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1. INTRODUCTION

The theory rudimentary of interval valued fuzzy sets was due to Zadeh in 1975 [21], as
a generalization of the notion of fuzzy sets, where the values of the membership functions
are intervals of the numbers instead of the numbers. The notion of interval valued fuzzy sets
have wide-ranging applications like medical science [5], image processing [3], decision making
method [23], etc. After that time, in 1994, Biswas [4] applied the notion of an interval valued
fuzzy set to group theory. The study of an interval valued fuzzy subsemigroup and various in-
terval valued fuzzy ideals in semigroups were initiated by Narayanan and Manikantan in 2006
[14]. In 2013, Sezgin et al. [19] characterized regular, intra-regular, completely regular, weakly
regular and quasi-regular semigroups in terms of soft ideals of semigroups. In 2017, Murugads
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et al. [12] studied interval valued Q-fuzzy subsemigroup of ordered semigroup. In 2014, Ab-
dullah et al. [1] recommended definitions of (E,B)—interval valued fuzzy subsemigroups where
[ B and characterized regular semigroups in terms of (ﬂ,B)—interval valued fuzzy subsemi-
groups. In 2019, Murugads and Arikrishnan [13] gave concept of interval valued Q-fuzzy ideal
with thresholds (¢, 3) where o < E and characterized regular semigroups in terms of interval
valued Q-fuzzy ideal with thresholds (e, B).

In this article, we characterize of weakly regular semigroups by using the properties of these

interval-valued Q-fuzzy subsemigroups with thresholds (ﬁ,ﬁ) of semigroups.

2. PRELIMINARIES

Next we review some basic concepts, necessary to helpuseful in next the part.

A non-empty subset K of a semigroup S is called a subsemigroup of S if K* C K. A non-
empty subset K of a semigroup S is called a left (right) ideal of S if SK C K (KS C K). An
ideal K of S is a non-empty subset which is both a left ideal and a right ideal of S. A non-
empty subset K of S is called a generalized bi-ideal of S if KSK C K. A subsemigroup K of a
semigroup S is called a bi-ideal of S if KSK C K. A subsemigroup K of a semigroup S is called
a interior ideal of S if SKS C K. A subsemigroup K of a semigroup S is called a quasi-ideal of
SIf SKNKS CK.

For any p; € [0, 1] where i € o7 define

S, pi=suplpiand 4 pi= ol (i)

We see that for any p,q € [0, 1], we have

pVg=max{p,q} and pAg=min{p,q}.
Let & be the set of all closed subintervals [0, 1], i.e.,
¢={p=[p ,p"110<p <p <1}

We note that [p, p] = {p} for all p € [0,1]. For p = 0 or 1 we shall denote 0 = [0,0] = {0}
and 1 = [1,1] = {1}.

Letp=|[p ,p"|andg=[q ,q"]|in €. Define the operations “=<”, “=", “A” “Y™ as follows:
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Ag=1[p”ANg),(p" Ng")],
pYg=[(p Vg ), (pTVvg)l.

(2) pAg=gApandpYq=7YP,

(3) (pAg) AT=DP A (g AT)and
(P9 YF=PY @Y.

(4) PAg) YF=(PYTF)A(gYF) and
PYQ)AT=(PpAT)Y (GAT),

For each interval p; = [p;, p;'] € €, i € o where </ is an index set, we define

Ap;i=[Ap-, Apf] and Y p,=[V p;, V pil.
ieﬂp’ [iedp’ ’iedp’] i@z{pl [iedp’ ’ie;z{p’]

A fuzzy subset (fuzzy set) of a set T is a function f : T — [0, 1].

Definition 2.1. Let S be a semigroup and Q be a non-empty set. A Q-fuzzy subset (Q-fuzzy

set) of a set T is a function f : S x Q — [0, 1]

Definition 2.2. [17] Let T be a non-empty set. An interval valued fuzzy subset (shortly, IVF

subset) of T is a function f: T — %

Definition 2.3. [12] Let S be a semigroup and Q be a non-empty set. An interval valued Q-fuzzy
subset (shortly, IVQF subset) of T is a function f: S x Q — €

Definition 2.4. [12] Let K be a non-empty subset of a semigroup S and Q be a non-empty set .

An interval valued characteristic function XK of K is defined to be a function XK SXQ—>F
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by

—|

if uek
Ak(u,q) =

l

if u¢kK
forallueT.

For two IVQF subsets f and g of a semigroups S, define

|

(u,q) 2 g(u,q) forallu e SandgqeQ,

=
=g< fCgandgC f,

)= f(u,q) Ag(u,q) foralluec Sandgqe Q.

