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Abstract. In this paper, we introduce the concept of generalized rational o-contraction for multivalued mappings
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of multivalued mappings.
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1. INTRODUCTION

By the introduction of a-y-contraction, an important generalization of Banach contraction
had been made by Samet, Vetro and Vetro [3]. They consider ¥ as a family of nondecreasing
functions y : [0,400) — [0,400) so that L7 y" () < +oo for t > 0, where y" denotes the
n'" iterate of w. They also defined a new type of mapping called c-admissible mapping
for their study. The concept of -admissible draws the attention of many researchers
and hence generalized further as triangular «a-admissible [2], «-orbital admissible and

triangular o-orbital admissible [3]. A new concept known as generalized o-y-Geraghty
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contraction type for multivalued mappings was introduced in 2017 by Ameer et al. [8].
Moreover, Bakhtin [4], by generalizing metric space, introduced b-metric space. For

more results on various types of contraction mappings and b-metric space, one can see in

[5,7,9,14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28].

Here, the concept of generalized rational o-contraction for multivalued mappings in the

setting of b-metric spaces is introduced.

2. PRELIMINARIES

We start this section with some definitions.

Definition 1. [4] Let s > 1 be a real number and d : X*> — [0, +o0) be a mapping where X # ¢
such that for all k,T,0 € X

(i): d(x,7) =0 implies and is implied by kK = T,

(ii): d(x,7) =d(7,x)

(iii): d(x,7) <s[d(x,0)+d(w,T)]

Then we say that d is a b-metric on X.

Definition 2. [3] Let P: X — X and o : X X X — [0, 4o0) be two mappings with the condition

that if a(x,T) > 1 implies (Px,Pt) > 1, then P is said to be o.-admissible .

Definition 3. [10] Let P: X — X and o : X X X — [0,+00) be two mappings such that P is o.-
admissible and satisfying the property that if a(k,®) > 1 and o/(@,7) > 1 imply o(x,T) > 1,

then P is said to be triangular o.-admissible.

Definition 4. [11] Let P: X — X and o : X x X — [0, +o0) be two mappings with the condition

that if a(k,Px) > 1 implies o(Px,P>x) > 1, then P is said to be o-orbital admissible.

Definition 5. [11] Let P: X — X and o : X X X — [0,+00) be two mappings such that P is
oc-orbital admissible and satisfying the property that if a(x,t) > 1 and a(t,Pt) > 1 imply

o(x,Pt) > 1, then P is said to be triangular o.-orbital admissible.



NEW GENERALIZED RATIONAL o,,-CONTRACTION 3

Let us consider a b-metric space (X,d) and let CB(X) denotes the family of all closed and
bounded subsets of X.For k € X and M,N € CB(X), we define

D(x,M) = inf d(k,a) and D(M,N) = sup D(a,N).
acM acM

Let H : CB(X)? — [0, 40) be a mapping defined as

H(M,N) = max{sup D(x,N),supD(t,M)},
KeEM TEN

for every M,N € CB(X). Then, H is a b-metric and it is named as a Hausdorff b-metric induced

by a b-metric space (X,d).

Lemma 1. [6] Let us consider a b-metric space (X,d). Then, for any x,T € X and any M,N €
CB(X), we have the following:

(i): D(x,N) <d(x,b), forany b € N,
(ii): D(x,N) < H(M,N),
(iii): D(x,M) < s[d(x,t)+D(t,N)].

Lemma 2. [6] Let us consider two nonempty closed and bounded subsets, M and N of a b-
metric space (X,d) and q < 1. Then, for every a € M, there exists some b € N such that
qd(a,b) <H(M,N).

Definition 6. [12] Let o : X X X — [0,+0) be a mapping and P : X — CB(X) be a multival-
ued mapping satisfying the property that if a(x,t) > 1 implies that o..(Px,Pt) > 1, where
o.(M,N) =inf{o(x,7): Kk € M,T € N}, then P is said to be a.-admissible.

