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1. INTRODUCTION

In many fields of science and engineering there are some data which are vague than exact. To
give modeling these uncertainties a host of researchers have become involved recently. Fuzzy set
theory [31] which was first concept to deal with uncertainty by allowing partial membership.
Therefore, fuzzy set has been generalized by numerous researchers and many applications of
fuzzy set theory have arisen over the years. One of generalization of fuzzy set is intuitionistic
fuzzy set, proposed by Atanassov [1], is also capable of dealing with ambiguity by allowing
membership degree and a non-membership degree, while a fuzzy set is characterized by only a
membership degree. Later intuitionistic fuzzy set has been applied in diverse areas of science and
engineering due to its more efficiency for dealing with ambiguity than the fuzzy set. But in the
applications of intuitionistic fuzzy sets, there arise problems for the feature of neutrality of an
element. To overcome these difficulties, Cuong and Kreinovich [3,4] initiated picture fuzzy set
which is a direct extension of fuzzy set and intuitionistic fuzzy set by including the idea of
positive, negative, and neutral membership degree of an element. Later a host of researchers
studied its structural properties and applied them in many branches of science and engineering.
Cuong and Kreinovich defined some basic operations of picture fuzzy sets such as union,
intersection, complement, Cartesian product etc. and described some related properties of them.
They also described picture fuzzy relation and Zadeh extension principle for picture fuzzy sets
by applying Cartesian product. Dutta and Ganju [7] introduced (a,d,B)-cut and strong
(a, 8, B)-cut, level set for picture fuzzy sets and discussed some properties of them. They also
described decomposition theorems by («, §, 8)-cut and strong (a, 8, 8)-cut and level set for
picture fuzzy sets. Zadeh extension principle and arithmetic operations by using Zadeh extension
principle are also illustrated by Dutta and Ganju. Besides these some other operations of picture

fuzzy sets are also depicted by [see ([2], [5-6], [8-17], [19-30]).

In this work, we propose the lower (a,y,)-cut and the strong lower (a,y, 8)-cut of picture
fuzzy sets and explore some properties of them. Minimal decomposition theorems for picture

fuzzy set are introduced. Some properties of minimal extension principle for picture fuzzy sets
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are described by using the lower (a,y, 8)-cut and the strong lower (a,y,)-cut of a picture
fuzzy set. Finally, some arithmetic operations for picture fuzzy sets are illustrated by using the

minimal extension principle with numerical examples.

This article is organized as follows: in section 2, we give some definitions which are essential to
rest of the paper. In section 3, the concept of the lower (a,y,)-cut and the strong lower
(a, v, B)-cut of a picture fuzzy set are proposed and described some properties. Here, we also
introduce minimal decomposition theorems. In section 4, some properties of the minimal
extension principle for picture fuzzy sets are depicted by using the lower (a, y, 8)-cut and strong
lower (a,y, B)-cut of picture fuzzy sets. Here, also the arithmetic operations for picture fuzzy

sets by using the minimal extension principle are illustrated with numerical examples.

2. PRELIMINARIES
In this section, we recall some basic definitions for picture fuzzy sets which are used in later
sections.
Definition 2.1: [31] LetX be non-empty set. Afuzzy set A in X is given by
A ={(x,pa(x)):x € X},

whereu,: X — [0, 1].
Definition 2.2: [1] LetX be non-empty set. An intuitionistic fuzzy set A in X is given by

A ={(x, ua(x),v4(x)): x € X},
where u,:X - [0,1] and v,: X — [0, 1], with the condition 0 < p,(x) + v4(x) < 1;Vx € X
The wvalues puy(x) and v,(x) represent, respectively, the membership degree and
non-membership degree of the element x to the set A.

For any intuitionistic fuzzy set A on the universal setX, let
ma(x) =1- (.UA(X) + VA(x))
which is called the hesitancy degree (or intuitionistic fuzzy index) of an element x in A. It is

the degree of indeterminacy membership of the element x whether belonging to A or not.