—~
(98]
~—
—
=l
-
ol
~—
—~
=
)

For two IVQF subsets f and g of a semigroup S. Then the product f og is defined as follows
forallu e Sand g € Q,

Fopna) (y;fF{f(y,q)Ag(z,q)} if F,#0,
0g)(u,q) = ¢ W

0 if F,=0,
where F, := {(y,z) € Sx S | u=yz} [12].

Next, we shall give definitions of various types of IVQF subsemigroup of a semigroups.

Definition 2.5. [13] An IVF subset f of a semigroup S is said to be

(1) an IVQF subsemigroup of S if f(uv,q) = f(u,q) A f(v,q) forall u,v € S and g € Q,

(2) an IVQF left (right) ideal of S if f(uv,q) = f(v,q) (f(uv,q) = f(u,q)) for all u,v € S and
q € Q. An IVQF ideal of S if it is both an IVQF left ideal and an IVQF right ideal of S,

(3) an IVQF generalized bi-ideal of S if f(uvw,q) = f(u,q) A f(w,q) for all u,v,w € S and
q¢€Q,

(4) an IVQF bi-ideal of S if f is an IVQF subsemigroup of S and f(uvw,q) = f(u,q) A f(w,q)
for all u,v,w € S and g € Q,

(5) an IVQF interior ideal of S if if f is an IVQF subsemigroup of S and f(uav,q) = f(a,q)
for all a,u,v € Sand g € Q,

(6) an IVQF quasi-ideal of Sif f(u,q) = (.%o f)(u,q) A (fo.#)(u,q), forallu € S and g € Q

where S is an IVQF subset of S mapping every element of S on 1.

The thought of an IVQF subsemigroup with thresholds (E,E) where o < E as follows:
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Definition 2.6. [13] An IVF subset f of a semigroup S and @ < 8 and 0, B € ¥ is said to be

(1) an IVQF subsemigroup with thresholds (&,B) of S if f(uv,q) Y & = f(u,q) A f(v,q) A B
for all u,v € Sand g € Q,

(2) an IVQF left (right) ideal with thresholds (0, B) of Sif f(uv,q) Y 0 = f(v,q) A B (f(uv,q) Y
o = f(u,q) A B) forall u,v € S and ¢ € Q. An IVQF ideal with thresholds (¢i, ) of § if it
is both an IVF left ideal and an IVF right ideal of S,

(3) an IVQF generalized bi-ideal with thresholds (0,) of S if f(uvw,q) Y @ = f(u,q) A
f(w,q) A B forall u,v,w € Sand g € O,

(4) an IVQF bi-ideal with thresholds (0, B) of S if f is an IVQF subsemigroup with thresholds
(a,B) of S and f(uvw,q) Y & >= f(u,q) A f(w,q) A B for all u,v,w € Sand q € Q,

(5) an IVQF interior ideal with thresholds (a,B) of S if f is an IVQF subsemigroup with
thresholds (¢, B) of S and f(uav,q) Y & > f(a,q) A B for all a,u,v € S and q € Q,

(6) an IVQF quasi-ideal with thresholds (@, B) of Sif f(u,q) Y & = (7o f)(u,q) A
(fo?)(u,q) A B, forallu e Sandq € Q.

Remark 2.2. [13] It is clear to see that every IVQF bi-ideal with thresholds (E,B) is an IVQF
generalized bi-ideal with thresholds (¢, B) of S, every IVQF ideal with thresholds (@, ) is an
IVQF interior ideal with thresholds (¢, 8) of S and IVQF quasi-ideal with thresholds (@, B) is
an IVQF bi-ideal with thresholds (2, B) of S.

In this ensuing theorem is present relationship between types ideals of a semigroup S and the

interval valued characteristic function.

Theorem 2.3. [13] If K is a left ideal (right ideal generalized bi-ideal, bi-ideal, interior ideal,
quasi-ideal) of S, then characteristic function ) is an IVQF left ideal (right ideal, generalized
bi-ideal, bi-ideal, interior ideal, quasi-ideal) with thresholds (ﬁ,ﬁ) of § for all @ < E and
o,pev.
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3. CHARACTERIZATIONS OF WEAKLY REGULAR SEMIGROUP BY THEIR INTERVAL

VALUED Q-Fuzzy IDEALS WITH THRESHOLDS (@, 3)

In this part, we review symbols of IVQF ideals with thresholds (E,B) for use characterizes a
semigroup in terms IVQF ideals with thresholds (E,E) of semigroup. And we characterized a
wearkly reugular semigroup in terms IVQF ideals with thresholds (E,E) of semigroup.

