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Abstract. In this paper, we consider the conformable fractional Lomax distribution. The main functions associated
to this new distribution are obtained, including conformable cumulative distribution function and hazard rate
function. Further, we derive an exact expression of the rt* moment, the mean and the variance of such new
distribution. The mode and the quantile function related to this distribution are also obtained. Some entropy
measures, namely, Shannon entropy and Renyi entropy are derived. Moreover, we introduce the order statistics of a
fractional random variable, the density of the k" order statistic and the joint density of the k** and mt" order
statistics for the new distribution are obtained.
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1. INTRODUCTION

Fractional probability distribution is a very recent topic, on which a probability distribution is
expanded to a new generalized distribution based on fractional derivatives. Hammad et al. [6],
proposed an approach to define a fractional probability distribution using conformable fractional
derivative, this derivative has the following definition:
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Definition 1.1. Leta € (0,1]and f : E S [0,0) = R.For x € E, let

flx+ex™) — f@)

€

f@(x) =lim
€—0
If the limit exists, then it is called the a-conformable fractional derivative of f at x. For x = 0,

f@0) = lim, £ @ (x), if such limit exists.
x—

The conformable derivative, as defined above, satisfies all the classical properties of the usual
first derivative. Moreover, f®@(x) = f'(x)x**forallx > 0, a € (0,1] , where f’'(x)
represents the usual first derivative. For more details on conformable fractional derivative one
may refer to [8], [1] and [5].

Using a fractional differential equation, Hammad et al. [6] introduced a conformable probability
distribution function (CPDF) for some fractional distributions, including fractional chi-square,
Rayleigh, gamma, beta and Lomax distributions. Hammad et al. [7] discussed the fractional chi-
square distribution and presented some properties of this new distribution. In this paper, we
consider the fractional Lomax distribution (FLD) and discuss its main properties as the
conformable cumulative distribution function (CCDF), mode, moments, some entropy measures,

and the densities of the order statistics.

2. THE MAIN ASSOCIATED FUNCTIONS OF THE FLD

Lomax distribution is a special case of the second type of a Pareto distribution, it was proposed
by Lomax [9]. It has been shifted from Pareto distribution so that its support begins at zero.
Lomax distribution has been used in economics, insurance, queuing theory and engineering,
more details on Lomax distribution can be found in [2] and [3]. Its PDF is given by:

t —(6+1)
) ,x=20,60,1>0,

0
Fe=5(1+5

where 6 is the shape parameter and A is the scale parameter. Hammad et al. [6] obtained the

CPDF of the FLD and it is given by:
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(6+1)
0—a+1 X%«
fa(X)=T(1+7> ,X20,9>0,/1>0,(XE(0,1]. (21)
The CCDF of a fractional distribution with CPDF g, (x) is defined as:
X X
6o = [ g0t = [ go(0) et
So, the CCDF of the FLD is:
x _(6+1)
0—a+1 t* a
F,(x) = fT(l + 7) d%t. (2.2)
0
Precisely:
(6+1)
x4\«
F(x) =1— (1 + 7) x =0, (2.3)

Consequently, the conformable survival function of the FLD is given by:

_(6+1)

a

Sa(x)=<1+x7) “ x>o0. (2.4)

The conformable hazard function of the FLD is:

0—a+1
ha(x) = H—xa,x =0. (25)

It can be verified, as a« —» 17, that Eq.’s (2.3), (2.4) and (2.5) are reduced to be the CDF, survival

function, and hazard function, respectively, of the usual Lomax distribution.

3. THE MODE AND QUANTILE OF THE FLD
In this section, we compute an exact expressions of the mode and the quantile of the FLD.

3.1. The mode.

It is known that the mode of the usual Lomax distribution is zero, see [3]. In the following

theorem we generalize this fact for the FLD.
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Theorem 3.1. The mode of the FLD is zero.

Proof. The logarithm of f, (x) is given by:

l0g () = log (*—3—) = 2 10g (1+7)

The conformable fraction derivative of log (f, (x))is:

@ +1)

llog (f (GNI@ = ~=——2=.

(3.1

Using Eq. (3.1), it can be shown that £, (x) has no critical points. Since

[log (f,(x))] < Oforallx >0,
f(x) is decreasing function in x. Therefore, we conclude that x, = 0 is the mode of the FLD.
3.2. The quantile function.