Definition 7. [13] Consider a b-metric space, (X,d) and a mapping o : X x X — [0,4o0). If
every Cauchy sequence {K,} in X with (K, K,+1) > 1 for all n € N converges in X, then X is

said to be complete.

Lemma 3. [1] Let us consider a b-metric space, (X,d) with s > 1 and a sequence {K,} in
X. If there exists v € [0,1) satisfying d(Kp+1,Kn) < Yd(Kn, Kn—1) for all n € N, then {x,} is a

b-Cauchy sequence.
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Definition 8. [13] Ler (X,d) be a b-metric space. Let P: X — X be a mapping and o,,n :
X X X — [0,400) be two functions. we say that P is o-1-continuous mapping on (X,d) if for
given kK € X and a sequence {K,} in X with a.(K,,K,+1) > 1 for all n € N such that x,, — K as
n — +oo, then PK,, — PK as n — +oo.

If N (K, Kyt1) = 1, then P is called an a-continuous mapping.

Let ¥ denote the class of functions ¥ : [0,+c0) — [0,+0c0) which is nondecreasing, continu-

ous and y(r) = 0 if and only if = 0.

3. MAIN RESULTS

Following definitions and properties will be needed for our results.

Definition 9. [8] Let P,Q : X — CB(X) be two multi-valued mappings and ot : X x X — [0, +o0)
be a function. Then the pair (P,Q) is said to be triangular o.-admissible if the following
conditions hold:

(i): (P,Q) is ou-admissible; that is, o(x,t) > 1 implies o.(Px,Qt) > 1 and

o (Qx,Pt) > 1, where
o (M,N)=inf{a(k,7): k€ M,T € N},

(ii): a(k,w)>1and a(w,7) > 1 imply a(x,7) > 1

Definition 10. [8] Let P,Q : X — CB(X) be two multi-valued mappings and o, : X x X — [0, +o0)
be a function. Then the pair (P, Q) is said to be a.-orbital admissible if the following condition

holds:

(): a.(x,Px) > 1 and a,(x,0x) > 1 imply o, (Px,0°k) > 1 and o, (Qx, P?x) > 1.

Definition 11. [8] Let P,Q : X — CB(X) be two multi-valued mappings and o, : X x X — [0, 4-0)
be a function. Then the pair (P, Q) is said to be triangular o.-orbital admissible, if the following
conditions hold:

(i): (P, Q) is o.-orbital admissible.

(ii): a(k,7) > 1, a.(t,P7) > 1 and o (7,07) > 1 imply a.(x,Pt) > 1 and a.(x,07) >

1.
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Lemma 4. [8] Let P,Q : X — CB(X) be two multi-valued mappings such that the pair (P,Q)
is triangular o.-orbital admissible. Assume that there exists Ky € X such that o, (Ko, Pxp) > 1.
Define a sequence {K,} in X by ;11 € Pky; and K»i 2 € QKpit1, where i =0,1,2,.... Then

forn,m € NU{0} with m > n, we have o/(K;, Kpn) > 1.

Definition 12. [8] Let (X, d) be a b-metric space. Let P: X — CB(X) be a multi-valued mapping
and o : X x X — [0,+00) be a function. Then it is said that P is an Q-continuous multi-valued
mapping on (CB(X),H) if whenever {K,} is a sequence in X with o.(K,,K,+1) > 1 for all

n € NU{0} and x € X such that lim,_, 4« d (K, K) = 0, then lim,_, . H(PX,, Px) = 0.

Now, we introduce the concept of a pair of generalized rational o,-contraction type for multi-

valued mappings and used it to obtain common fixed point.