Obviously, 0 < m,(x) < 1forany x € X.
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Definition 2.3: [3,4] A picture fuzzy set A on a universe of discourse X is of the form

A= {(x pa(x),ma(x), v4(x)): x € X3,
where u,(x) € [0,1] is called the degree of positive membership of x in A, n,(x) € [0,1] is
called the degree of neutral membership of x in A and v,(x) € [0,1] is called the degree of
negative membership of x in A, and where u,(x),ns(x)and v,(x) satisfy the following
condition:
0<pus(x)+ na(x)+ vy(x) < 1;Vvx € X
Here 1 — (,uA(x) + na(x) + vA(x));Vx € X is called the degree of refusal membership of x
in A.
The set of all picture fuzzy sets in X will be denoted by PFS(X).
Definition 2.4: [3,4] LetA,B € PFS(X), then the subset, equality, union, intersection and
complement are defined as follows:
1. ACB iff Vx € X, uy(x) < ug(x),na(x) < ng(x)and v,(x) = vg(x);

2. A=B iff vx € X,pu,(x) = pp(x),n4(x) = np(x)and v, (x) = vg(x);

3. AUB = {(x, max(us(x), us(x)), min(n4(x), np (1)), min(v, (), v (x))): x € X3;

4. AnB = {(x,min(us(x), up(x)), min(na(x),np(x)), max(v,(x),vs(x))):x € X};

5. A° = {(x,v4 (%), 14 (x), ua(x)): x € X}.
Definition 2.5: [7] Let 4 = {(x, ua(x),n4(x),v4(x)) : x € X} € PFS(X) and a,y,p € [0,1],
a+y+ B <1.Thenwe call

A@YE) = (o, () = a,na(x) < v, v4(x) < B} and

AT = {x: g (x) > a,ma(x) <y ,va(x) < B,
the (a,y, B)- cut set, the strong (a,y, B)- cut of A respectively.
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3. LOWER (a,y,B)-CUT AND MINIMAL DECOMPOSITION THEOREMS OF PICTURE
Fuzzy SETS

In this section, the concept of the lower (a,y, 8)-cut and strong lower (a,y, 8)-cut of picture
fuzzy sets are introduced and some of their properties are described. Minimal decomposition
theorems by these lower (a,y, £)-cuts and level set are also established. Throughout this article,

we denote A for minimum operator and v for maximum operator.

Definition 3.1: Let 4 = {(x, ua(x),n4(x),v4(x)) : x € X} be a picture fuzzy set on X
anda,y,B €[0,1], a+y + B < 1, then the lower (a,y, B)-cutof A is given by

Awyp =X €X: pa(x) < a,ma(x) < v,valx) = B}

That is, Ay, = {x: ug(x) < aj, Vg = {x: na(x) <y} and By, ={x: vu(x) =B} are a, y

and B- lower cuts of positive membership, neutral membership and negative membership of a
picture fuzzy set A respectively.

Example 3.1 (a): LetX = {1,2,3,4,5} and

A =1{(1,0.3,0.4,0.2),(2,0.2,0.6,0.1), (3,0.4,0.1,0.5), (4,0.4,0.2,0.2), (5,0.2,0.3,0.4)} be a
picture fuzzy setin X.

Leta = 0.6, y =0.2, § = 0.1, then
Ay p) = x €X: pg(x) <0.6,m4(x) <0.2,v4(x) = 0.1}
= {3,4}
Definition 3.2:  Let A = {(x, ua(x),n4a(x),v4(x)) : x € X} be a picture fuzzy set on X
anda,y,B €[0,1], a +y + B < 1, then the strong lower (a,y, B)-cut of A is given by
Ay.p+ = X €X: pa(x) < a,ma(x) <y,valx) > B}
That is, a+ﬁA = {x: uu(x) < a}, y+ﬂA ={x: nu(x) <y} and B+2A = {x: v4(x) > B} are «a,

y and [ - strong lower cuts of positive membership, neutral membership and negative

membership of a picture fuzzy set A respectively.
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Example 3.2 (a): LetX ={1,2,3,4,5} and
A =1{(1,0.3,0.4,0.2),(2,0.2,0.6,0.1), (3,0.4,0.1,0.5), (4,0.4,0.2,0.2),(5,0.2,0.3,0.4)} be a
picture fuzzy setin X.

Leta = 0.6, y =0.2, § = 0.1, then
Aayp)+ = x € X: pa(x) <0.6,m4(x) <0.2,v4(x) > 0.1},
= (3}
It can be noted that, A5+ € Aay.p)-

Theorem 3.3: Let A € PFS(X), thenA (s y.5y+ € A(ay.p) -

Proof: Letx € A(g, )+ »then

pa(x) < a,ma(x) <y,valx) > p
= pua(x) S a,n(x) <y, vx) =B

> X € A(a,y,[?)-

~ Ay pr+ € Ay.p)-

Theorem 3.4: Let A,B € PFS(X), thenA € B implies

L Bayp S Aw@y.p
2. Bayp+ S Awyp+
Proof: 1. Letx € By, p), then

pup(x) < a,np(x) <vy,vp(x) = 6.

