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Abstract. This paper deals with the k-new generalized Mittag Leffler function. Some of its properties related

to fractional calculus are presented viz. k-Weyl fractional integral and k-extended Euler beta integral transform,

Whittaker integral transform. Some important special cases of the main results are also have been discussed.
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1. INTRODUCTION

The k-Mittag-Leffler functions are important for obtaining the solutions of the integral and differential equa-

tions of the fractional order. The most applicable ares of this functions are dynamical system, quantum me-

chanics, statistical distribution and the references cited therein. Due to great importance of the k-Mittag-Leffler

functions, many researchers have extended the reserch work in the theory of special functions and fractional cal-

culus. During the last decade the interest in k-generalized Mittag-Leffler functions is increased among mathe-

matical researchers due to their vast potential of applications in several applied problems. For k ∈ R+; z ∈ C,

(Ai,B j 6= 0; i = 1, ..., p; j = 1, ...,q) and (αi +Ai n) ,(β j +B j n) ∈ C \ kZ−, Gehlot & Prajapati [6] introduced the
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following k-extension of the Wright function, which known as generalized k-Wright function.

(1) pΨ
k
q (z) = pΨ

k
q

 (αi,Ai)1,p

(β j,B j)1,q

; z

=
∞

∑
n=0

Γk (α1 +A1n) , ..Γk (αp +Apn)
Γk (β1 +B1n) , ...Γk (βq +Bqn)

zn

n!

Doorego and Cerutti [4] defined the k-Mittag Leffler function for k ∈ R and α,β ,γ ∈ C, as follows:

(2) Eγ

k,α,β (z) =
∞

∑
n=0

(γ)n,k

Γk(αn+β )

zn

n!

where Re(α)> 0, Re(β )> 0, Re(γ)> 0. and (γ)n,k = γ(γ + k)(γ +2k)...(γ +n−1k).

Saxena et.al. [15] extended the generalized k-Mittag Leffler function for k ∈ R and α,β ,γ,τ ∈ C, such as

(3) Eγ,τ
k,α,β (z) =

∞

∑
n=0

(γ)nτ,k

Γk(αn+β )

zn

n!

Our purpose in this paper is to establised some fractional calculus results and properties of the k-new generalized

Mittag-Leffler function, introduced by Gupta & Parihar [1] for k ∈ R; α,β ,γ,δ ∈ C, such that

(4) Eγ,δ ,s
k,α,β ,r(z) =

∞

∑
n=0

(γ)sn,k

Γk(αn+β )

zn

(δ )rn,k

where Re(α)> 0,Re(β )> 0,Re(γ)> 0,Re(δ )> 0 and r,s > 0 with s≤ Re(α)+ r and (γ)sn,k =
Γk(γ+snk)

Γk(γ)
denotes

the generalized Pochhammer symbol.

For particular k = 1, above equation reduces in generalized Mittag-Leffler functions defined by Salim and Faraj

[18], which is absolutely convergent for all values of z provided that s < r +Re(α) and if s = r +Re(α) then

Eγ,δ ,s
α,β ,r(z) converges for |z|< 1.

(5) Eγ,δ ,s
α,β ,r(z) =

∞

∑
n=0

(γ)sn

Γ(αn+β )

zn

(δ )rn

The functional relation between k-new generalized Mittag-Leffler function and Mittag-Leffler function (5) is given

bellow [18];

(6) Eγ,δ ,s
k,α,β ,r(z) = k1− β

k ×E
γ

k ,
δ

k ,s
α

k ,
β

k ,r

(
k−

α

k
rr

ss z
)

Proposition 1.1. Let k,s ∈ R and λ ∈ C then the following identity holds

(7) Γs(λ ) =
( s

k

) λ
s −1

Γk

(
kλ

s

)
and in particular case

(8) Γk(λ ) = (k)
λ

k −1
Γ

(
λ

k

)
Proposition 1.2. Let k,s ∈ R, n ∈ N and λ ∈ C then the following identity holds