Definition 13. In a b-metric space (X,d), ot : X x X — [0,+o0) be a function and € > 1. We
say that two multivalued mappings P,Q : X — CB(X) is a pair of generalized rational Q-

contraction type for multivalued mappings if there exists k,T € X with a(x,T) > 1 and satisfies
1
(1) H(Px,071) < S—SM(K, )

where

D(x,Px)D(k,Q71)+ D(t,0Q7)D(7, PK)
’ 1+s[D(x,Px)+ D(t,D7)] ’
D(x,Px)D(k,Q71)+ D(t,07t)D(7, PK) }

1+ D(k,Q71)+ D(t, Px)

M(k,T) = max {d(K,’L’),D(K‘,PK‘),D(T,Q’C)

2)

Theorem 1. In a b-metric space (X,d) with s > 1 and o : X x X — [0,4o0) be a function.
Let P,Q : X — CB(X) be a pair of generalized rational o.-contraction type for multivalued
mappings.

(i): (X,d) is an o.-complete;

(ii): (P, Q) is triangular o-orbital admissible;

(iii): o (Ko, Pxo) > 1 for ky € X;

(iv): P and Q are a.-continuous.

K" is a common fixed point of P and Q in X.
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Proof. First, let s > 1 and kj € X be so that o, (kp, Pkp) > 1. Let k1 € Pkp so that or(kp, k1) > 1

and k| # K. Due to inequality (1)
1
0 < D(k1, QK1) < H(Pko, OKr) < M (Ko, K1)
Using Lemma 2 for g = % < 1, there exists k» € Qx| such that
1 1
(3) Ed(KlaKZ)SH(PKOaQKI)SS_EM(KOJCI)
where

M(xo, k1) = max {d(’(O,Kl);D(K(LPKO)aD(KlaQKI),

D(K07PK0)D(K0>QK1) +D(K17QK1)D(K17PKO)
1 +5[D(xo, PKo) + D (K1, QK1)] ’
D(xo,Pxo)D(Kko, QK1) +D(k1, QK1) D(K1, PKp) }
1+ D(xo,Qk1) + D(x1, PKp)

= maX{d(K‘o,Kl),d(Ko,Kl),D(Kl,QKl),

d(xo, kK1)D(Ko, Ok1) + D(k1, OK1)d(x1, K1)
1+ sld (o, k1) + D(k1,0K1)] ’
d (%o, k1)D (%0, 0K1) + D(k1, QK1 )d (K1, K1) }
1+ D(x0, QK1) +d(x1, K1)

d(xo, k1)s[d(ko, k1) + D(k1, QK1 )]
1+ s[d(Ko, k1) +D(k1,0K1)]

= max{a’(Ko,m),D(Kl,QKl)»

d(K07 KI)D(KO7QK1) }
1 +D(K07QK1)

= max{d(K‘o, K'l),D(KI,QKI)}

If max{d (o, k1), D(k1, QK1) } = D(k1, QK ), then by (3)
1
0 < D(k1,0k1) < S_SD(KlaQKl)

a contradiction, hence
max{d(mv Kl)7D(K17QK1)} = d(KO7 Kl)
By (3), we have

d(ki, k) < d(Ko, k1)

Se—l
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Similarly, for x; € QK7 and K3 € Pk», we have
1 1
@ Ed(K’z,Kg) SH(QK],PKQ) SS—SM(K’l,Kz)

where

D(K‘l,PKl)D(Kl,QKz)+D<K’2,QK2)D(K2,PK‘1)
1 +5[D(k1,Px;) + D(x2,0K»)
D(KhPKl)D(KvaKZ)+D(K27QK2)D(K27PK1)}
1+ D(k1,0%2) + D(k2, Pk1)
= max{d(k,x),D(x,PKk2)}

M(Kki, k) = max {d(’(h 2),D(k1,Pxi),D(12,0%>),
]

Due to inequality (1)
1
&) 0<D(K‘2,PK2)§H(QK1,PK2)§S—EM(Kl,Kz)
IfM(K'l, K'z) = D(K‘z,PK‘z), then by (5)
1
0< D(K’z,PK'z) < S—SD(KQ,PKQ)
which is impossible. Thus
max {d(K’l7 Kz),D(Kz,PKz)} = d(K‘l, Kz)

and by (4)
1

d(K’z, K'3) < e

d(Kl,Kz)

Now, let {k;,} be a sequence in X so that k»; ] € Pky; and Ky 12 € Qkzi+1,i=0,1,2,.... So

o (Ko, PKp) > 1 and (P, Q) is triangular a.-orbital admissible, by Lemma 4
o (K, Kp+1) > 1,V n e NU{0}.

