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Abstract. In this paper, we present a simple approach in order to build up recursively the connection coefficients

between a sequence of polynomials {Q, } >0 and an orthogonal polynomials sequence {Pn}n20 when
Pn(x) = Qn(x) +rnQn71 (x)7 n=>0.

This yields the relation between the parameters of the corresponding recurrence relations. Some special cases are
developed. More specifically, assuming that {P,,},120 is a discrete classical orthogonal polynomials sequence.
Keywords: orthogonal polynomials; darboux transformations; differential equations; discrete classical polynomi-
als.
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1. INTRODUCTION

Let & be the linear space of polynomials in one variable with complex coefficients and
let &7’ be its algebraic dual. We denote by (u, f) the action of u in &’ on f in &2 and by
() := (u,x"), n >0, the moments of u with respect to the monomial sequence {x"},>0. When
(u)o = 1, the linear functional u is said to be normalized. The linear functional u is called regular
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(quasi-definite) if the leading principal submatrices .77, of the Hankel matrix .7 = (MH_ j)i >0
related to the moments u,, = (u,x"), n > 0, are nonsingular, for each n > 0 [8].
Let {Pn}nzo be a monic orthogonal polynomials sequence, in short MOPS, with respect to the

linear functional u € &', i.e.

where k, # 0, n > 0.

In this way, {P,},~( satisfies the following three-term recurrence relation

Poy1(x) = (x = Bu) Pu(x) — WPu—1(x), n>1,
Po(x) =1, Pi(x) =x—Po,

(1
where 7, # 0, foreachn > 1.

Definition 1. [8] The sequence {P}n20 is called symmetric if it fulfils

Theorem 2. [8] For each MOPS {P,},~, the following statements are equivalent
(0) {Pn},>0 is symmetric.

(i) {Pu} >0 satisfies the recurrence relation

PnJrl(x):)CPn(x)_ynPnfl(x% n>1,
Py(x)=1, Pi(x)=nx,

where ¥, # 0, for eachn > 1.

Definition 3. An OPS {P,,}n20 is said to be a sequence of discrete classical orthogonal polyno-
mials if the PS {Qy},( defined by (n+1) Q,(x) = AP, 1(x) is also an OPS where A denotes

the difference operator defined by
A(f)(x) = fx+1) = f(x).

Let u and v be two regular linear functionals and let {P,}, o and {Qy},~( be the correspond-

ing sequences of monic orthogonal polynomials. Assume that there exist non-negative integer
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numbers M and N, and sequences of complex numbers {ri7n}n>0 and {sk7n}n>0 such that the

structure relation
M N
X)+ Y rinQn—i(x) = Pu(x) + Y _sinPri(x)
i=1 i=1

M
holds for n > 0. Further, assume that ry a4 n 7 0 and sy ar4n # 0, det [0, ;1;] #£ 0, where the
entries ¢;; of the matrix are defined on the basis of {r;,} 4>0 and {Sk,n}n>o- Then there exist

two polynomials ® and ¥ with deg® = M and deg¥ = N such that

These polynomials ® and W can be constructed in an explicit way [15]. On the other hand,
the converse result is also analyzed. A characterization theorem for the sequence {Qy},~¢ to
be orthogonal assuming {P,,}nZO is orthogonal is obtained when M =0 and N =1, M =1 and
N=1I,M=0andN=2,M=1andN=2,M=0andN=3,M=0and N =k [2,3,4,5,6].
In this contribution, the main purpose is to analyze the existence of a MOPS {Q,,}nZO satisfying

the connection relation of two consecutive elements

2) Pn(x) = Qn(x> +rnQn—l(x>7 n> 07

with the initial conditions Qg (x) = Py (x) = 1 and Q1 (x) = P_1 (x) = 0, and where {r,},~ is
a sequence of complex numbers with the initial condition ry = 0 and r,, # O for all n > 1. This
paper is organized as follows. In section 2, we develop some basic results and lemmas. Section
3, we discuss some particular cases. Finally, we illustrate this study with some examples of

discrete classical orthogonal polynomials.