As A S B, wehave
pa(x) < pup(x) < a,na(x) <np(x) <y ,va(x) =2 vp(x) =B
= pa(x) <a,na(x) <y, vax) = p

> X € A(a,y,ﬁ)'

“ Bayp S Awyp):

2. Proof is similar to 1.
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Theorem 3.5: Let A,B € PFS(X), then
L (AUB)(wyp = Awyp) N Blayp
2. (AUB)@ayp+ = Awyp) NBlayp+
3. (AUB)(ay.p) € Awyp) Y Bay.p
4. (AU B)(ayp+ € Awyp) Y Blayp+
Proof: 1.Since A€ AUB and B € A U B, so from the theorem 3.4 we have,
(AU B)(@ayp) S Atayp) ad (AU B)(@ayp) S Bayp
= (AU B)(ay.p) € Aayp) N Blay.p):
Again, let x € Agyp) N Bayp)
=X € Aay,p) aNd X € By p)

= us(x) < a, pup(x) < a = max{p,(x), up(x)} < a
na(x) <y,np(x) <y = min{n,(x),np(x)} <y

va(x) 2 B,vp(x) 2 B = min{va(x),vp(x)} = B

=> X € (A U B)(a,y,ﬁ’)'
Therefore, Ay, N Bayp) S (AU B)(ay.p)-

Hence, (A U B)(a,y,ﬁ) = A(a,y,[s’) N B(a,y,ﬁ)'

2. Proofis similar to 1.

3. Since A AUB and B € A U B, so from the theorem 3.4 we have,
(AU B)(ay,p) S Aayp) and (AU B)(ayp) S Bay,p)

= (AU B)ayp S Awy.p Y Bayp-

4. Proof is similar to 3.

Theorem 3.6: Let A,B € PFS(X), then A = B implies

1 Awyp = Bayp
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2. A@yp+ = Bayp+
Proof: 1. Let x € A(q,y,p), then

pa(x) < a,na(x) <y,va(x) = B.

As A =B, wehave
pup(x) = pa(x) < a,mp(x) =ny(x) <y, vp(x) =vy(x) = B
= .uB(x) < “:UB(x) < V’VB(X) = B

= X € B(a,y.ﬁ)'

“ Awy,p) S Blayp)-
Again,
Let x € Bgy,p), then
pp(x) < a,mp(x) <y,vp(x) = B.
As A =B, wehave
pa(x) = ug(x) < a,ny(x) =npx) <y,va(x) =vpg(x) = B
= ua(x) S a,nux) <y, vax) = B

= X € A(a,y,[s’)-

“ Bay.p) S Awy.p)-

Thus, Aay.p) = Bay.p):
2. Let x € Agy g+ then

Ha(x) < a,mu(x) <y,va(x) > .
As A =B, wehave
up(x) = pa(x) < a,mp(x) =na(x) <y,vp(x) =va(x) > B
= pup(x) <a,np(x) <y,vp(x) >p

> X € B(a,y,[)’)+-

~ Ayp+ S Bayp)+
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Again,

X € B(a’,y,[;’)+a then

up(x) < a,np(x) <y,vg(x) > p.

As A =B, wehave
pa(x) = pp(x) < a,ma(x) =np(x) <y,va(x) =vg(x) > p

= ua(x) < a,nu(x) <y,va(x) > p
= X € Aay,p)+
“ Bayp+ S Awy.pr+
Thus, Awy.py+ = Blaypr+:
Theorem 3.7: Let A € PFS(X).