Then,

(6) 0 < D(k2it1,0%i+1) < H(PKp;, OKniv1) < S%M(Kzi, K2it1)

and

1 1
(7) ;d(K2i+17 Kit2) < H(PKi, QKig1) < S—SM(Kzi, K2i+1)
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forn € NU{0}, where

M (%2, Kig1)
= max {d(Kzi, K2i+1), D(Koi, PX2;), D(K2i 1, OK2it 1),

D(10i, P16i) D(K2i, QK4 1) + D(K2i41, QK2 1) D(K2i1 1, PK2;)
1 +s[D(K, Pka;) + D(K2i1 1, 0K2it 1)
D(10i, P16i) D(K2i, QK4 1) + D(K2i 41, QK2 1) D (K211, PK2;) }
1+ D(x2;, Qi 1) + D(K2i 11, P2i)

Y

= maX{d(KZiaKZi—l—l),d(’Qi;K2i+1)7d(K2i+1>K2i+2);

d(K2i, K2i11), D(K2i, OF2i1) + D(K2i11, OKoig1)d (Kpiy 1, Kait 1)
1 +sld(1i, 2i41) + D(K2i11, Q%2i41)]

d(K2;, K2i11)D(K2i, QK2i11) + D(K2ig 1, OK2i1)d (K2ig 1, K2ig 1) }
1+ D(K, OKi 4 1) +d (K2t 1, K2it1)

Y

= maX{d(KZiaK2i+1)7D(K2i+17QK2i+1)7

d(1024, K2i41)8[d (K24, K2ig1) + D (%2041, 0K 1)]
1 +s[d(11, K2i+1) + D (K211, Q%2i41)]
d(K2i, Koi11)D( K2, QK2it 1) }
1 +D(K;, 0K 1)

= max{d (K, Ki+1),D(K2i11,0K2i41)}

we get,
M (102, Koit1) < max{d(&;, K2i+1), D(K2iy1,0Kait1)}-
If max{d(xo;, K2i+1),D(K2i4+1,0%2i+1)} = D(K2i11,0K2i+1), then from (6), we have
0 < D(Kk2iv1,0K2i11) < slgD(KziH,QKziﬂ)
a contradiction and hence
max{d (Ko, K2i+1), D(Kait1, OK2it 1)} = d(Kai, K2it1)-
Further, by (7) we get

1

P

d(K2i12, Kit1) < d(K2iy1,K2i)-

Thus d(Ky+1,Knt+2) < Sgl,ld(Kn, Kn+1) holds for all n € NU {0} and hence {x,} is a Cauchy

sequence.
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Due to the ot-completeness of (X,d) and a(k, K, +1) > 1 we have, k* € X forall n € NU{0}

such that

nLled("m k) =0= igrfwd(iczlur],x ) =0and iEI_'I_lwd(Kzi_,_z, K*)=0.

0.

Due to a-continuity of Q, liT H(QKi11,0K")
n—s—o0

Thus,

D(x*,0x") < sld(x",x2i+1) +D(k2i11,0x")]

IN

sld (", 1i41) + H(QKi41,0K")]

— s[0+0]=0

so, K* € Qx*. Similarly, k* € Px*.

Hence, k* € X is a common fixed point of P and Q. OJ

Theorem 2. In a b-metric space (X,d) with s > 1 and o0 : X x X — [0,+e0) be a function.
Let P,Q : X — CB(X) be a pair of generalized rational a.-contraction type for multivalued
mappings.

