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Abstract. This paper considers representation of rhotrix type A semigroups in terms of right w-cosets of its closed
rhotrix type A subsemigroup, which is a more general form of representation of rhotrix type A semigroup than the
one given recently by Ndubuisi et al in [12].
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1. INTRODUCTION AND PRELIMINARIES
In [1], the idea of rhotrix was introduced as an object whose elements are arranged in a
rhomboidal nature which of course was an extension of matrix-tertions and matrix noitrets given

by Atanassov and Shannon [9]. Suppose R and Q are two rotrices such that

a f
R = <b h(R) d>,Q = <g h(Q) j> where h(R) and h(Q) are the hearts of these
e k

rhotrices.
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It follows from [1] that
a f a+f
R+0Q =<b h(R) d>+ <g h(Q) j>=<b+g h(R) + h(Q) d+)
e k e+k

ah(Q) + fh(R)
and RoQ =(bh(Q)+gh(R) h(R)h(Q) dh(Q)+ jh(R)
eh(Q) + kh(R)

An alternative multiplication method was given by Sani [5] as follows;
af +dg
RoQ =(bf+eg h(R)h(Q) aj+ dk).
bj + ek

Sani [6] also gave a generalization of this row-column multiplication of heart-oriented rhotrices

as:
t t-1 11
n
Ry o Qn = <ai1]'1’ Clik1) ° <bizjz’dlzkz) = Z (ailj1bizjz) ’ z (Clik1dlzk2)) t= 2
izj1=1 lok1=1

where R, and Q,, denote n-dimensional rhotrices (with n rows and n columns).

Mohammed [2] and Isere [4] gave a new technique for expressing rhotrices in a general form.
Another method of rhotrix representation was given by chinedu in [11]. Also in [3], some
construction of rhotrix semigroup was given. The type A version of the rhotrix semigroup as well
as its congruences was presented in [12]. Since it is known in [12] that there is a faithful
representation of rhotrix type A semigroup with the matrix semigroup and from Howie [8] and
Petrich [10] that there is a form of representation of an inverse semigroup in terms of the
semigroup of one-to-one partial transformation of closed right w -cosets of its inverse
subsemigroup. It is natural to ask whether analogous results of [8] and [10] hold for rhotrix type
A semigroups.

In particular, it is shown that for a rhotrix type A semigroup S = (R, (F), o) with a closed
rhotrix type A subsemigroup K, there is a transitive representation 8% from S = (R,,(F), °) to

the semigroup of one-to-one partial transformations of the closed right w-cosets of K.
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In section 2, we present results in partial order and w-cosets of a rhotrix type A semigroup. The
aforementioned transitive representation 8% is presented in section 3.

For the notations and terminologies not mentioned in this paper, the reader is referred to [8], [10],
[12], [13] and [14].

Let us now recall some definitions and known results.

Let a, b be elements of a semigroup S, we define a R*b if and only if for all x,y € S, xa =
ya < xb = yb. Dually we define the relation £*. Let S be a semigroup and a € S. The elements
at(resp. a*) will denote an idempotent element in  R*( resp. £L*)-class R}, (resp. L%).

A semigroup S with a semilattice of idempotents E(S) is said to be an adequate semigroup if
each R*-class and L*-class contain an idempotent.

With E(S) being a semilattice such an idempotent is unique. A left adequate semigroup is said
to be a left type A if forall ee E(S)anda € S, ae = (ae)Ta (see [7]) and dually for right type
A semigroups. A semigroup S is said to be a type A semigroup if it is both left and right type A.
It is important to note that every type A semigroup is essentially a special subsemigroup of an
inverse semigroup through an embedding, thus several results in type A semigroups are
analogous to those of an inverse semigroup. In particular, for X =S, where S is a type A
semigroup, we have the following result adopted from [14].

Lemma 1.1. A type A semigroup S has a faithful representation with I*(X), the type A
semigroup of one-to-one partial transformation on the set X.

The result below is analogous to Lemma 1.1.

Lemma 1.2 [12]. A rhotrix type A semigroup S = (R, (F), °) has a faithful representation with
the matrix semigroup.

Suppose X be a set and K be a rhotrix type A subsemigroup of I*(X), K is said to be transitive

if for any (a;j, cix), (bij, dix) € S = (Ry(F), ©) there exist peK such that {a;j,cyu =

jl
(b;j, di). A representation of a rhotrix type A semigroup S = (R,(F), °) by I"(X) is said to be

transitive if K = S8 = (R,,(F), °)0 is a transitive rhotrix type A subsemigroup of I*(X).
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From now henceforth, S will denote a rhotrix type A semigroup while E(S) denotes its

semilattice of idempotents.