2. CHARACTERIZATION OF ORTHOGONALITY

Let {P,},~ be a MOPS, so it satisfies the three-term recurrence relation (1) . Necessary and

sufficient conditions for the orthogonality of {Q,},~ are given by the following proposition.

Proposition 4. Let {P,},~ be a MOPS satisfies (1), and let {Qn}, > be a sequence of polyno-
mials given by the structure relation (2). Then, {Qn},¢ is a MOPS if and only if the following

conditions hold

(i) rp—1—Bu— 1—|———/.1, n>2, where/.t——ﬁo—l—y1
r

I’l
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(i) Y= Yo+ 7n(Br— Bro1 —1tn+1y—1) #0, n> 1.
Proof. Let

3) Qn(x) = Pn(x) + Zan,iPn—i(x)y n>0
i=1

i1
where oy, ; = (—1)' _Horn,j, 1<i<n,n>1l.
j:
Multiplying the left and the right hand sides the above expression by x and applying (1) to

xP,(x), we get

xQn(x) = P'H-l(x)+(ﬁn+an,1>Pn<x)+(Yn+an,lﬁn—l+(Xn,2)Pn—l(x)

n
+Z [an,i—IYn—i—i—l + an,iﬁnfi + an,i-i—l] Pnﬂ’(X)-

i=2
Hence, it follows
@ 0 = Fra () + BB+ TP (-4 L)
im

where
5) Br : =PButami,

Yo @ =Yt i1+
and
(6) C,i = Ol i1 Yn—it1 + O ip—i + Qi1, 2 <i<n, with a1 =0.

Replacing (2) in (4), we obtain

50(¥) = Qa1 () + (Bt s ) Culx) + (Ta+ rab ) Qa1 (4

n—1
+ (002 + Fu—1%) On2(x) + Y, (Oonip1 4 FniOn,i) Oni1(X).
i=2
So, {Qn},>0 Will be orthogonal if and only if
(7N %:%“f’rnﬁn?éoa nz1l,

(8) &n,2+rn717n:07 nZ 17
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) Cpiv1 +Fn—iOpi =0, 2<i<n.
From (8) and (9)

~ l+1 ~ i—1 .
(10) Oy, = (_ ) Yn len—j; 2<i<n,

and from (6) and (8)
Oy 3+ an,Ziﬁan + 01 V-1 = _ran%-
Moreover, from (6) and (10), for 2 <i <n,

iy 7

Oy it+1+ an,iﬁn—i+ O i—1Y—i+1 = ( ) s :}7n I_I n—j = _r_an,ia
- n
dividing in this last expression by o, ;, we get
B LT i,
Tn—i+1 T'n
using (5), for 2 <i<n,
(1) rn—i_ﬁn—i+yn s =TIn— 1_ﬁn l+yn-
Tn—i+1 'n
Taking into account (11), for n and n— 1 instead of i, we get
2
—130+— =rn-pit+ 2
rn
for ry is fix, we deduce 7.
By iterating the process, we have
Fn—2— Pn—2+ Ja-1 =Tp-1— Pu1+— }’n n>72.
n—1 rn
This last expression implies
Yu
(12) B+ =y, n>2

n

where u = —fy + n
r
Again, from (5) and (7)

(13) :}711:'}/n“i_rn(ﬁn_ﬁnfl_rn'f’rnfl)y n>1.
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Dividing the left and the right hand sides in the above expression by r;,, leads to

ﬁzﬁ"‘ﬁn_ﬁn—l_rn—{_rn—l? l’lZl
'n  TIn
using (12), we obtain
I By =1L 20,
In F'n+1

This accomplish the proof.

Let {t,},~, be a sequence of complex numbers,

In

such thatty =1 and r,, =

tht1 .
The relation (12) becomes

t,— t

L I_anl'i'n_‘—l'}/n:uy n>?2,
hence
(14) the1 = Ba—1tn + Yalus1 = Uty, n>2.