Let F,(x) = p. Then the quantile function g can be obtained by solving the following equation:

(6+1)
G
1- (1 + 7) =p. (3.2)
So, q can be expressed as:
1
_a @
q= (A [(1 —p) @6+ — 1]) : (3.3)

Consequently, the median of the FLD is given by:

median = (A [2#‘[—0: - 1])é (3.4)

4. CONFORMABLE FRACTIONAL MOMENTS

Hammad et al. [7] defined the conformable fractional t* moment of a random variable X with

CPDF g,(x) by:

Ho(r) = Eo(X™) = f X g (X)dx. (4.1)

—00

Accordingly, the conformable fractional * moment of the FLD is:
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0 u _(9+1)
0—a+1 b a
b0 = [ (1 )T
0
0 u _(9+1)
0—a+1 X a
— r+a-1 1 _> .
7 f X ( + 7 dx

0

Using the substitution z = % and the fact

o)

f x* (1 +x)"*Pdx = B(a, b)
0

where B(a, b) is the beta function, we get

( rr(§+ 1)F(M—1)

da a O0>a+r—1
E,(X") = ! r (9 +1 1) (4.2)
(44
undefined, otherwise
where I'(.) is the gamma function.
So, the conformable fractional expected value of the FLD is:
1 0
1Mz +1r=1) o
a ,0>«a
E,(X) = r (0 +1 1) (4.3)
(44
undefined, otherwise

The conformable fractional " central moment is defined by E,([X — u,(1)]"). Consequently,

the variance of the FLD is given by:

0z = Eq([X — pa(D]?)

_ 2
R L R L Gt I G A L it A W Y )

P -1) P -)

Similarly, the conformable fractional skewness S, and kurtosis K, can be obtained as above by

evaluating:
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S, =E, <[X_+:(1)]3>'

K,=E, ([X_+:(1)]4)’

respectively, where g, = /o2 is the conformable fractional standard deviation of the FLD.

and

5. CONFORMABLE FRACTIONAL ENTROPY

The entropy is a well-known concept from information theory and provides a measure of

uncertainty of a probability distribution. In this section, we obtain the Shannon and Renyi

entropies for the FLD.

5.1. Shannon entropy.

If X is a continuous random variable with PDF g(x), then the Shannon entropy is defined as:
H(x) = —E(log[g(x)]),

as provided in [11]. So, the conformable fractional Shannon entropy of the FLD is given by:

H,(x) = —E, Ilog (9 — j al 1) - ® Z D) log (1 + %)l

Therefore,

H,(x) = © Z D) E, [ log (1 + %)] —log (9_;;“) (5.1)

Using the substitution z = 1 + % and integration by parts, Eq. (5.1) simplifies to:

0+1 0—a+1
(L2t

Ha(x) = 9 1

0—a+1 (5.2)

Further, as a — 17, the limit of H,(x) is:

fim 1,09 =1+ 2~ 10g ()
;g_d@— +5~log(7),

which represents the Shannon entropy of the usual Lomax distribution, see [3].
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5.2. Renyi entropy

The Renyi entropy of a random variable X with PDF g(x) is defined as:

R(x) = log(E[g()]P™),

1-p

as given in [10]. So, the conformable fractional Renyi entropy for the FLD is:

e+t
0—a+1 x® a
Ra(x)zl_plog E, T<1+7) )
_G+1)(p-1)
— 1 ( A )+ L log| E (1+xa> : 5.3
I\ p—— 1_p0g “ A ' 5-3)
_ (6+1)(p-1)
To proceed, we find E,, (1 + %) “ ] as follows:
_(+1)(p-1) I _6+1)(p-1) _(6+1)
E (1+xa) ’ —9_a+1f(1+xa) ’ (1+xa) T
@ A T A A *
0
Using the substitution z = 1 + % we get:
_ 6+ (-1
E (1+xa) L 5.4
* A T p(+1D)—a C
Therefore, Eq. (5.3) is reduced to:
R()—l( A )+11<9—a+1)
=8\ —ar 1) T1-p B\pe+ D -/ -5

It can be shown using L’Hopital rule and some algebraic simplifications that as p — 1, the limit
of the conformable fractional Renyi entropy is equivalent to the conformable fractional Shannon

entropy as expected, see [10].