1. If ay < az,Y1 = Y2 'ﬁl = ﬁz ’then A(alﬂ/pﬁﬂ < A(Ulz']’z'ﬁz)

2. |If a; < az,¥Y1 =72 ':81 = ﬁz , then A(Ull']’l’ﬁ1)+ S A(az’)/zﬁzﬁ'
Proof: 1. Let x € A(q,,,5,), then

pa(x) < ag,na(x) <yq,va(x) = fy
= pua(x) S a; < a ,na(x) <y <v2,vax) = 1 = B
= pua(x) < ay ,na(x) vy, va(x) = B,

= X € A(O—’zl)’zlﬁz)'

Ay € AlagyaBa)-

2. Let x € A, y,,,)+ then

pa(x) < ag,na(x) <yqg,valx) >y
= pa(x) <ap < ap,na(x) <y < vz, valx) > 1 = B,

= pa(x) < ay,na(x) <yz,va(x) > B,

= XE A(az,)’z'ﬁz)+'

S Ay B+ S Alagya B+
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Definition 3.8: Let 4 = {(x, us(x),n4(x), v4(x)) : x € X} be a picture fuzzy set on X. We
now define a special picture fuzzy set denoted by(a, y, £)A4, is defined by
(0(, Y, ,B)A (X) = (CZ, Y, IB)A(a,y,ﬁ)(x) = (aﬁA' yﬁA,ﬁl’A),

where the positive membership a4, neutral membership y24 and negative membership pxa

are as follows:
a ; X€E «a

al4(x) = { 4
0 ;Otherwise
Y 5 XEY
M4y :{ 1
=) 0 ;Otherwise
g x€ P,
va — va
p= () {0 ; Otherwise

Definition 3.9: Let A be a picture fuzzy set, then the level set for positive membership is

defined as

A (A+) = {Of: .uA(x) =a,ac€ [0,1]}

level set for neutral membership is defined as

A (Ai) = {y nA(x) =Y.,y € [0,1]}

and level set for negative membership is defined as

A (A—) = {ﬁ 1/A(x) = ﬁ 'ﬁ € [0'1]}

Theorem3.10: (First minimal decomposition theorem):

Let X be a non-empty set. For a picture fuzzy set A = {(x uA(x),nA(x),vA(x)):x € X} in X,

A= (Naefo, 1@, Nyefo, Y™, Upepo 11 8%4).
Proof: Let x be an arbitrary elementin X and let u,(x) = a,n4(x) = c,v4(x) = b.

Then
((nae 0.1 = ) (nye 01 V2 ) (Uﬁe[o 1 ﬁ—A))
= (/\ae[o,1 /\ye [0,1] Vﬁe [0,1] 3—‘4)

_ (max [Aaeio a) @) Aaefa,g) @4 max[Ayepo o) Y™, Ayere 1y yﬂA],)
max|[Vgepo b1 B, Vpew 1 B44)
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For eacha € [0,a), we have puy(x) = a > a.

Therefore,a®4(x) = 0. On the other hand, for eacha € [a,1], we have us(x) = a < a and
akd = q.

Similarly, foreach y € [0, ¢), we have n4(x) = c > y.

Therefore, y24(x) = 0. On the other hand, for eachy € [c,1], we have n,(x) =c <y and
Yy =y.

Again, for each § € [0, b], we have v (x) =b = f

Therefore, p¥A(x) =B

On the other hand, for each g € [b, 1], we have v,(x) =b < and %4 = 0.

Therefore, (mae[o,ﬂ @), (Nyero, 7). (Ugepo 1 52‘4))
= (/\ae[a 1] ak4 ’ /\ye[c 1] VEA ’ VEE[O ,b] ﬁZA)

= (Aweta 11, Ayele 1Y Velo 01 B)
= (a,c,b)
=A
Example 3.10 (a): Let A be any picture fuzzy set in X, given by
A = {(x;,0.5,0.2,0.3), (x5, 0.2,0.3,0.4), (x5, 0.6,0.3,0.1), (x4,0.3,0.3,0.2)} .

Let us denote A for convenience as

(0.5,0.2,0.3) (0.2,0.3,0.4) (0.6,0.3,0.1) (0.3,0.3,0.2)
= + + + .
X1 X2 X3 X4

A

Then, we have four distinct lower (a,y,p)-cuts, which are defined by the following

characteristic functions (viewed here as special membership functions):

(1,1,1) + (1,0,1) + (0,0,0) + (1,0,0)

A05,0203) = x1 - - —
A(0.2,03,04) = (0;:1‘0) + (1;612'1) n (O;ZO) n (0;:40)’
A0,6,03,01) = (1;611‘1) + (1;612'1) n (1;613,1) n (1;514’1)’
A03,0302) = o1y , @1y, 010 , 1LY

X1 X2 X3 Xg

We now convert each of the lower(a, y, 8)-cuts to a special picture fuzzy set(a,y, 8)A, defined
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foreach x € X = {xq, x5, x3, x4} as follows:

(@7, DA = (a7, B)Aayp = {(x, a®4,y14, p¥4): x € X}.