From the relation (14) and taking into account

n(u)=1nw)=y"(u+po),

we can deduce that 7, is a polynomial of degree n — 1.

If we denote by k, its leading coefficient as well as we denote
tn (1) = kntn—1 (1),
then the relation (14) reads
Htn1 () =t (1) = Ba—1tn—1 (1) + Ya—1ta—2 (K,

with 7o (1) = 1,71 (1) = 1+ Po.

In other words,
1y (1) = (=1)" Py (—n),

and, as a consequence, we can deduce the explicit expression of t,,.

Y

The next result gives the solution of the above linear difference equation.
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Proposition 5. Let

Yontitany2 = Ropp1(), n>0,
y2nt2n+1 == S2n(.u')7 n 2 17
then
Roni1 (1) = (U4 Bon) 15, Son (W) — 13, 1 Ron—1 (1),  n>1,
Ri(u) =+ PBo
and

Son(u) = (1 +B2n—1) '}’zinlflRanl(.u) - 727,117252n72(/4)7 n=?2,
So=1, Sa(i)=(u+pB0)y; 'Ri(u)—1.

Proof. From the relation (14), we have

Yaln+1 = (,LL +Bn71)tn —tho1, n>2,
then
Yit2 =1+ Bo=Ri (1)

with R is an odd polynomial of degree 1.

On the other hand

Yotz = (U+ Bt —tr = (u+B1)y; 'Ri(u)—1=S(u)

with §7 is an even polynomial of degree 2.

Moreover
Yot = (1 +Ba)s —ta = (4 B2)y5 'Sa (1) — ¥ 'Ri (1) = Ra ()

with R3 is an odd polynomial of degree 3.

And
Wats = (L+B3)ta —13 = (L +B3)%; 'R3 () — % 'Sa (1) = Sa(p)

with Sy is an even polynomial of degree 4.

Thus

Ronii(0) = (1+B2n) Vo, Son() — Vo, Ron—1(p), n>1,

Son(p) = (4 Bon1) Vo (Rono1 () = 15, 2 Son—2(1t), n>2



8 S. MEKHALFA, K. ALI KHELIL, M. C. BOURAS

with initial conditions Ry (1) = w + Bo, So(1) = 1, So () = (u+B1) vy 'Ry () — 1. O
In the following result, we assume that the sequence of polynomials {Qn}nzo i1saMOPS, i.e.

(1) Oni1(1) = (¥ Ba) 0u(®) = TuQu 1 (¥), 020,

with the initial conditions Qy(x) = 1, Q_;(x) = 0 and the conditions ¥, # 0, for each n > 1.

Lemma 6. Let {Q,},-( be a MOPS satisfying the decomposition (2), then

ﬁn:ﬁn_rn‘f‘rn—f—la I’lZO,

(16) %ZYH+rn(ﬁn_ﬁn—l_rn+rn—l)7 n>1,
~ 14
h=—Y1, n>1
l",H_

3. SOME SPECIAL CASES

We will consider the following two special cases.
3.1. {P:},>( is symmetric
Let us suppose that {Pn},120 is a symmetric orthogonal polynomials sequence. From Proposition

5 and Theorem 2, we have

Ropi1 (W) = 1%, San(B) = Yo, | Ron 1 (1), n>1,
Ri(n) =p
and
San(1) = Yot 1 Ron1 () = Vo, pS2m2(), =2,
So=1, Sa(u)=py; 'Ri(m)—1.
Moreover, from Lemma 6, we obtain
Bo=rui1—ru,  n>0,
A7) = Yot ta(ra—1—1a), n>1,

rn?n—l =1y, n=2.

Then
(18) B M 2 and L 20,
n r r
equivalently,
Yu+1 4, = ﬂ’ >1
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By summation in (17), we get
n ~
Y Bi=rar1, n>0.
i=0

We deal with two particular cases.

(i) If By = B, n >0, then

rn:ng, n>1.