M. A. AMLEH, BAHA’ ABUGHAZALEH, AHMAD AL-NATOOR
6. CONFORMABLE FRACTIONAL ORDER STATISTICS
In this section, we introduce the order statistics of fractional distributions and compute the CPDF
of the k" order statistic Y, from FLD. Also, we introduce the conformable fractional joint
density of the k" and m®" order statistics.
Definition 6.1. Let X;, X,, ..., X,, be a random sample of size n from a fractional distribution with
CPDF f,(x) and CCDF F,(x). If Y},Y,, ..., Y, denotes the order statistics corresponding to this

sample, then the CPDF of the k" order statistic Y,, 1 < k < n is defined as:

! _ -
950 = g () (1= BN o) —o <y <o (1)

Therefore, if X, X5, ..., X, is a random sample of size n from FLD, it can be shown, that the

CPDFs of the order statistics Y; and Y, are given by:

(=721
0—a+1 yIN\\" e
0 =a(Z 2T L e
and
(6+1) o+1\ "1
0—a+1 vy« y< ==
gn(y):n( 1 >(1+7> 1_(14‘7) ,y>0, (6.3)

respectively. The following theorem gives the CPDF of the k" order statistic Y, from FLD.
Theorem 6.2. Let X;, X,, ..., X;, is a random sample of size n from FLD. Then the CPDF of the
k" order statistic Y, is given by:

n!
9O = Z - Drm =1

g i 0+1_ .\, . O+1)(j+1)
Z (H} )< pyies Al D g gy ERER (6.4)

@—-—a+1)

gM'

Proof. It can be shown that Eq. (6.1) may be expressed as

k+i-1

90) = G k),fa<y>z ) EDI(EE)TT —e <y <@ (65)
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By substituting Eq..s (2.1) and (2.3) in Eq. (6.5) we get:

_(6+1)

9 () = (k—1)Tén—k)!n(6_j+1>(1+y/1_a> )

9+1 k+i-1

n—k —

><' (n?k)(—l)i 1—(1+¥) ¢ ,y > 0.

,~
1l
o

By setting

6+1

yON' @ e+ o 641 6+1
1—(1+7) — e (,1 T — (A +y%)" ) (6.6)

and using the binomial expansion in the right hand side of Eq. (6.6), we conclude the result.
Remark 6.3. In theorem (6.2), taking the limit of g, (y) as @ — 17, we obtain the PDF of the
k" order statistic of the usual Lomax distribution, see [4].

Definition 6.4. Let X;,X,, ..., X,, be a random sample of size n from any fractional distribution
with CPDF f,(x) and CCDF E,(x), and let V},Y,,...,Y, denotes the corresponding order
statistics of this sample. The conformable fractional joint CPDF of the order statistics

YyandY,,1 < k <m < nisgiven by:

m—k—1

(1 - Fa (Y))n_m;

—o<x<y< oo, (6.7)

Gem(Y) = Com fx Q) (Fe () (Fa(y) = Fo ()

n!
(k-D!(m-k-D!(n-m)!

where Cy , =

Theorem 6.5. The conformable fractional joint CPDF of the k" and m‘" order statistics from

the FLD is given by:

(6+1) _ (9+1)
Iim(%,Y) = Cem(8 —a + 1)’ (A+x%)" 7@ (A+y%)

m—k—1n-m

% Z m k—1( ] )( 1)‘+JA(9+ )(m+j)

i=0 j=0

| 6+1 1_(9+1)’" S SRS 1 041) ke+i=1
x[/’l T — (A +y9) ] [/’1 T — (A +x9) ] (6.8)
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Proof. It can be shown that Eq. (6.7) can be written as:

gk,m(x:y) = Ck,m fa(x)fa(y)
% Z Z m k — 1 ( .m) (—1)i*] (Fa(y))m—k—i+j(Fa(x))k+i—1’_oo <y<ow. (69)
i=0 j=0

Now, if we substitute Eqg.’s (2.1) and (2.3) in Eg. (6.9) and do some algebraic simplifications, the
result follows.
Remark 6.6. Taking the limit of g, ,,(x,y) asa — 1~ in Eq. (6.8), we get the joint PDF of the

order statistics Y, and Y,, of the usual Lomax distribution, see [4].
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