We obtain
(05’02’03)14 — (0.5,0.2,0.3) + (0.5,0,0.3) + (0,0,0) + (0.5,0,0) (31)
X1 X2 X3 X4
(02’03’04)14 — (0,0.3,0) + (0.2,0.3,0.4) + (0,0.3,0) + (0,0.3,0) (32)
X1 X2 X3 X4
(06,03,01)14 — (0.6,0.3,0.1) + (0.6,0.3,0.1) + (0.6,0.3,0.1) + (0.6,0.3,0.1) (33)
X1 X2 X3 X4
(03’03’02)14 — (0,0.3,0.2) + (0.3,0.3,0.2) + (0,0.3,0) + (0.3,0.3,0.2) (34)
X1 X X3 X4

Using the equations (3.1), (3.2), (3.3) and (3.4), we have

A= (nae[o 1] nye [0,1] Uﬁe [0,1 ﬁ—A)
Theorem 3.11: (Second minimal decomposition theorem):
Let X be a non-empty set. For a picture fuzzy set

A = {(x' ‘UA(X), T]A(X),VA(X)):X € X}!

A= (Ngepo 1@ 44, Nyepo 1Y +14, Ugepo 118 +24) .
Proof: The proof is similar to the theorem 3.10 is neglected here.
Theorem 3.12: (Third minimal decomposition theorem):

For every

A= {(x, g (x), nA(x),vA(x))} € PFS(X), then

A= (naEA(A+) a= nyEA(A+)y » Upenca- ):B_A)

Proof: The proof is similar to the decomposition theorems.

4. MINIMAL EXTENSION PRINCIPLE AND ARITHMETIC OPERATIONS OF PICTURE

Fuzzy SETS

In this section, some properties of minimal extension principle for picture fuzzy sets are explored

by using the lower (a,y, )-cut and strong lower (a,y,B)-cut of picture fuzzy sets. We also
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describe some arithmetic operations of picture fuzzy sets by using the minimal extension
principle.
Definition 4.1: [7] Let X and Y be two non-empty sets and f:X — Y be a mapping. Two
mappings can be induced by f as the following:

f:PFS(X) » PFS(Y) and f %:PFS(Y) - PFS(X)
which are defined by

FAO) = (17 ) M7y @), vy () ), where A € PFS(X)

and
Ky ) _{ ba@:x e ) gt;gv)v:e(p
N7y (¥) _{ {nA(x) RO gt}igl}'/\?v:ed)
Vi ) _{ {VA(x) RO ](;t;gv)v:e(p'
and
B = (p-15) (), 17108 (), Vy-2(s) (x) ) where B € PS(Y)
and

-1y () = 1 ()
Ni-ey () =15 (F))
Vi1 () = v (F)
Definition 4.2: Let X and Y be two non-empty sets and f:X —Y be a mapping. Two
mappings can be induced by £ as the following:
f:PFS(X) » PFS(Y) and f~%:PFS(Y) - PFS(X)

which are defined by

FO®) = (1700 0103, vy ) ). where 4 € PESCO)

and
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Hray(¥) = {A {“A(x):x € [_l(y)} S fTI ) = ¢

0 ; Otherwise

peo () = {A{m(x>:xef1<y)} FTIO) # ¢
f(4) 0

; Otherwise

Ve () = {V {VA(?“ €O} D #G

; Otherwise

and

F1B)(x) = (uz_l(B) (O 1) ) Vp-1 ) (x)), where B € PFS(Y)

and
sy () = s (£00))
1 @) =16 (£00)
vy () = 5 (£0)

This above statement is called the minimal extension principle for picture fuzzy sets.

Theorem 4.3: Let f:X - Y and A,B,A; € PFS(X), then induced mapping f satisfies that

1. A € B implies f(A) c i(B),
2. f(Nier 4y) = (niel (i(Ai)>>,

3. f(Uier 4y) S (Uiel (i(Ai)>>,

4. f(Awyp) € (f(A))<ayﬁ>’

5. i(A(a.y.BH) = (i(A))

Proof: The proof 1 is trivial.