(9) (λ )nq,s =
( s

k

)nq
(

kλ

s

)
nq
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and in particular case

(10) (λ )nq,k = (k)nq
(

λ

k

)
nq

2. PRELIMINARIES AND DEFINITIONS

Definition 2.1. The k-Pochhammer symbol (λ )n,k was introduced by Diaz and Pariguan [14] and defined as

(11) (λ )n,k = λ (λ + k)(λ +2k)...(λ +n−1k), where λ ∈ C,k ∈ R,n ∈ N

Definition 2.2. k-Gamma function Γk(λ ) was defined by Diaz and Pariguan [14] as

(12) Γk(λ ) =
∫

∞

0
e−

ξ k
k ξ

λ−1dξ , where λ ∈ C,k ∈ R,Re(λ )> 0

(13) and Γk(λ + k) = λ Γk(λ )

Definition 2.3. k-Beta function Γk(λ ) was defined by Diaz and Pariguan [14] as

(14) Bk(x,y) =
1
k

∫ 1

0
ξ

x
k−1(1−ξ )

y
k−1dξ , k > 0,Re(x)> 0,Re(y)> 0

(15) and Bk(x,y) =
Γk(x)Γk(y)
Γk(x+ y)

Definition 2.4. Let λ be a real number, 0 < λ < 1 and k > 0, then k-Weyl fractional integral [7] is defined as

(16) W λ
k f (x) =

1
kΓk(λ )

∫
∞

x
(ξ − x)

λ

k −1 f (ξ )dξ

Definition 2.5. Let λ > 0 be a real number, then k- Riemann Liouville fractional integral [1] is defined as

(17) Iλ
k,a f (x) =

1
kΓk(λ )

∫ x

a
(x−ξ )

λ

k −1 f (ξ )dξ ; k > 0

Definition 2.6. Let k > 0, Re(A)> 0, Re(x)> 0, Re(y)> 0 then k-analogue of the extended Euler beta function [17]

(18) Bk(x,y,A) =
1
k

∫ 1

0
ξ

x
k−1(1−ξ )

y
k−1exp

(
− Ak

kξ (1−ξ )

)
dξ

where original beta k-function is given by Bk(x,y) =
∫

∞

0 Bk(x−1,y−1;A)dA.

Definition 2.7. For Re(µ±m)>− 1
2 the following integral formula introduced by Whittaker and Watson [2]

(19)
∫

∞

0
e−

1
2 ξ

m−1Wλ ,µ dξ =
Γ
( 1

2 +µ +m
)

Γ
( 1

2 −µ +m
)

Γ(1−λ +m)

where Wλ ,µ is the Whittaker confluent hypergeometric function.
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3. MAIN RESULTS

Theorem 3.1. If k ∈ R; α,β ,γ,δ ∈ C, Re(α) > 0,Re(β ) > 0,Re(γ) > 0,Re(δ ) > 0; r,s > 0 and s < Re(α)+ r,

then the following result hold true

(20) W λ
k

[
z−

β+λ

k Eγ,δ ,s
k,α,β ,r(ωz−

α

k )
]
= z−

β

k Eγ,δ ,s
k,α,β+λ ,r(ωz−

α

k )

Proof. By applying (4) in (16), we have

W λ
k

[
z−

β+λ

k Eγ,δ ,s
k,α,β ,r(ωz−

α

k )
]
=

1
kΓk(λ )

∫
∞

z
(ξ − z)

λ

k −1
ξ
− β+λ

k Eγ,δ ,s
k,α,β ,r(ωξ

− α

k )dξ

=
1

kΓk(λ )

∫
∞

z
(ξ − z)

λ

k −1
ξ
− β+λ

k

∞

∑
n=0

(γ)sn,k

Γk(αn+β )

ωnξ
− αn

k

(δ )rn,k
dξ

interchange the order of summation and integration to get

=
1

kΓk(λ )

∞

∑
n=0

(γ)sn,k

Γk(αn+β )

ωn

(δ )rn,k

∫
∞

z
(ξ − z)

