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Abstract. The group algebra F'G of the group G of order 8p" over the field F of prime power order g, where p is
an odd prime n > 1, g is of the form 8k + 1 and ¢ is primitive root modulo p", have 8(n+ 1) primitive idempotents.
The explicit expressions for these idempotents are obtained. Generating polynomials, minimum distances and
dimensions for the corresponding minimal cyclic codes are also obtained.
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1. INTRODUCTION

Let F be a finite field of prime power order g and G be a cyclic group of order m such that
g.c.d.(m,q) = 1. Then FG , the group algebra of the cyclic group G over F, is semi-simple and
has only a finite number of primitive idempotents which equals the number of cyclotomic cosets
modulo m. Let ¢ be the multiplicative order of ¢ modulo m. If t = ¢ (m) and m = 2,4, p",2p", the
complete sets of primitive idempotents were calculated by Pruthi and Arora [1,9]. The minimal
quadratic residue cyclic codes of length p" were obtained by Batra and Arora [3]. The mini-
mal cyclic codes of length p"¢ were discussed by Bakshi and Raka [2]. Explicit expression of
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primitive idempotents in F'Cy,» and corresponding codes were obtained by Singh and Ahlawat
[10, 11]. The minimal cyclic codes of length 8p" were discussed by Singh and Arora [12, 13].
The equivalence relation a ~ b whenever a = bg'( mod 8p") partitions the set S =
{1,2,.....,8p"} into

Qg = {sp"} for0 <s <7

andfor0< j<n—1,

Qi ={tp/ tpiqtpl?, ... .1pig? P 71y

wheret =1,2,4,8 A =1+2p", u=2(142p"),v=1+4p" x = 1+6p".

In the following lemmas some results for cyclotomic cosets are obtained:

Lemma 1.1. If p" = 1(mod 4), then (1 +6p")q%n) = —1(mod 8p") and if p" = 3(mod 4),
then (1 +2p")q%ﬂ) = —1(mod 8p").

Proof. For an odd prime p, @ is odd iff p = 3(mod 4).

Now, q%n) = —1(mod p") and (1 +6p") = 1(mod p"), so (1 +6p”)q%ﬁ) = —1(mod p").
Further, p" = 47 + 1, thus (14 6p")g"%" = —1(mod 8p").

When p" — 4 + 3, then (1+2p")g"%" = —1(mod8) and hence (1+2p")g %" =

—1(mod 8p").
0J

Remark 1.2. By above lemma, we obtained the following “If p = 3(mod 4) and n is even or

p = 1(mod 4) then —Q| = Q. and if p = 3(mod 4) and n is odd, then —Q; =, .”

Lemma 1.3. For cyclotomic cosets Qp_,-,O <j<n-—1.
(i) A2Q, = Qpl = AQ; ;.

(i) v?Q,; = Qpl =vQ, ;.

(iii) x*Q, = Qp/ = xQ,, -

(iv) 12, = 40/ = 10y 1 = 205, = Oy .

Proof. Since A2 = (1+42p")? = 1 +4p>" +4p" = 1 +4p" (p" + 1).
As pis odd, so p" + 1 = 0(mod 2) and hence A2 = 1(mod 8p™).
Therefore, /'LZQpi =Q,. Also,
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2 2.0 A2,) 2, 0" )1 j j i O(p" )1
A2Q,i={A%p/ A%plq, ... A2plq? W Ty = 2 {Ap! Apiq, ... Apig® P )T} = A0y .

Thus, A2Q,; = Qp/ = 1Q; ;. O

Proof of remaining parts will go on similar lines.

Lemma 1.4. For cyclotomic cosets Qpn, Qo pn, Q3 n, Qs pn, Qs 0, Qe pn and Qg
(i) =Qpn = Q70 and s0 —Q7,n = Qi

(if) —Qopn = Qepr and so —Qen = Qo

(iii) =30 = Q50 and 50 —Qs,n = Q3
(

iV) —Q4pn = Q4pn
Proof. Proof is trivial. 0

Lemma 1.5. If r=1,2,4,8,A,u,v or x thenfor0 < j<n-—1.

rQg, = Qg = 8Q,,) = 4Q, ;.