@y.f)+

2.Foreach €Y ,if f~1 isnot empty,

]_C(niel Al)(y) = (‘le(niEIAi) (Y)’ nZ(ﬂieIAi) (y)l vz(UiEIAi) (y)>)
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where
Hrnician ) = Axer-1Hniga;, ()}
= Arer-1){Aier{ita, (X)}} ; [From the definition 4.2]
= Nier {/\xefl(y){llAi(x)}}
= Nier {.UZ(AL-) (}’)}
“ U nierap V) = Brap (V)
Similarly,
“Nr(nierap V) = Mo rap (V)
Again,
Vi ierad @) = Vaer-10){Vu;ea, (0}
= Vrer-10){Vier{va,(0)}} ; [From the definition 4.2]
= Vier {Vxe£‘1(y){VAi(x)}}

= Vier {{Vi(Ai) (y)}}

Therefore, Vi (UierA) (y) = VUi fap ().

Hence, f (Nie; Ai) = (niel (1_“ (Ai))>-
3. Proof is similar to 2.
4. Let y € f(Aay.p), then there exists x € Ay, pmsuch that f(x) =y and
ra) <a,may) <y,valy) 2 B
= A{yA(x):x € £‘1(x) < a}
AMna@):x e £ < v}

V{VA(X):X € z‘l(x) > ﬁ}
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ie.,
ey < a, ey <V, v () =B
A
I <£( ))(a.y.ﬁ’)
A « C A )
f(A@yp) € (f( ))(myﬁ)

5. Let y € f(Aay.p)+), then there exists x € Ay, z)+Such that f(x) =y and
try @) < a,npay@) <v,vea() > B

S Vi1 ba(x) < @, Axes-109Ma(x) <V Axes-105)valx) > B

& (3x € X)(y = f(xo)) and p,(xo) < a,ma(x0) <v,valxe) > B

= @Ax e X)(y=f(x0) and x9 € Ay p)+

=y € f(Awyp+)-
Thus,f (Aay.p)+) = (}_f(A))

@y.®)+

Theorem 4.4: Let f:X —» Y andA, B, B; € PFS(Y), then induced mapping f~1 satisfies that

1. AcB impliesi‘l(A) c i‘l(B),

2 £ = ().

3. £ (Vier BD) = (Vier £71(BD)

&
I~

(nie (BY) = (niel i_l(Bi)),

5. [ (Bayp) = (fl(B))(a,y,m

6. £ (Bayp+) = (i_l(B))(a,y,ﬁ)+.

Proof: The proofs of 1 and 2 are trivial.

3. Forall x € X, we have

f (Ve B (x) = (#fl(uiE,Bi) (x)'nfl(nielsl-) (x),vfl(nie,si) (x))

where
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1080 () = Hoas, ()
= Vier {ﬂBi (]_C(x))}
= Vier {Mz-l(gi) (X)}

S Hz—l (x) = ‘Llulelz_l(B'-) (x)

(VierBi)
Again,
n[‘l(nie,Bi)(x) = NN;es B; (f(x))
= Nier {TIBi (f(x))}
= Nier {Uz—l(si) (X)}
“ N1 ) = Mg r18p (X)-
Similarly, we can prove that

VE1(nierBy) (x) = VNier f71(BY) ().

Hence, f~' (Ui B;) = (Uiel ]_C_l(Bi))-

4. For all x € X, we have
i_l(niel (Bi))(x) = (.Ufl(nie,Bi) (x)'nfl(nie,si) (x),v£—1(ui613i) (x))
where
1m0 ) = e (£ )
= Nier {.UBi (]_c(x))}
= Aier {ﬂfl(si) (x)}
B (0gerBY) (x) = KNier =18y ().
Similarly, we can prove that
Nf=1(Ne1By) (x) = MNier 1B (x).

Again,

17
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V1 g O = Vs (£00)
=Vier v, (£}
= Vi {Vp1p (0}
V050 ) = Vs 100 (@)
Hence, f(nies B)) = (it (B,
5. Forall x € X, we have,
x € f1(B@rA)
& {x € X py105) () < 110y () < ¥, V1) () 2 )
o {x e Xeup (£00) < @ (£00) = vvs (£00) 2 )
& {x e X: f(x) e B@rA}
Therefore, x € f~*(B@rA)),

Thus,f~*(B@r#)) = (fl(B)

6. Proof is similar to 5.

)(a,)/,ﬁ)

