEENA', VISHNU NARAYAN MISHRA?>*

1Department of Mathematics, S.P.C. Government College, Ajmer,
Mabharshi Dayanand Saraswati University, Ajmer, Rajasthan-305001, India
2Department of Mathematics, Indira Gandhi National Trible University, Amarkantak,

Madhya Pradesh-484887, India

Copyright © 2022 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. This paper deals with the k-new generalized Mittag Leffler function. Some of its properties related
to fractional calculus are presented viz. k-Weyl fractional integral and k-extended Euler beta integral transform,
Whittaker integral transform. Some important special cases of the main results are also have been discussed.
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1. INnTRODUCTION

The k-Mittag-Leffler functions are important for obtaining the solutions of the integral and differential equa-
tions of the fractional order. The most applicable ares of this functions are dynamical system, quantum me-
chanics, statistical distribution and the references cited therein. Due to great importance of the k-Mittag-Leffler
functions, many researchers have extended the reserch work in the theory of special functions and fractional cal-
culus. During the last decade the interest in k-generalized Mittag-Leffler functions is increased among mathe-
matical researchers due to their vast potential of applications in several applied problems. For k € R™; z € C,

(Ai,Bj #05i=1,...,p; j=1,....,q) and (0 +A;n),(Bj+Bjn) € C\kZ~, Gehlot & Prajapati [6] introduced the
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following k-extension of the Wright function, which known as generalized k-Wright function.

(1) PlPk (Z) = p‘Pk (ai’Ai)l’p 17| = - rk (al +A1n)7“rk(ap +Apn) i
! ! (ﬁhBl)lq n:OFk(Bl+Bl”)7---rk(ﬁq+3qn) n!

Doorego and Cerutti [4] defined the k-Mittag Leffler function for k € R and a, 8,y € C, as follows:

n

® oo = X, on

where Re(ot) > 0, Re(B) > 0, Re(y) > 0. and (7),x = Y(y+k)(y+2k)...(y+n— 1k).
Saxena et.al. [15] extended the generalized k-Mittag Leffler function for k € R and «, 3,7, 7 € C, such as

nrk

©) Eap@= X 5 ant By an+ﬁ)

Our purpose in this paper is to establised some fractional calculus results and properties of the k-new generalized
Mittag-Leffler function, introduced by Gupta & Parihar [1] for k € R; o, 3,7, 6 € C, such that

n

1,0.8 - snk <
@ Ekaﬁ ; Oerﬁ) (6 )rn,k

where Re(a) > 0,Re(B) > 0,Re(y) > 0,Re(8) > 0 and r,s > 0 with s < Re(a) +r and (Y)snx = %&"H denotes
the generalized Pochhammer symbol.

For particular k = 1, above equation reduces in generalized Mittag-Leffler functions defined by Salim and Faraj
[18], which is absolutely convergent for all values of z provided that s < r+ Re(a) and if s = r + Re() then

E%ﬁ (z) converges for |z] < 1.

Y,8,8 o - (Y)sn b
® Eaprld) = X Fan+ B 01

The functional relation between k-new generalized Mittag-Leffler function and Mittag-Leffler function (5) is given

§ r
sl s3

%) ra = () ' ("f)

and in particular case

bellow [18];

(©) Eloy, () =k~

®) Lu(d) = ()T (i)

Proposition 1.2. Let k,s € R, n € Nand A € C then the following identity holds

© Mg = ()" ("f)q
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and in particular case

(10 s =017 (3)

2. PRELIMINARIES AND DEFINITIONS

Definition 2.1. The k-Pochhammer symbol (4 ), x was introduced by Diaz and Pariguan [14] and defined as
(11) M)k =A(A+k)(A+2k)...(A+n—1k), where A €C,keRneN
Definition 2.2. k-Gamma function I';(1) was defined by Diaz and Pariguan [14] as

00 k
(12) rk(A)z/ e FEFGE, where 2 € C,k € R,Re(A) > 0
JO

(13) and T(A+k)=ATk(A)

Definition 2.3. k-Beta function I'; (1) was defined by Diaz and Pariguan [14] as

1 ’
(14) Beley) = [ €71(1- 818 k> 0,Re(x) > 0,Re(r) >0
~ L()h(y)
(15) and Bk(xay) - Tk(x—l—y)

Definition 2.4. Let A be a real number, 0 < A < 1 and k > 0, then k-Weyl fractional integral [7] is defined as

16) WA = o 60

Definition 2.5. Let A > 0 be a real number, then k- Riemann Liouville fractional integral [1] is defined as

1

a7 Haf )= g | -9 A@aE k>0

Definition 2.6. Let k >0, Re(A) >0, Re(x) > 0, Re(y) > 0 then k-analogue of the extended Euler beta function [17]
(8) Buleyd) = & [(ei1 g ( A~ >d€
X, s =7 ¢ - ex ——
T P\ke(r=¢)

where original beta k-function is given by By (x,y) = [;"Bx(x— 1,y — 1;A)dA.