Proof. Since 8rp/ # Ip/g¥(mod 8p™) for 1 = 1,2,4,8,A,1,v, x. So, 8rp/ = 8pig*(mod 8p™).

Hence the required result holds. 0

Lemma 1.6. For0< j<n-—1

(l) —szj - Q[Jpj'

(ll) —Q4pj = Q4pj and —Qgpj = Qgpj,
(i) If p = 3(mod 4) and n is even or p = 1(mod 4), then —Q; ,;j = Q,, ;.
(iv) If p = 3(mod 4) and n is odd, then —Q, Q

Proof of these can be obtained by using lemma 1.1.

The 8(n+ 1) primitive idempotents are obtained in Theorem 2.8. In Section 3, generat-
ing polynomials and dimensions for the corresponding minimal cyclic codes of length 8p" are
discussed. The minimum distances or the bounds for these codes are obtained in Section 4.

Minimal cyclic codes of length 24 for ¢ = 17 are calculated in Section 5.

Notation 1.7. Let o be a fixed primitive 8p"th root of unity in some extension field of F. For
0<j<n—1, wedefine:

T;=p/ Z o, S;=p’ Z o, Qj=p’ Z o', P;=p/ Z o', and Rj = p’ Z o.
SEQj sEQ j SEQAJ seQ Jj SEsz
P vp P xXp P
Then, T;,S;,Q;,Pjand Rj € F.
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2. PRIMITIVE IDEMPOTENTS

Throughout this paper, & is assumed to be 8p" th root of unity in some extension field of F,

FH
<x8r" _

= FG; generated by ( ) and 6;(x) , the primitive
8pt—1

M; the minimal ideal in Rg;» =

idempotent in Rgj,», corresponding to the minimal ideal My, given by 6

where £ = ) o "/[3]. Also, denote Cs = ) x*.
JEQy s€Qy

Lemma 2.1. For any odd prime p and a positive integer k, if 8 is a primitive p*th root of unity,

¢ is a primitive 2p¥th root of unity in some extension field of F and q a primitive root modulo

r
o1 | 1k = o)t | 1k=
o071 = and Z 07 =
= 0,k>2 4=0 0,k>2

Proof. Since {1,q, .. ,q¢ )=V and {1,4, .. ,q¢(2p ~1} are reduced residue system modulo p*

and 2p* respectively and g is a primitive root modulo p*. Thus,

o(pH-1 P pi-1
Y 5=y Y o
s=0 s=1 s=1

o2ph-1 2pf p 2! P!
and Z qu= Z CS . Z C2s - Z Cps+ Z CZPS-
s=0 s=1 s=1 s=1 s=1
Now, the result can be obtained using the properties of § and &. UJ

Lemma 2.2. For0< j<n—1,Tj+S;=0, Pj+Q; =0 and P;+ "' Tj = 0, where § = a"
and is 4th root of unity in some extension field of F.
Proof. Since VP’ =a(1+4P" )P =P’ g 47"V =— 0P’ and P = (1+6P" )P =—BP P

Using these the result follows. 0

Lemma 2.3. For0<i,j <n—1,

Z ol — Z VP — Z aM's — Z aXl's — _ Z aXl's — _ Z a’r's

SEQP_I‘ SGvaj SG.lej seQ){pj SElej SGQ.pj
_q i+j .. .
Z pis ¢(pn ]>ap 7lfl+]2n7
= — (04 =
1 s
SEQ, j ﬁTiﬂ-,lfH—]Sn—l.

o (") o Pl
Proof. Let § = o” . Then Z ol = Z o = Z 5.
XGQPJ' t=0 t=0
Consider the following cases:
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Case:1. If i+ j > n, then 0 = a?" is 8th root of unity and
89 = 89 iff ¢! = q'(mod 8) iff | = r(mod ¢ (8)).
. ¢(p"I)-1 . n—jy ¢@)-1 o
Hence Z ol = Z 04 :M Z 04 :¢(p"_f)a1’ﬂ.
5€Q, =0 08 S