The relation (18) becomes

RS ——

with 71 # B2.

Then, the sequence {P,},~ has the recurence coefficients

Z’illzyl—nﬁz, n>1.
(ii) If En =14n,n >0, then
rn:n(l;—n)
and N B
n(lyin):%_n(ljn)—i_%’ n=landy =m-1
with y # 1.

Then, the sequence {P,},~ has the recurence coefficients

Yo+1 ~h n(l +n)

=1 5T 1

(n+1)(n+2) 2 4 7
3.2. The sequence {r,},- is constant

Let as consider r, = r, n > 1, where r € R\ {0} . From Lemma 6, we get

En:ﬁnv nzl; 50:ﬁ0+ra
%:Yn‘*‘r(ﬁn_ﬁn—l)? n>2,
Nn=n+rBr—Bo—r),

\ %:Yn-Flv n>1.

(

(19)

Using the above system, we can deduce

Yor1 = N+r(Bn—P1), n>2,

o= ntrBi—Po—r)
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Then, we have two cases.

1* Case: Let consider , =f,n>0, %, =7, n > 1. From (19), we obtain
Bi=B. n=1, Bo=B+n
n=y-r;

W=7 n=l,

thus, r =0

so, P, =0,, n>0.

2" Case: If B, =B, n > 1,and By # B, %, = 7, n > 1. From (19), we get
Bi=B, n>1, Py=Po+r
n=v+r(B—Po—r),

W=7, n=>1,

thus, r = 8 — Bo.

In this case {Q,},~ and {P,},~, have the same recurrence relation with initial conditions

Q1(x) =P(x) —rand Qy(x) = P (x) —r(x— Po —r).
4. EXAMPLES

In this section we illustrate some examples of classical discrete orthogonal polynomials.
The three referred families of monic discrete orthogonal polynomials: Charlier C,(la), Meixner
M,SV’” ) , Krawtchouk K,Sp ) (.;N) and Hahn h,(f"ﬁ ) (.;N) have the following hypergeometric repre-

sentations [9]

4 1
C}s )()C) = (_a)fl 2F0 S I Cl>0,
n -n, —Xx
M = () oA d-g | veo el

kPN = 2R L) pepi Nezt nen,

(N+atl), [ —n a+B+ntl —x
3172
(a+B+n+1), N o+l

hﬁ,“’ﬁ)(x;N) = 1, o0>—1,8>—1.
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where ,F, is the hypergeometric series defined by

ai, ax, .., dap = (ar), (@) - (ap), z
rky =)

by, by, ..., by i=0(b1); (b2)y "‘(b‘I)k k!

with the Pochhammer symbol (a), being defined by

I, ifn=0,
(@), = .
ala+1)(a+2)...(a+n—1), ifn>1.

And their recurrence relations can be written as follows [9]

(x) = (x—n—a)Cr(la)(x) —anC¥ (x), n>0,

n—1

(20) o

with the initial conditions C(()a) (x)=1, C(fl) (x) =0and a > 0.

n+1

e MY () = (x_ W) MY () — nntv—Dp v (x), n>0,

(1w

with the initial conditions M(gv’”) (x)=1, M(jf“) (x) =0and v >0, u €]0,1].

I—u

K" (N) = (x—n(1—p)—p(N—n) K (x;N)

n+1

(22) —np(1=p)(N—n+1) K% (::N), n>0,

with the initial conditions K" (x;N) = 1, K\ (x;N) =0and p €]0,1[, n <N, N € Z*.