2. PARTIAL ORDERING IN § AND w -COSETS OF THE RHOTRIX TYPE A
SUBSEMIGROUP OF §

Let S be a rhotrix type A semigroup with semilattice E(S) of idempotents, a natural partial
ordering denoted by < will be defined on S as follows:

For (ayj, ci), (bij, di) € S, {ayj, ci) < (byj, dye) 1f {ayj, cie) = (Lj, CuXbyj, dye) for  some
(I3, Cyc) € E(S).

It is important to note that (a;;, cx) < (b;j, dy) if and only if (a;j, ci) = (ayj, clk)’f(bij, di) =
(bij, duXagj, cue)”

We have the following Lemma.

Lemma 2.1. Let S be a rhotrix type A semigroup and {a;;, c;x), {b;j, dix) € S. Then the

ij»
following conditions are equivalent

) (aij, cue) < (byj, dig)

i) (aij: Cik) = (bij: dlk)T<aij» Cik) = (aijfclk)(bij' dye)”

iii) (a;j, cie) = (aij, cue) by, dyeMaij, i)

Proof. |) = 11) Let <al'j, Clk> < (bl dlk)1 then we have (al-]-, Clk> = (aij, Clk)-|-<bijﬂ dlk) SO we

j»
have
(bijr dlk)uaij' Cik) = <bij» dlk)T(aij' Clk)T<bij' di)
= <aij» Clk)T<bij' dlk>1-<bij' d)
= (aij» Clk)T<bij' di) = (aij’ Cik)-
Similarly, {a;;, c;x)(b;j, dy)” = {a;j, cy). Thus ii) is true
il) = iii) is obvious.
iii) = 1). Let (aj, ci) = (aij, cue) T(bij, dye)ayj, ey )*. Then we have that

(aijJ Clk)-l-<bij'dlk)<aij' ) = <bij'dlk)((aij' Clk)-l-(bijfdlk))*<aijr Ci)”
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= (bij, dyXayj, cix)”*
and  (a;j, Clk)T(bij» duXaij, cu)* = (aij'Clk)*((bijfdlkxaij' Clk>*)1-(bij'dlk)
= (agj, cue) T (byj, dige) -
This shows that (a;j, cuc) = (ayj, cue) (byj, die) = {byj, dye){aj, cue)- Thus {agj, cue) < (byj, diye)
and the proof is complete.

Lemma 2.2. Suppose S is a rhotrix type A semigroup and (a;j, cy), (b;j, di) € S with

jr
(Iij, cueh {aij, Iy) € E(S) left and right units respectively of {a;;, cyXb;j, di) and {a;j, cix).
Then (I, cue) < (ayj, L)
Proof. The proof is a routine check.
It is well known that idempotents commute in a rhotrix type A semigroup. So in S, we have that
(aij, X1, cuey = Lij, cuXaij, L)

=(a;j,cie) (where a;; e E(M.(F)) and ¢y € E(M;_(F)) ), see
[12].
At this point, it is worth doing to define a more general form of partial ordering w instead of <.
Let S be a rhotrix type A semigroup and (x;;, yx) € S.
Define a relation w € S as follows;

(Xij, Vi) 0 = {(aij: Clx) €S+ ((xij'ylk)' (aij, ) €w}.
Now suppose that (x;;, i), (aij, cix) € S such that ((x;;, vi), (aij, cix)) € w then obviously we
have that  ((xij, yi)t, (aij cue)T) ew and ((x; ) {aij,cx)’) and for all
(wij, Vi), Dijr que) €S, ((xijfylkxuijf Vik), @i, cuc)uj, vlk)) €ew and ((Pij, Que Wi, Vike),
(i queXaij, cu)) € .
Suppose K = (m;;, n;) is a subset of S, then the closure of K in S is given by
(myj,npe) 0 = {{agj, i) €S+ ((myj, ey, cie)) € w}.