(i): (X,d) is an a-complete;

(ii): (P, Q) is triangular o..-orbital admissible;

(iii): a.(xo,Pxp) > 1 for xp € X;

(iv): if {x,} is a sequence in X such that Q(K,,K,+1) > 1 for all n € NU{0} and

Kn — K* € X as n — +oo, then there exists a subsequence {K,} of {Kn} such that

a(Ky k), K*) > 1 for all k € NU{0}.
K* is a common fixed point of P and Q in X.
Proof. Similar to the proof of Theorem 1, let {k;,} be a sequene in X as k»;y| € Pky; and

Koit2 € QKkpir Where i =0,1,2,... with ok, K,+1) > 1, for all n € NU{0} such that {x,}

converges to k* € X. By condition (iv), there exists a subsequence { K, } of {k,} such that
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(K (k), K*) > 1 for all k. Therefore,

-D(k",0x") < d(K",Kou()+1) + D(K2n(k)41, OK")
< d(K", Kon(ry+1) T H(PKa(x), OK")
k 1 k
3 < d(x 7K2n(k)+1)+s_gM(K2n(k)vK )
where
M (Kap(i), K*)

= {6 DK P D, Q)
D(KZn PKZn )D(K2I’l 7QK) ( *aQK*) (K*7PK2n(k))
1+ 5[D (Ko (k) PKon(r)) + D(K*, OK*)] ’

D(KZn PKZn )D(KZn 7QK ) ( ", 0K* ) (K*vpKZn(k))}
1+ D(Kap(), OK*) + D(K*, PKap(1))

= max{d<K2n(k)7K*)7D(K2n( 1)> PKon(r))» D(K™, QK™),
D (K1) PKo(ie) ) D (Kon(k), OK™) + D(K*, QK™ ) D(K*, Py k)
1+s[D(K )5 Pion(r)) + D(K*, OK*)] ’

DKo (k) PKon(r) ) D (Kan(r)» @K*) + D(K*, OK*)D (K*upKZn(k))}
1+ D (% (), OK*) + D(K*, PKpyy ) )

€))

Applying k — +oo, we get limy o0 M(Kyyr), K*) = D(K*,0k*) . Let k* ¢ Qk™, then
D(x*,0x*) >0
a contradiction. Applying k — +oo, we get

=D(x",0x") <d(x", x2n(k)41) + D (X2n(k) 11, OX"),

which contradicts € > 1, and hence k* € Qk™* i.e. k* is the fixed point of Q. Similarly, we have

k* € Px*. Thus, k* € X is the common fixed point of P and Q. O

Corollary 1. In a complete b-metric space (X,d) with s > 1 and @ : X x X — [0,+) be a
function. Let P: X — CB(X) be a generalized rational o.-contraction type for multi-valued
mappings

(i): (X,d) is an a-complete;
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(ii): P is triangular o -orbital admissible;
(iii): o (Ko, Pxo) > 1 for xp € X;
(iv): P is an o-continuous multi-valued mapping or if {x,} is a sequence in X such that
0Ky, Kni1) > 1 for alln € NU{0} such that x5, — k* € X as n — oo, then there exists

a subsequence { K, } of {Ku} such that a(k,u), k) > 1 for all k € NU{0}.

K* is a fixed point of P in X.
Following corollary can be otained by putting y(z) =t in Theorems 1 and 2.

Corollary 2. In a complete b-metric space (X,d) with s > 1 and a : X x X — [0,+) be a
function. Let P,Q : X — CB(X) be two multivalued mappings

(i): (X,d) is an a-complete;

(ii): there exists g € 9 such that for x,t € X with o.(kx,T) > 1, the pair (P, Q) satisfies the

following inequality:
s’H(Px,07) < g(M(k,7)).(M(, 7)),
where

M(x,T) = max {d(K, 7),D(x,Px),D(7,07),

D(x,Px)D(k,Q71)+ D(t,07)D(7,PK)
1+ s[D(x,Px)+D(7,07)] ’
D(x,Px)D(k,Qt)+ D(7,07)D(7,PK) }
1+ D(x,07)+ D(7,PK)

2

(iii): (P, Q) is triangular ai.-orbital admissible;

(iv): o (xo,PKo) > 1 for ko € X;

(V): P and Q are a-continuous or if {K,} is a sequence in X such that ot(Ky, K,+1) > 1
for all n € NU{0} such that x, — k* € X as n — oo, then there exists a subsequence

{Ku) } of {Kn} such that o (K1), k%) > 1 for all k € NU{0}.