Definition 2.7. For Re (1 +m) > f% the following integral formula introduced by Whittaker and Watson [2]

© F(34+u+mT(3—p+
(19) /0 e*jémflw}hudé: (2 I'll'_‘(lni)l_(kZm)” m)

where W), , is the Whittaker confluent hypergeometric function.
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3. MAIN RESULTS
Theorem 3.1. If k € R; a, 3,7,0 € C, Re(a) > 0,Re(B) > 0,Re(7y) > 0,Re(8) > 0; r,s > 0 and s < Re(ax) +r,

then the following result hold true

_B+A

B2 s _a _B s _a
(20) Wi [T EL (0 )] =2 FES, (00 )
Proof. By applying (4) in (16), we have
2 _B+A ')/_’573 _a _ 1 - &,71 B+ 73533 *g,
Wl e 0 D] = gy |, €9t e R (08 e

1 /w 2o, b Pk 0"ET

= —7)*% k : d

wm e CT T L an By e

interchange the order of summation and integration to get

— 1 - (Y).m,k " /°° Ay antpih

) & Tilan+B) (8) e €7
Letﬂz%,then

S Y oo D wnz_%n/le%—l(l 6)“i 140

7](1—‘]{()‘)”:01—‘1{(06114—[3) (S)m,k 0

O

Theorem 3.2. If k € R; a,f3,7,0 € C, Re(a) > 0,Re(B) > 0,Re(y) > 0,Re(8) > 0; r,s > 0 and s < Re(at) +r,

then the following result hold true

2 b_1 7.8, a\] _ Atb 1 y8.s a [ (an+b)
ey |-t By, (0k-af )| = o) Ek,a,ﬁ,r(w@—a)‘)m

Proof. By applying (4) in (17), we have

et B (06-af)] = fm [ et @ -af B (0l —a)f )ag

1 an

_ : _ %71 —a %*1 = (}/)sn,k (g”(é—a)T
_kl“k(/l)/a(z DT L Rt B O

interchange the order of summation and integration to get

o 1 - (}/>sn,k " : _
= M6 & Ty (an+ B) <6>m,k/a (z=¢)

n=0

>

e

Let 6 = =%, then

z—a’

an
k

1 At+b 4 — (’Y)snk w"(z—a) /l antb g A_q
: 0 & 1-0)xde
n;)rk( 0 1-8)

=i antB) ()me

o Atb_ |,y 85 _ N\ M
—(Z a) K Ek,oc,ﬂ.,r(co(Z a)k)Fk(an+b+)L)
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Special Case 1. Fora =0, b = 8 and ® = 1 in the Theorem 3.2, we deduce the following results, due to Gupta

and Parihar [1]

Al B g o B+A 5, a
@2) p[EES s (20)] =, ()

O

Theorem 3.3. If k e R; a,f,7,8 € C, Re(a) > 0,Re(P) > 0,Re(y) > 0,Re(8) > 0;r,s > 0 and s < Re(@) +r,

then the following result hold true

b k a
(23) /01 Eit(1—&)kexp (ké(?—é)) E,Z‘a b (26 R)dE = kE,Z’g:;J(z)Bk(an+a,b;A)

where By (an+a,b;A), is the k-analogue of the extended Eulers beta function.