λ

k −1
ξ
− αn+β+λ

k dξ

Let θ = ξ−z
ξ

, then

=
z−

β

k

kΓk(λ )

∞

∑
n=0

(γ)sn,k

Γk(αn+β )

ωnz−
αn
k

(δ )rn,k

∫ 1

0
θ

λ

k −1(1−θ)
αn+β

k −1dθ

= z−
β

k Eγ,δ ,s
k,α,β+λ ,r

(
ωz−

α

k

)
�

Theorem 3.2. If k ∈ R; α,β ,γ,δ ∈ C, Re(α) > 0,Re(β ) > 0,Re(γ) > 0,Re(δ ) > 0; r,s > 0 and s < Re(α)+ r,

then the following result hold true

(21) Iλ
k,a

[
(z−a)

b
k−1Eγ,δ ,s

k,α,β ,r

(
ω(z−a)

α

k

)]
= (z−a)

λ+b
k −1Eγ,δ ,s

k,α,β ,r

(
ω(z−a)

α

k

)
Γk(αn+b)

Γk(αn+b+λ )

Proof. By applying (4) in (17), we have

Iλ
k,a

[
(z−a)

b
k−1Eγ,δ ,s

k,α,β ,r

(
ω(z−a)

α

k

)]
=

1
kΓk(λ )

∫ z

a
(z−ξ )

λ

k −1(ξ −a)
b
k−1Eγ,δ ,s

k,α,β ,r

(
ω(ξ −a)

α

k

)
dξ

=
1

kΓk(λ )

∫ z

a
(z−ξ )

λ

k −1(ξ −a)
b
k−1

∞

∑
n=0

(γ)sn,k

Γk(αn+β )

ωn(ξ −a)
αn
k

(δ )rn,k
dξ

interchange the order of summation and integration to get

=
1

kΓk(λ )

∞

∑
n=0

(γ)sn,k

Γk(αn+β )

ωn

(δ )rn,k

∫ z

a
(z−ξ )

λ

k −1(ξ −a)
αn+b

k −1dξ

Let θ = ξ−a
z−a , then

=
1

kΓk(λ )
(z−a)

λ+b
k −1

∞

∑
n=0

(γ)sn,k

Γk(αn+β )

ωn(z−a)
αn
k

(δ )rn,k

∫ 1

0
θ

αn+b
k −1(1−θ)

λ

k −1dθ

= (z−a)
λ+b

k −1Eγ,δ ,s
k,α,β ,r

(
ω(z−a)

α

k

)
Γk(αn+b)

Γk(αn+b+λ )
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Special Case 1. For a = 0, b = β and ω = 1 in the Theorem 3.2, we deduce the following results, due to Gupta

and Parihar [1]

(22) Iλ
k

[
z

β

k −1Eγ,δ ,s
k,α,β ,r

(
z

α

k

)]
= z

β+λ

k −1Eγ,δ ,s
k,α,β+λ ,r

(
z

α

k

)
�

Theorem 3.3. If k ∈ R; α,β ,γ,δ ∈ C, Re(α) > 0,Re(β ) > 0,Re(γ) > 0,Re(δ ) > 0;r,s > 0 and s < Re(α)+ r,

then the following result hold true

(23)
∫ 1

0
ξ

a
k−1(1−ξ )

b
k−1exp

(
− Ak

kξ (1−ξ )

)
Eγ,δ ,s

k,α,β ,r(zξ
α

k )dξ = kEγ,δ ,s
k,α,β ,r(z)Bk(αn+a,b;A)

where Bk(αn+a,b;A), is the k-analogue of the extended Eulers beta function.