K* is a common fixed point of P and Q.
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4. CONSEQUENCES

Definition 14. Let (X,d) be a b-metric space. Let o : X x X — [0,+o0) be a function and
P,Q : X — X be two mappings. The pair (P,Q) is said to be a generalized rational o-y-
Geraghty contraction type mapping, if there exists g € ¢ and y € W such that for all k,7 € X

with a(xk,t) > 1, the pair (P, Q) satisfies the following inequality
W(sd(Pe,07)) < o(w(M(x, 1)) W(M(x, 7))
where

M(x,T) = max {d(K‘, 7),D(x,Px),D(t,07),

d(x,Px)d(x,07)+d(7,Q71)d(7,PK)
1+s[d(k,Px)+d(t,01)]

d(x,Px)d(x,07)+d(t,07)d(1,PK) }

1+d(x,0t)+d(7,Px) '

Y

Theorem 3. In a b-metric space (X,d) withs > 1 and @ : X x X — [0,+o0) be a function. Let
P,Q : X — X be a pair of generalized rational o.-y-Geraghty contraction type for multi-valued
mappings

(i): (X,d) is an o-complete;

(ii): (P, Q) is triangular a-orbital admissible;

(iii): o(xp,Pxp) > 1 for ko € X;

(iv): P and Q are o-continuous.

K* is a common fixed point of P and Q in X.

Theorem 4. In a b-metric space (X,d) withs > 1 and a : X x X — [0,+o0) be a function. Let
P,Q : X — X be a pair of generalized rational o-y-Geraghty contraction type for multivalued
mappings

(i): (X,d) is an a-complete b-metric space;

(ii): (P, Q) is triangular o-orbital admissible;

(iii): o(xp,Pxp) > 1 for ko € X;
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(iv): if {x,} is a sequence in X such that o(Xy,K,+1) > 1 for all n € NU{0} and
Ky — K* € X as n — +oo, then there exists a subsequence {i,y } of {K.} such that

(K1), K*) > 1 for all k € NU{0}.

K* is a common fixed point of P and Q in X.

Corollary 3. Let (X, =) be a partially ordered set. Let there exists a complete b-metric space

(X,d). Suppose P,Q : X — X are two mappings satisfying the following conditions:

(i): there exists g € ¢4 and y € ¥ such that

y(s°d(Px,07)) < g(w(M(x,7)).w(M(x, 7)),

where

M(x,7) = max {d(K‘, 7),D(x,Px),D(7,07),

d(x,Px)d(x,01) +d(t,07)d(T, PK)
1+ s[d(x,Px) +d(t,07)] ’
d(x,Px)d(k,Qt) +d(t,01)d(t, PK) }

1+d(x,0t)+d(7,PK)

forall x,7 € X with x 2 T;

(ii): P and Q are nondecreasing;

(iii): k9 = Pxyp for kKo € X;

(iv): either P and Q are continuous or if {K,} is a nondecreasing sequence such that
Ko — K* € X as n — +oo, then there exists a subsequence {i,y } of {K.} such that

Ka(k) = K" for all k e NU{0}.

x* is a common fixed point of P and Q in X.

CONCLUSION

In this paper, the concept of generalized rational o..-y-Geraghty contraction for multival-
ued mappings is introduced. Further, the concept is used in the setting of b-metric space to
prove three common fixed point theorems and some corollaries. Some consequences are also

discussed. An application is also presented in differential equation.
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