The following Lemma is evident
Lemma 2.3. Suppose K = (m;;,ny)and T = (s;j, t;;) are subsets of S. Then we have the

following
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) (mgj,ny) © (myj,ny) o
i) (mj, ) o € (s, t) @ iF (myj,nye) € (s, tix)
ii) ((mijrnlk> w)(xij»J’zk> c ((mij’nzkxxij»}ﬁk)) w for <xij'ylk> €S.
Proof. i) The proof is obvious
ii) The proof is straight forward
iii) Let (b;;, dy) € ({myj, ny) w){ayj, cire) 50 that (byj, dy) = (xij, yue)aij, ce) Where we know
that
(X1}, Yire) € (myj, nye) . But ((my, nyMagj, cix)) € w, s0
((mij»nlk)<aijr cue) (xijp Yuaij, Clk)) € w = (byj, dy). Now (b;j, dyy) € ((mij'nlkxaij' Clk)) .
Thus we have that
((mijrnlk> w)(%’j' cik) € ((mij»nZk)(aij: CZk)) w.
With ii) above, we have that (((mij, ) w){aij, Czk)) w € ((myj, nNagj, o)) w?.

But we know that (m;;, n;.) € (m;;, ny) w. It then follows that

((mij»nlk)<aijr Clk)) w & (((mijfnlk) w)<aij:nlk)) w = ((mij'nlkxaij’n)) .

Now suppose K = (m;j,ny) is a rhotrix type A subsemigroup of S, an element (x;;, y;) € S is
in (myj, n XX, yu) if and only if (x;;, yi)t € K.

Suppose (xl-j,ylk)Jr € K, then we have that

<xij»ylk>+<xij'ylk> = (X, Tue)xij, yu) = (Xij, Vi) € (myj, nyge)xij, yu)- The set

(myj, nuXxij, yue) is aright coset of K = (myj, nye) if (g, yued € (myj, ), vi)-

In the same manner, we call the set ({m;;, ny ){x;j, yix)) w a right w-coset of K = (m;;, ny)
where (xl-j,ylk)T eK.

Remark 2.4. It is important to note that the right w-coset of K is analogous to that of inverse
semigroups namely; ((m;;, nyMaij, ci)) @ = ({myj, n)(byj, dig))  and so on. In fact some
properties of the right w-coset of K are analogous to that of inverse semigroups [10] and type A

semigroups [7].
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3. REPRESENTATION OF RHOTRIX TYPE A SEMIGROUP
Now let X* = {({m;j, nyMaij, ci)) @ + {aij, cpe) € K, {ayj, cipe) € S} be the set of all right w-
coset in S. We know from Lemma 2.3 (iii) that for (u;;, v;) € S, we have that
((mij: NN aij, Clk)w)(uijfvlk> c ((mij’nlkxaij'clk)(uij' Vlk))w-
So we have that
((aijr Clk)(”ij'vlk))T = ((aij» Clkxuij'vlk)-l-)-r and (aij' Clk)-l- =
((aijr Clk>T)T<aij' Cik)w (aij» Cik)s
((aij» Clk)(“-ijr Vzk))fw <aij: cu)'.
Now suppose that (a;;, c;)t € K then ((a;j, clk)(ul-j,vlk))Jr K.
Thus ((myj, nueXag, cud(uij, vie)Jw € X for ((myj, npeMayj, cpe))w € X
Let I*(X™) be the symmetric rhotrix type A semigroup associated with X*. It is obvious from [8]
and [12] that I*(X™) is embeddable in a rhotrix inverse semigroup which implies that it is a
subsemigroup of the rhotrix inverse semigroup.
Let (u;j, vy ) € S and define a mapping 6% : § — I*(X™) by the rule that
<uijrvlk> 6% ((mij:nlkxxij')hk)) w — ((mij'nlk)<xij'ylk>(uij'vlk)) w
where the domain of the map is given by
dom (u;j, vye) 0% = {((myj, nue )iy yue) Jw € X7+ ((myj, nue X, yue )i, viee)) w € X5,
The Lemma below easily follows
Lemma 3.1. For each (u;;, vy,) € S, (u;j, vy ) 0% is a one-to-one mapping
Proof. The proof is obvious

Lemma 3.2. Let K = (m;;,ny,) is a closed rhotrix type A semigroup of S. Then 6% : S —
I*(X™) such that {(((mij'nlkxxijfylk))w; ((mij' X, Yie X Ui, Vlk))w) :

(((mij, nlk)(xl-j,ylk)) w, ((mij, X1 ) Yie X Ui, vlk))) w € I*(X*)} is a representation of S.