Proof. First we denote L.H.S. of (23) by integration symbol I1 and then expanding Eγ,δ ,s
k,α,β ,r(zξ

α

k ) by using (4)

I1 ≡
∫ 1

0
ξ

a
k−1(1−ξ )

b
k−1exp

(
− Ak

kξ (1−ξ )

)
∞

∑
n=0

(γ)sn,k

Γk(αn+β )

znξ
αn
k

(δ )rn,k
dξ

interchange the order of summation and integration to get

I1 ≡
∞

∑
n=0

(γ)sn,k

Γk(αn+β )

zn

(δ )rn,k

∫ 1

0
ξ

αn+a
k −1(1−ξ )

b
k−1exp

(
− Ak

kξ (1−ξ )

)
dξ

now using result of (18), we have

I1 ≡
∞

∑
n=0

(γ)sn,k

Γk(αn+β )

zn

(δ )rn,k
k Bk(αn+a,b;A)

I1 ≡ k Eγ,δ ,s
k,α,β ,r(z)Bk(αn+a,b;A)

�

Special Case 2. For a = β , b = δ and A = 0 in the Theorem 3.3, we deduce the following results∫ 1

0
ξ

β

k −1(1−ξ )
δ

k −1Eγ,δ ,s
k,α,β ,r(zξ

α

k )dξ = k Eγ,δ ,s
k,α,β ,r(z)Bk(αn+β ,δ ;0)

Now using the result Bk(x,y;0) = Bk(x,y), due to Mubeen et.al [17]

(24)
1

Γk(δ )

∫ 1

0
ξ

β

k −1(1−ξ )
δ

k −1Eγ,δ ,s
k,α,β ,r(zξ

α

k )dξ = k Eγ,δ ,s
k,α,β+δ ,r(z)

which is the Beta transform of k-new generalized Mitta-Leffler function, obtained by Gupta and Parihar [1]

Special Case 3. For k = 1 and A = 0 in the Theorem 3.3, we deduce the following results∫ 1

0
ξ

a−1(1−ξ )b−1Eγ,δ ,s
α,β ,r(zξ

α)dξ = Eγ,δ ,s
α,β ,r(z)B(αn+a,b;0)
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Now using the (4) and result B(x,y;0) = B(x,y), due to Mubeen et.al [17]

(25)
∫ 1

0
ξ

a−1(1−ξ )b−1Eγ,δ ,s
α,β ,r(zξ

α)dξ =
Γ(b)Γ(δ )

Γ(γ)
3Ψ3

 (γ,s),(a,α),(1,1);

(β ,α),(δ ,r),(a+b,α);
z


which is the Beta transform of the generalized Mitta-Leffler function, obtained by salim and Faraj [18]

Theorem 3.4. If k ∈ R; α,β ,γ,δ ∈ C, Re(α) > 0,Re(β ) > 0,Re(γ) > 0,Re(δ ) > 0; r,s > 0 and s < Re(α)+ r,

then the following result hold true

1
Γk(a)

∫ x

t
(x− z)

a
k−1(z− t)

b
k−1Eγ,δ ,s

k,α,β ,r

(
λ (z− t)

α

k

)
dz

(26) = (x− t)
a+b

k −1Eγ,δ ,s
k,α,β ,r

(
λ (x− t)

α

k

)
Γk(αn+b)

Γk(αn+a+b)

Proof. First we denote L.H.S. of (26) by integration symbol I2 and then by changing the variable z to ξ = z−t
x−t ,

I2 ≡
1

Γk(a)

∫ 1

0
(x− t)

a+b
k −1

ξ
b
k−1(1−ξ )

a
k−1Eγ,δ ,s

k,α,β ,r

(
λξ

α

k (x− t)
α

k

)
dξ

I2 ≡
1

Γk(a)

∫ 1

0
(x− t)

a+b
k −1

ξ
b
k−1(1−ξ )

a
k−1

∞

∑
n=0

(γ)sn,k

Γk(αn+β )

λ nξ
αn
k (x− t)

αn
k

(δ )rn,k
dξ

interchange the order of summation and integration to get

I2 ≡
(x− t)

a+b
k −1

Γk(a)

∞

∑
n=0

(γ)sn,k

Γk(αn+β )

λ n(x− t)
αn
k

(δ )rn,k

∫ 1

0
ξ

αn+b
k −1(1−ξ )

a
k−1dξ

I2 ≡
(x− t)

a+b
k −1

Γk(a)