Here, arithmetic operations for picture fuzzy sets by average extension principle are described.
Definition 4.5: Let A,B € PFS(X). Then A * B (where *€ (+,—,. , /) )isdefined by
A* B = {2, upp(2),Na5(2),Va.p(2)},
where
1asB(Z2) = NAzzxsyltta(x) V up ()1,
Nag(2) = Ngzxuy[Ma(x) Ang(¥)],
and Vas(2) = Vazxaylva(x) Avp(¥)].
Definition 4.6: (Addition operation)
Let A,B € PFS(X), then
A+ B =1{z,p4:5(2),M41+5(2), vayp(2)},

where
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Ha+B(2) = NzmxaylHa () V pp(¥)],
Na+8(2) = Az=xay[Ma(x) Anp(¥)],
and Var(2) = Vaomray[va(0) Avs ()],
Example 4.6(a): Let A,B € PFS(X), where
A =1{(1,05,0.3,0.2),(2,0.4,0.3,0.2)}
and
B =1{(2,0.5,0.2,0.1),(3,0.2,0.1,0.4), (4,0.6,0.1,0.2) }.

Therefore,

A+ B = {(1+ 2,max(0.5,0.5),min(0.3,0.2), min(0.2, 0.1)),
(1 + 3,max(0.5,0.2), min(0.3,0.1), min(0.2,0.4)),
(1 4 4,max(0.5,0.6), min(0.3,0.1), min(0.2,0.2)),
(2 + 2,max(0.4,0.5), min(0.3,0.2), min(0.2,0.1)),
(2 + 3,max(0.4,0.2), min(0.3,0.1), min(0.2,0.4)),

(2 + 4,max(0.4,0.6), min(0.3,0.1), min(0.2,0.2) )}

B {(3, 0.5,0.2,0.1), (4,0.5,0.1,0.2), (5, 0.6,0.1,0.2), (4, 0.5, 0.2, 0.1),}
B (5,0.4,0.1,0.2),(6,0.6,0.1,0.2)

_ ((3,0.5,0.2,0.1), (4, min(0.5,0.5), min(0.1,0.2), max(0.2,0.1)),
| (5,min(0.6,0.4), min(0.1,0.1), max(0.2,0.2)), (6, 0.4,0.1,0.2)

={(3,0.5,0.2,0.1), (4,0.5,0.1,0.2), (5,0.4,0.1,0.2), (6,0.4,0.1,0.2) }.
Definition 4.7: (Subtraction operation)
Let A,B € PFS(X), then
A—B ={z,1us_5(2),M1-5(2),va-p(2)},
where
ta-g(2) = Ng=x—yla () vV ug ()1,
Na-5(2) = Ng=x—y[na(x) A (V)]

and Va-p(2) = Vz=x—ylva(x) Avp(¥)].

19
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Example 4.7 (a): Let A, B € PFS(X), where
A =1{(1,05,0.3,0.2),(2,0.4,0.3,0.2)}
and
B ={(2,0.5,0.2,0.1),(3,0.2,0.1,0.4), (4,0.6,0.1,0.2)}.

Therefore,

A+ B = {(1 - 2,max(0.5,0.5),min(0.3,0.2), min(0.2,0.1)),
(1 - 3,max(0.5,0.2), min(0.3,0.1), min(0.2,0.4)),
(1 — 4,max(0.5,0.6), min(0.3,0.1), min(0.2,0.2)),
(2 — 2,max(0.4,0.5), min(0.3,0.2), min(0.2,0.1)),
(2 — 3,max(0.4,0.2), min(0.3,0.1), min(0.2,0.4)),

(2 — 4,max(0.4,0.6), min(0.3,0.1), min(0.2,0.2))}

_ ((~1,0.5,0.2,0.1), (=2, 0.5,0.1,0.2), (—3,0.6,0.1,0.2), (0, 0.5,0.2,0.1),
B { (—1,0.4,0.1,0.2), (—2,0.6,0.1,0.2) }
(=1, min( 0.5,0.4), min (0.2,0.1), max (0.1, 0.2)),
(=2, min( 0.5,0.6), min (0.1,0.1), max (0.2,0.2)),

(=3,0.6,0.1,0.2), (0,0.5, 0.2, 0.1)

={(~1,0.4,0.1,0.2), (—2,0.5,0.1,0.2), (—=3,0.6,0.1,0.2), (0, 0.5,0.2, 0.1)}.