Proof. First we denote L.H.S. of (23) by integration symbol /; and then expanding EZ’ P (z€ %) by using (4)

h= /5"1 Zlexp( KE(1-E )Z ar;}rﬁ)(n()gr:,kdg

interchange the order of summation and integration to get

:Z arf"—fﬁ mk/ - )i_le"p(‘kaﬁé))df

now using result of (18), we have

d sn k "
= kBi(an+a,b;A
; Om"‘ﬁ) ( )rn,k k( )

kE%

ko pr (z) Bx(on+a,b;A)

Special Case 2. For a = 3, b = § and A = 0 in the Theorem 3.3, we deduce the following results

[ - B (£ HaE = kETS; ) Bulan+ B.6:0)

Now using the result By (x,y;0) = Bi(x,y), due to Mubeen et.al [17]

1 1 o s
24) s 60O B e e =L 5,0

which is the Beta transform of k-new generalized Mitta-Leffler function, obtained by Gupta and Parihar [1]

Special Case 3. For k = 1 and A = 0 in the Theorem 3.3, we deduce the following results

[ 0 B e = B ) Blan-+a.b:0)
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Now using the (4) and result B(x,y;0) = B(x,y), due to Mubeen et.al [17]

v s I(b)[(8) (v,8), (a, @), (1,1);
(25) a—1 1— b 1E7,67 NgE = T
R R TR (B.a),(5.1),(a+b.);

which is the Beta transform of the generalized Mitta-Leffler function, obtained by salim and Faraj [18]

Theorem 3.4. If k € R; a,f,7,8 € C, Re(at) > 0,Re(B) > 0,Re(y) > 0,Re(8) > 0; r,s >0 and s < Re(a) +r,

then the following result hold true

=R

I . )
/t (x—z)rl(z—t)%*lE]Z’i’b,r (/l(z—t)

To(a) )z

s a I'i(an+b
(26) =(x—1)* IEZ’giﬁ,r(W‘t)Ork(gniaﬁw

Proof. First we denote L.H.S. of (26) by integration symbol I, and then by changing the variable z to & = %,

1

1 atb _1.b_ a_ s a a
b= G T 0 (e 0T )ag

on

k= ;/olwr)%lé%—l(l Cgyity  Wae AT o0T

I(@) LT(anth) O

interchange the order of summation and integration to get

= - (Y)Sn,k ln(xft)% 1 anTerfl e
PETR@ AT B) G f, e ot

L= i (Y)smk },n(x—t)% rk(an+b)rk(a)
2T Fk(a Fk(an"i'ﬁ) (6)rn,k Fk(an+a+b)

ath _ S5 a Ii(an+b
h=x-1) ; lEY B, (l(x—t)k> Fk(I;EnJraJr)b)

Special Case 4. For a = §, b = f3 and k = 1 in the Theorem 3.4, we deduce the following results

1 X o— — ,5,5 o _ K — ,5,3‘ o
27) @/, (=2 =P ELS Az =) dz = (x =) PEL S (A (x—1)%)

which is the result obtained by Salim and Faraj [18], page 6

Theorem 3.5. If k€ R; o, 3,7,6 € C, Re(ar) > 0,Re(f) > 0,Re(7y) > 0,Re(5) >0; r,s >0and s < Re(a) +r,then

the following result hold true

/Oe*%‘f”t@V*lWM(q)t)E,Zt’2:27r(wt")dt

k(8) (7,5k), (5 + pk + Gk, 0k), (k k) wgp—°

28) =k"H kgt e
T | (Boa), (8,7k), (k— Ak+ Ch,ok) KT
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Proof. By apply (4) in the L.H.S. of (28), we have

< o1 — S5
/0 e 2918 Wi (90EL (@)

Let¢r =0

3 C* 1 o on
_ 67%9 <9> Z snk " (9) id@
0 (0 n=0 w(on+B) (6 )rn,k ¢ ¢
interchange the order of summation and integration to get

grk () i e (7 + snk) @9 —0"
’}/ n:()l"k an+[3)Fk(5+rnk)

/ 7%9 9C+Gn71Wl7’u(6)d9

& ku+kC+kon & _ku+kC+kon k-kn
Fk(}/+snk)r<2 3 )F(z 3 )F(J'I_c) (wp=°)"

Li(y) =, (o + BTk (8 + rnk)T (w) n!

Now using the identity I' (1) = k'~ ¥ T (1) and definition of k-Wright function [6] in above, we get

L U
Ti(7) (B, ), (8,7k), (k— A+ Ck,ok) K7

Special Case 5. For r = p, s = g and k = 1 in the Theorem 3.5, we deduce the following results

C Lo e s
/0 e S, L (9N ELS (@1®)dr

L) g | (ha:(GEr+g.0).0.0

29 _4-¢ ;09 °
’ r(y*? (B,a),(8,p),(1 -1+, 0) “0

which is the Whittaker transform of generalized Mittag-Leffler function given by Salim and Faraj [18], page 8 [
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