In 2019, [13] Murugads and Arikrishnan propose symbols of IVQF ideals with thresholds
(@, B) for use characterizes a semigroup in terms IVQF ideals with thresholds (@, B) of semi-
group.

For any IVQF subset f of a semigroup S with @ < E and @E € €., define

f(ﬁ7ﬁ) (M7Q) = (T(M,Q) Aa) Y B

forallu € Sand g € Q.
For any IVQF subsets f and g of a semigroup S with & < E and o, E € €, define the operation

“A%” as follows:
(f A%?)(u,q) = (f(u,q) A g(u,q) A Q)Y B

for all u € S and g € Q. And define the product fogg as follows: for all u € S and ¢ € Q,

(fog8)(u,q) = ((foR)(u,q) A @) Y

=

where

(fog) (M,C[) = (X,y)GFu F ;&
if ll/i 07

where F, := {(x,y) € S xS | u=xy}.

Remark 3.1. Since ¥ is an interval valued characteristic, we have

B B if uek,
(X)(aﬁ)(uycﬂ =
a if ué¢Kk.
Lemma 3.2. [13] Let K and L be non-empty subsets of a semigroup S with & < E and «, E €%.

Then the following assertions hold:
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(1) (Xx) *% (L) = Kkrr) @p)-
(2) (Xx) Og (L) = (YKL)(a,E)-

On the basis of Lemma 3.3, we can prove Theorem 3.5.

Lemma 3.3. [13] Let S be a semigroup. If fis a (@, B)-IVQF right ideal and g is a (&, B)-IVQF
left ideal of S, then fogg Cf Agg.

The following definition and lemma are tools in proving Theorem 3.5.

Definition 3.1. [20] A semigroup S is called weakly regular if for every

ucS,uc (us)?’

Lemma 3.4. [20] A monoid S is weakly regular if and only if /NJ = IJ for every right ideal /
and every ideal J of S.

Now we characterize weakly regular semigroups in terms of generalized IVQF ideals.

Theorem 3.5. A monoid S is weakly regular if and only if f AO‘ g = fo%g for every IVQF right

[
e
ideal f and every IVQF ideal g with thresholds (¢, B) of S.

Proof. Assume that f is an IVQF right ideal with thresholds (@, E) and g is an IVQF ideal with
thresholds (E,E) of S. Letu € S and g € Q. Since S is weakly regular, there exist p,r € S such

that u = upur. Thus,
(fo%8)(uq) = ((702)(u,q)A3)Y§=(( Y {f(a,q) A8(b,q)} AB) Y@

v”gﬂpw{?(“’ q) Ag(b.q)} AB) Y@

W\Q\
0
=

I
—

Y Il
NS R NN

Vo N T T T N

=
\;
=
—
gﬂ
F
S ~—
—
=|
<
Q
[l
(N
—
=R
ol
=
<
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Hence, (f Agg) (u,q) = (f ogg) (u,q). Therefore, f A%g C 70%@.
On the other hand, since g is an IVQF ideal with thresholds (o, ) of S we see that
g is an IVQF left ideal with thresholds (¢, B) of S. Thus by Lemma 3.3, fogg Cf A%E. Hence,
frgE=roge

Conversely, let I be a right ideal and J be an ideal of S. Then, by Theorem 2.3, ¥ is an IVQF
right ideal and %, is an IVQF ideal with thresholds (e, B) of S.

By supposition and Lemma 3.2, we have

B = (ij)(a,ﬁ)(”ﬂ) = ((71) A2 (71))(”74) = ((71) O% (71))(%4) = (711)@3)(”751)

=

Thus we have u € 1J. Hence, INJ = IJ. Therefore, by Lemma 3.4, S is weakly regular. O

The following lemma will be used in the proof of in Theorem 3.7.

Lemma 3.6. [19] Let S be a monoid. Then the following statements are equivalent:

(1) Sis weakly regular.
(2) ONI C QI for every quasi-ideal Q and every ideal I of S.

Theorem 3.7. For a monoid S, the following statements are equivalent.

(1) Sis weakly regular.

2) f Agg C 70%@ for every IVQF quasi-ideal f and every IVQF ideal g with thresholds (@, 3)
of S.

(3) f A%g Cf ogg for every IVQF bi-ideal f and every IVQF ideal g with thresholds (¢, 8)
of S.

4) f A%g Cf ogg for every IVQF generalized bi-ideal f and every IVQF interior ideal g with
thresholds (@, 8) of S.