∞

∑
n=0

(γ)sn,k

Γk(αn+β )

λ n(x− t)
αn
k

(δ )rn,k

Γk(αn+b)Γk(a)
Γk(αn+a+b)

I2 ≡ (x− t)
a+b

k −1Eγ,δ ,s
k,α,β ,r

(
λ (x− t)

α

k

)
Γk(αn+b)

Γk(αn+a+b)

�

Special Case 4. For a = δ , b = β and k = 1 in the Theorem 3.4, we deduce the following results

(27)
1

Γ(δ )

∫ x

t
(x− z)δ−1(z− t)β−1Eγ,δ ,s

α,β ,r (λ (z− t)α)dz = (x− t)δ+β−1Eγ,δ ,s
α,β+δ ,r (λ (x− t)α)

which is the result obtained by Salim and Faraj [18], page 6

Theorem 3.5. If k∈R; α,β ,γ,δ ∈C, Re(α)> 0,Re(β )> 0,Re(γ)> 0,Re(δ )> 0; r,s> 0 and s<Re(α)+r,then

the following result hold true ∫
∞

0
e−

1
2 φ ttζ−1Wλ ,µ(φ t)Eγ,δ ,s

k,α,β ,r(ωtσ )dt

(28) = k1−λ−ζ ×φ
−ζ Γk(δ )

Γk(γ)
4Ψ

k
3

 (γ,sk),( k
2 ±µk+ζ k,σk),(k,k)

(β ,α),(δ ,rk),(k−λk+ζ k,σk)
;

ωφ−σ

k1+σ


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Proof. By apply (4) in the L.H.S. of (28), we have

∫
∞

0
e−

1
2 φ ttζ−1Wλ ,µ(φ t)Eγ,δ ,s

k,α,β ,r(ωtσ )dt

Let φ t = θ

=
∫

∞

0
e−

1
2 θ

(
θ

φ

)ζ−1

Wλ ,µ(θ)
∞

∑
n=0

(γ)sn,k

Γk(αn+β )

ωn

(δ )rn,k

(
θ

φ

)σn 1
φ

dθ

interchange the order of summation and integration to get

= φ
−ζ Γk(δ )

Γk(γ)

∞

∑
n=0

Γk(γ + snk)ωnφ−σn

Γk(αn+β )Γk(δ + rnk)

∫
∞

0
e−

1
2 θ

θ
ζ+σn−1Wλ ,µ(θ)dθ

= φ
−ζ Γk(δ )

Γk(γ)

∞

∑
n=0

Γk(γ + snk)Γ
(

k
2+kµ+kζ+kσn

k

)
Γ

(
k
2−kµ+kζ+kσn

k

)
Γ
( k+kn

k

)
Γk(αn+β )Γk(δ + rnk)Γ

(
k−kλ+kζ+kσn

k

) (ωφ−σ )
n

n!

Now using the identity Γ
(

η

k

)
= k1− η

k Γk (η) and definition of k-Wright function [6] in above, we get

= φ
−ζ k1−λ−ζ Γk(δ )

Γk(γ)
4Ψ

k
3

 (γ,sk),( k
2 ±µk+ζ k,σk),(k,k)

(β ,α),(δ ,rk),(k−λk+ζ k,σk)
;

ωφ−σ

k1+σ


Special Case 5. For r = p, s = q and k = 1 in the Theorem 3.5, we deduce the following results

∫
∞

0
e−

1
2 φ ttζ−1Wλ ,µ(φ t)Eγ,δ ,q

α,β ,p(ωtσ )dt

(29) = φ
−ζ Γ(δ )

Γ(γ)
4Ψ3

 (γ,q),( 1
2 ±µ +ζ ,σ),(1,1)

(β ,α),(δ , p),(1−λ +ζ ,σ)
;ωφ

−σ


which is the Whittaker transform of generalized Mittag-Leffler function given by Salim and Faraj [18], page 8 �
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