@B ny = [ (GTDN(@+B)+n(N—a+B)(a+B+2N)\ (ap),.
ft 5N = <x 4(a+B+2n) (a+BL2n+2) )h" (x:N)
23) n(N—n—1)(a+B+n)(a+n)(B+n)(a+B+N+n+1) h((i7lﬁ)

(@+B+2n—1)(a+B+2n)*(a+p+2n+1)

with initial conditions 4" P (x:N) = 1, "% P (x; N) =0 and @ > —1, B > —1.
4.1. MOPS of Charlier

From (16) and (20), the recurrence coefficients of {Q,},~ are getting as follows

Bn = Int1—Mmtn+a, n>0,

n—1

W = na—(ﬁn—l—n—a>z<ﬁk—k—a), n>1.

k=0

11

(x;N), n>0,
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As such, the A operator acts as a lowering operator on this family of polynomials. The explicit

expression is [14]

(@)
M:C(a)(x) n>0
n+1 n ) -

ACr(zL—IO—)l (x)
+1
Thus, there is no a sequence {7, },~ such the decomposition (2) holds.

if we get O, (x) = ,n>0,then Q, = C,(,a).

4.2. MOPS of Meixner

From (16) and (21), the recurrence coefficients of {Q,},~ are obtained as follows

En — rn_‘_l_rn_‘_w’ nZO7
I—p
_ v—1 ~ V'S [~ k+(k+v
7 = w_ (ﬁn_l_w) y (ﬁk_u), w1,
(I—p) l—p k=0 I—u
It is well known that the Meixner polynomials satisfy the following relation [14]
(v.u)
AM (x)
m =M ), >0,
(V,u)
AM X
if we get O, (x) = %1(), n>0,then Q, = M,(ZVH’“).
n
And as
~ _n
T = n+ 1'}’n+1

n_(n+1)(n+viu
ntl o (1-p)?
n(n+v)u

then, there is a sequence {7, }, - such the decomposition (2) holds.

4.3. MOPS of Krawtchouk

From (16) and (22), the recurrence coefficients of {Q,},~ are determined as follows
[))n:rn+1_rn+n(1—p)+P(N_n)a n=0,

W = np(l—p)(N—n+1)
n—1

B —n(=p) = pW-m)] ¥ [Be—k(1—p) = pN —R)] . n>1,

k=0
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Moreover, the Krawtchouk polynomials satisfy the following relation [14]

AKr(zi)l (x;N)

1 kP (N-1), n>0,
n

AKP) (x;N)

if we get Qp(x) = P ,n >0, then QnEK,(lp)(.;N—l).
And as

~ n

Yo = m?’nﬂ

= Pt )1 —p)(N —n)

then, there is a sequence {r,}, - such the decomposition (2) holds.

4.4. MOPS of Hahn

From (16) and (23), the recurrence coefficients of {Q,},~ are getting as follows

(a+1)N(a+B)+n(2N—a+p)(a+p+2N)

ﬁn:rn+1_rn+

4(oe+p+2n)(o+p+2n+2)  n20,
G = n(N—n—1)(a+B+n)(a+n)(B+n)(a+B+N+n+1)
! (0+B+2n—1)(a+B+2n)2(a+B+2n+1)
—{5 _(oc—I—1)N(a+ﬁ)+n(2N—a+B)(Oc+ﬁ+2N)}
nl A(a+pB+2n) (a+B+2n+2)
X”_llg_(oc+1)N(a+[3)+k(2N—a+ﬁ)(a+B+2N)} .
Pl 4(o+B+2k) (a+ B +2k+2) =

Moreover, the Hahn polynomials satisfy the following relation [14]

AR P) ()

n+1 :hglaJrl’BH)(x;N_l)a n=>0,

13
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AP (N

if we get O, (x) = T ,n >0, then Q, Ehﬁ,aH’BH)(.;N— 1).
n
And as
~ n
W F m?’nﬂ
_oon m+h)(N—n-2)(a+B+n+1)(a+n+1)(B+n+1)(a+B+N+n+2)
n+1 (a+B+2n+1)(a+B+2n+2)*(a+p+2n+3)

_ nN—n=2)(a+B+n+1)(a+n+1)(+n+1)(a+B+N+n+2) .

(+B+2n+1)(a+B+2n+2)* (a+P+2n+3) T

Thus, there is no a sequence {7, },~ such the decomposition (2) holds.
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