Proof. (1) = (4) Assume that f is an IVQF generalized bi-ideal with thresholds (&, ) and g

is an IVQF interior ideal with thresholds (E,B) of S. Letu € S and g € Q. Then there exist
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p,r € S such that u = upur. Thus,
9uwq) = (FoR)ua)rB)ya=( ¥ {f(iq)rg(j,q)}+B)¥a

(
(L 70120 1B) @)
((F(u,q) AZ(pur,q)) AB) Y@
(f(u,q) A (8(u,q) A B) A B) YT = (f(u,q) A8(u,q) A B) Y&

(FA22)(w.0)

(fo

=
Y 1Y I

Hence, (f Agg)(u,q) = (f ogg)(u,q). Therefore, J_‘A%E C 70%@

(4) = (3) = (2) This is obvious because every IVQF bi-ideal with thresholds (o, ) is an
IVQF generalized bi-ideal with thresholds (¢, B) of S, every IVQF ideal is an IVQF interior
ideal with thresholds (@, B) of S and every IVQF quasi-ideal with thresholds (¢, B) is an IVQF
bi-ideal with thresholds (¢, B) of S.

(2) = (1) Let Q be a quasi-ideal and / be an ideal of S. Then, by Theorem 2.3, ¥, is an
IVQF quasi-ideal with thresholds (@, 8) and ¥, is an IVQF ideal with thresholds (@, 8) of S.

By supposition and Lemma 3.2, we have

B = (o)) :4) = (Xo) 15 (X)) w.) © ((Zg) o (1)) (:0) = (X)) (1:9):

=[R

Thus, u € QI. Hence, QN1 C QI. Therefore, by Lemma 3.6, S is weakly regular. O

The following lemma will be used in the proof of in Theorem3.9.

Lemma 3.8. [19] Let S be a monoid. Then the following statements are equivalent:

(1) Sis weakly regular.
(2) ONINR C QIR for every quasi-ideal Q, every ideal I and every right ideal R of S.

Theorem 3.9. Let S be a monoid. Then the following statements are equivalent:

(1) S is weakly regular.

2) f A%? )\%E C 70%?0% h, for every IVQF quasi-ideal f, every IVQF ideal g and every
IVQF right ideal /& with thresholds (e, ) of S.

3) f A%g A%E Cf ogg O%E’ for every IVQF bi-ideal f, every IVQF ideal g and every IVQF
right ideal / with thresholds (@, ) of S.
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4) f A%E )&%E Cf ogg ogﬁ, for every IVQF generalized bi-ideal f, every IVQF interior ideal

g and every IVQF right ideal & with thresholds (2, B) of S.

Proof. (1) = (4) Assume that f is an IVQF generalized bi-ideal with thresholds (@, ), g is an
IVQF interior ideal with thresholds (@, 8) and & is an IVQF right ideal with thresholds (¢, 8)

of §. Letu € § and g € Q. Then there exist p,r € S such that u = upur. Thus,

(Foggoting) = (Fo(zohh)ug)1B)¥a

1Y
e
<
=
8
—
/S‘\l
<
S
AS
-y
o~

Y

—~ o~
o9l

/N /N
S
<
=
)

| ~—
<
S
N2
-~
—~~
=
—
<
S
<
- ~—

I
DD Qw9

Hence, (7)&%? )%E)(u,q) =< (fo
It is obvious that (4) = (3) = (2
(2) = (1) Let Q be a quasi-ideal, I be an ideal and R be a right ideal of S. Then, by Theorem

2.3, X is an IVQF quasi-ideal with thresholds (a,B), x; is an IVQF ideal with thresholds

(@, B) and % is an IVQF right ideal with thresholds (a, )

of S. By supposition and Lemma 3.2, we have

B = (zQﬂIﬂR)(ﬁﬁ)(m(I) = (o) A% (X1) A5 (Xg))(u,q)

C ((ZQ) Og x) Og (Xr))(u,q) = (7Q1R)(ﬁﬁ)<u7Q)'

=

Thus, u € QIR. Hence, QNINR C QIR. Therefore, by Lemma 3.8, S is weakly regular. ]



CHARACTERIZE WEAKLY REGULAR SEMIGROUPS 11

ACKNOWLEDGEMENTS

The authors are greatly appreciate the referees for their valuable comments and suggestions for

improving the paper.

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] S. Abdullah, M. Naeem, B. Davvaz, Characterizations of regular semigroups by interval valued fuzzy ideals
with thresholds (@, B), Ann. Fuzzy Math. Inform. 8(3) (2014), 419-445.

[2] M. Aslam, S. Abdullah and S. Aslam, Characterization of regular LA-semigroups by interval valued (a,ﬁ)-
fuzzy ideals, Afr. Mat. 25(3) (2014), 501-518.