Proof. That 6% is a one-to-one mapping of S into I*(X*) and well defined is obvious.
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Now let (u;;, vk ), (tij, hik) € S,
(((mijrnlk)(xijJYIk))w’ ((mij»nlkxxij'ylk)(uij'vlk)<tij'hlk>)w)’ then (xij:}’lk)Jr e K and
(et yued i vue)(tej, hu)) ' € K. 1t follows that
(X1, Vueuij Vi) (tij hue) T (x5, yu) g, vye) since it is clear that (x;j, yu ) wij, vi) (tij, hie)t

.I.
= ((xij;ylkxuij; vie) (tij hlk)-l-) (i, Yueuijs Uik )-

Using the property of w, we have that
((xijr:)/lkxuijrvlk) <tijfhlk)+)+ = ((xij:ylkxuij'vlk)<tij'hlk>)+w ((xij:ylkxuij' Uzk))f-
Hence ((xij, yue)uijr i) (tij hlk)Jr)Jr € Kw.
It is known that Kw = K so ((xij,ylk)(uij,vlk))Te K, thus ((my;, ny ) e, yu)(ug, v o
eX”.
Using the fact that ((m; ;, nye )i, Yie)) @ (uig, vie) 05 = ((myj, ) xis yue s, vi)) w, it
now follows that (((mij'nlkxxij:}ﬁk)) w, ((mij:nlk)<xij'ylk>(uij'vlk))) w € {u;j, vy) 65,
Conversely, let (((mij'nlkxxij,)’lk))w, ((mij'nlkxdij'glk))w) € (wij, vy 0% . (tij, hy) 6%
So there exists ({m;;, ny){zij, pix))w € X~ such that
(((mij'nlkxxij'ylk))w ) ((mij»TLZk)(Zij:Plk))w ) € (uyj, Vi) 6% and
(((mijr nlk)(zij: Plk))w ) ((mij: n1k)<dij» QZk))w ) € (tij, hy) 6%
Since (((mijrnlk><xij:ylk))w) (Wij, vik) 6% = ((mijrnlk)(xijrylk)(uijrvlk))w
and (((mijrnlkxzij'plk))w) (tij hye) 65 = ((mij'nlkxzij:plk)(tij’hlk))w,
then we have that

((mij: nlk)<zijfplk))w = ((mij'nlk)<xij'YIk>(uij'vlk>)w
and ((mij:nlkxzijwplk)(tij: th))w = ((mij'nlkxxij’ylk)(uij’vlk)<tij'hlk>)w-
Thus  ((wij, v Xtij, hie)) 0% = (wij, vie) 0% (tij, huie) 6.

So that 6% is a homomorphism and the proof is complete.
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We will now show that the transitive property is embedded in 6X.
Lemma 3.3. 6% is transitive
Proof. Let ((m;j, nyXxij, yue))w, (¢mij, ny){dij, gie))w be right w -cosets of K. Let
(wipve) €S and g, Yu iy, vie) = O V) (dijo g o then (Ceijo v (wij, Ulk))Jr =
((xij'YLk> <uij'vlk>1-)+ and ((xij’YIk)T(dij»gzk))T = ((xij’ylk> (uij’vlk)-l-)-l--
But it is known that ((xijrylk>+<dijrglk))-r = (x5, yu)Ndip gue)t . Since  (xj, i)t
(dij, gu)T € K, then ((xij:ylk)-r(dij:glk))-re K.
Thus ((xij, yue) (wij, Vlk))JrE K and ((myj, nye)(xij, yuc) g, vig) )w € X7
We have that
((muj, nug ) oxij, yu )i, v Jo = ((my g, e, i) T{(dij, gue) ) < ((myj, np i, gu) ) w,
and (x;;, yu) T(dyj, gue) = (dijfglk)((xij:ylk)-r(dij:glk))*
= (dij'glk)«xijrylk)(uijrvlk))* € ((mij'nlk><xij:371k><uij:vlk))w .
More so, we have that
(xijrylk)-l-(dijrglk> w {(dij, gu) and so (d;j, guc) € ((mij:nlkxxiijIk)(uij' Vlk))w-
Consequently, we have that
((mij'nlkxdij:glk))w < ((mij:nlkxxij'ylk)(uij' Vlk))w
and ((mijrnlk)<xij:ylk)(uij:vlk))w = ((mij:nlkxdij'glk))w :
Thus, (((mij'nlkxxijfylk))w; ((mijfnlk)(dij:glk))w) € {ugj, vye) 0.
Remark 3.4. It is important to note that suppose «a is an element in the rhotrix type A semigroup

["(X™), then @ may not have an inverse.
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