Definition 4.8: (Multiplication operation) Let A, B € PFS(X), then

A X B ={z, 11axp(2), Nax5(2), Vaxp(2)},
where
Hax(2) = Nzmxxyla () V pp(y)],
Naxs(2) = Nz=xxy[na(x) Anp ()],
and Vaxg(2) = Vzzxxy[va(x) Avp(¥)].
Example 4.8(a): Let A, B € PFS(X), where
A =1{(1,0.5,0.3,0.2),(2,0.4,0.3,0.2)}
and

B ={(2,0.5,0.2,0.1),(3,0.2,0.1,0.4), (4,0.6,0.1,0.2)}.
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Therefore,

A x B ={(1 % 2,max(0.5,0.5), min(0.3,0.2), min(0.2,0.1)),
(1 x 3,max(0.5,0.2), min(0.3,0.1), min(0.2,0.4)),
(1 x 4,max(0.5,0.6), min(0.3,0.1), min(0.2,0.2)),
(2 x 2,max(0.4,0.5), min(0.3,0.2), min(0.2,0.1)),

(2 x 3,max(0.4,0.2),min(0.3,0.1),min(0.2, 0.4)),

(2 X 4,max(0.4,0.6),min(0.3,0.1),min(0.2, 0.2))}

B {(2, 0.5,0.2,0.1), (3,0.5,0.1,0.2), (4, 0.6,0.1,0.2), (4, 0.5,0.2,0.1),}
- (6,0.4,0.1,0.2), (8,0.6,0.1,0.2)

N {(2, 0.5,0.2,0.1), (3,0.5,0.1,0.2), (4, min(0.6,0.5), min(0.1,0.2), max(O.Z,O.l)),}
(6,0.4,0.1,0.2),(8,0.6,0.1,0.2)

= {(2,0.5,0.2,0.1), (3,0.5,0.1,0.2), (4,0.5,0.1,0.2), (6,0.4,0.1,0.2), (8,0.6,0.1,0.2)}.
Definition 4.9: (Division operation) Let A, B € PFS(X), then
A/B = {Z' MA/B(Z)'UA/B(Z),VA/B(Z)}
Where

tass(2) = Ng=xylpa(x) vV ug ()],
Na/8(Z) = No=x/y[Ma(x) Ans ()],

and VA/B(Z) = Vz=x/y[VA(x) A VB(y)]-

Example 4.9 (a): Let A, B € PFS(X), where
A =1{(1,0.5,0.3,0.2),(2,0.4,0.3,0.2)}
and

B ={(2,0.5,0.2,0.1),(3,0.2,0.1,0.4), (4,0.6,0.1,0.2)}.

Therefore,

A/B = {(1/2,max(0.5,0.5), min(0.3, 0.2), min(0.2,0.1)),
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(1/3,max(0.5,0.2), min(0.3,0.1), min(0.2,0.4)),
(1/4,max(0.5,0.6), min(0.3,0.1), min(0.2,0.2)),
(2/2,max(0.4,0.5), min(0.3,0.2), min(0.2,0.1)),
(2/3,max(0.4,0.2), min(0.3,0.1), min(0.2,0.4)),
(2/4,max(0.4,0.6), min(0.3,0.1), min(0.2,0.2) )}

{ (1,0.5,0.2,0.1),(1,0.5,0.1,0.2),(1,0.6,0.1,0.2), }
e 2 3 4
(1,0.5,0.2,0.1), (2/3,0.4,0.1,0.2), (1/2,0.6,0.1,0.2)

_ (1/2,min(0.5,0.6),min(0.2,0.1),max(O.l,O.Z)),
(1/3,0.5,0.1,0.2),(1/4,0.6,0.1,0.2), (1, 0.5,0.2,0.1), (2/3,0.4,0.1,0.2)

_ {(% 0.5,0.1,0.2) , (§ 0.5,0.1,0.2),(&, 0.6,0.1,0.2),}
(1,0.5,0.2,0.1), (2/3,0.4,0.1,0.2)

5. CONCLUSIONS

This works concentrates on developing some structural properties of picture fuzzy sets. This
study extended the works of Cuong and Kreinovich [3, 4] and Dutta and Ganju [7] in some
aspects. Here we have defined the lower (a,y, 8)-cut and strong lower (a,y, B)-cut for picture
fuzzy sets and explored some properties of them. The concept of minimal decomposition
theorems by using the lower (a,y,8)-cut and strong lower (a,y,B)-cut and level set are
introduced. Some properties of the minimal extension principle for picture fuzzy sets are
described. Arithmetic operations of picture fuzzy sets are also illustrated by the minimal

extension principle.
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