[3] A.lJurio, J.A. Sanz, D. Paternain, J. Fernandez, H. Bustince, Interval-valued fuzzy sets for color image super-
resolution, in: J.A. Lozano, J.A. Gdmez, J.A. Moreno (Eds.), Advances in Artificial Intelligence, Springer
Berlin Heidelberg, Berlin, Heidelberg, 2011: pp. 373-382.

[4] R. Biswas, Rosenfeld’s fuzzy subgroups with interval valued membership functions, Fuzzy Sets Syst. 63(1)
(1994), 87-90.

[5] H. Bustince, Indicator of inclusion grade for interval valued fuzzy sets. Application to approximate reasoning
based on interval valued fuzzy sets, Int. J. Approx. Reason. 23 (1998). 137-209.

[6] Y. Feng, D.Tu and H. Li, Interval valued fuzzy hypergraph and interval valued fuzzy hyperopertions, Italian
J. Pure Appl. Math. 36 (2016), 1-12.

[7] T. Gaketem, Interval valued fuzzy alomost bi-ideals. in semigroups, JP J. Algebra Number Theory Appl.
41(2) (2019), 245-252.

[8] M. Khan, F. Feng, S. Anis and M. Qadeer, Some characterizations of intra-regular semigroups by their gen-
eralized fuzzy ideals, Ann. Fuzzy Math. Inform. 5(1) (2013), 97-105.

[9] K.-H. Kim, Interval valued intuitionistic (S*,7*)-fuzzy bi-ideal of semigroup, Sci. Math. Japon. e-2010
(2010), 29-35.

[10] N. Kuroki, Fuzzy bi-ideals in semigroup, Comment. Math. Univ. St. Paul, 5 (1979), 128-132

[11] J.N. Mordeson, D.S. Malik and N. Kuroki, Fuzzy semigroup, Springer Science and Business Media, (2003).

[12] P. Murugads, A. Arikshnam and M.R. Thriumagal, Interval valued Q-fuzzy ideals generated by an interval
valued Q-fuzzy subset in ordered semigorup, Ann. Pure Appl. Math. 13(2) (2017), 211-222.

[13] P. Murugads and A. Arikshnam, Characterizations of regular semigroups by interval valued Q-fuzzy ideals

with thresholds (a,E), Malaya J. Mat. 1 (2019), 327-338.



12 U. NETSUWAN, T. GAKETEM

[14] A.L. Narayanan and T. Manikantan, Interval valued fuzzy ideals generated by an interval valued fuzzy subset
in semi-groups, J. Appl. Math. Comput. 20(1-2) (2006), 455-464.

[15] A.Rosenfeld, Fuzzy groups, J. Math. Anal. Appl. 35(3) (1971), 512-517.

[16] M. Shabir and M. Ail, Characterizations of semigroups by the properties of their (&y,&y, Vs )-fuzzy ideals,
Iran. J. Sci. Technol. 37(2) (2013), 117-131.

[17] D. Singaram and P.R. Kandasamy, Interval valued fuzzy ideals of regular and intra-regular semigroups, Int.
J. Fuzzy Math. Arch. 3 (2013), 50-57.

[18] N. Thillaicovindan, V. Chinnaduhai, S. Coumaressane, Characterizations of regular semigroups through in-
terval valued fuzzy ideals, Ann. Fuzzy Math. Inform. 8(3) (2016), 769-781.

[19] A.S.Sezer, N. Cagman and A. Osman, Soft intersection interior ideals, quasi-ideals and generalized bi-ideals;
a new approach to semigroup theory II, J. Multiple Valued Log. Soft Comput. 23 (2014), 161-207.

[20] A.S. Sezer, N. Cagman, A. Osman, A. Muhammed and E. Turkmene, Soft intersection semigroups, ideals
and bi-ideals; a new application on semigroup theory I, Filomat, 29(5) (2015), 917-946.

[21] N. Yaqoob, R. Chinram, A. Ghareeb and M. Aslam, Left almost semigroups characterized by their interval
valued fuzzy ideals, Afr. Math. 24 (2013), 231-245.

[22] L.A. Zadeh, Fuzzy sets, Inform. Control, 8 (1965), 338-353.

[23] M. Zulfiqar, M. Shabir, A new decision making method on interval valued fuzzy soft matrix, Br. J. Math.
Computer Sci. 20(5) (2017), 1-17.



	1. Introduction
	2. Preliminaries
	3. Characterizations of Weakly Regular Semigroup by Their Interval Valued Q-Fuzzy Ideals With Thresholds (, )
	Acknowledgements
	Conflict of Interests
	References