Case 2. If i+ j < n—1, then & is 8p" ' ~Jth root of unity and
89 =687 iff ¢ = g (mod 8p" ') iff | = r(mod ¢(p"~'~7))

i n—jy o L1 N .
Therefore, Z al’ = (P(Z—_l_a 5§ — N Pt Z o
SSQPJ' ¢(p ) =0 p —0
| . 1
= pit Z a’ Since p'*/ Z o* = T} j, therefore, Z o — —Ti;.
p SSQpi.H' s£§2p,-+j ngpj p

The proof of the following lemmas will go on similar lines as of the above lemma.

Lemma 2.4. For0<i,j<n,

Y o= Y o= Y o= Y o= Y M= Y o't

SEQMJ- sEQPj sGlej SEQVpJ sEQ sEQ
] i+j itj .. .
oy e [ O B i 2

s€Q ) —I%P,-H,ifﬂrjgn—l.

vpl 1l

Lemma 2.5. For0<i<n; 0<j<n—1

Z O£4pisz Z azPiS: Z O£4piS: Z aPiS: Z Otkpis: Z a4pis: Z avpis

SEQI)j SEsz_,' SEQ)ij S€Q4p_,' SEQ4]7_,' SEQVP_/' SEQ4P_/
i I I i i
S VR ML WP SUR YRTZAR M
sEpr/- S€Q4pj SEQWJ- sEszj SEQWj

—o(p")ifi+j=n
=9 p I ifitj=n—1
0,ifi+j<n—1.

Lemma 2.6. For0<i<n; 0<j<n-—1

Z Oégpis: Z azl’is: Z a4p5s: Z OCSpisz Z a,lp"s: Z agpis

SEQ j SEQ, j s€Q, j SEQ) i s€Qq j s€Q, j
i i i i i i
— Z ans: Z aSps: Z axps: Z a4ps: Z a,ups: Z aSps
SG.Qgpj SGQXPj SEQSPJ' SEQNPJ S€Q4pj SEQIJPj
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_ up's _ 16p's _ 16pis _ 32pis 64p's
seépj "’ Se%p/ . SEQZMPJ ’ SEZQPJ . SE%M ’
O(p" ) ifitj=nj=n
= —p i lifitj=n—1
0,ifi+j<n-—1.

Lemma 2.7. For0<i,j <n—1,

Z aZpis: Z apis:_ Z aZpis:_ Z a2pis: Z aZpis: Z aZpis

sEij sEszj SEQ“P.j SEQAPJ' sEQ
_g i+j . . .
o(p ) ifi+j>n

%Riﬂ-,ifi—i—jgn—l.

Theorem 2.8. The explicit expressions for the 8(n + 1) primitive idempotents in Rgnare given

by

60(x) = g [Co+ Cpp + Capr + Cypn + Capr + Cspr + Copn + Crpn + Y {Cpi + Copi + Cyp +

i=0
Copi +Copi +Cppi +Cy )i +C%pi}]
— n 2n— n— 2n— —

Op(x) =  galCo — PBa”'Cp — PVCoypn — o 'Cyp — Cap +
n—1 . . .

Brar Csy  + PB7Cop + o”'Cypm — Y {Ba”'Cy + PBY'Cypi +
i=0

— — i n n4i— i— i n+i— i 7 n+i—

C4pi—C8pi—ﬁp(l+p )OCP C;Lpi—ﬁp C”pi—ﬁp o? Cvpi_ﬁp(ler )(Xp Cxpi}]

92[)" (_X) = 8117” [60 _ ﬁP"Epn — 62[7” —|— ﬁpn63pn —|— 6417" — BPnESPn — E6pn —|— BPHE7PH _

n—1 . . . .

;) {ﬁp Cpi +C2pi - C4pi - CSpi - BP Clpi +Cupi +Bp CVpi - Bp Cxpi}]

1=

63pn(x) = 8_[17”[C0 — (sznépn + ’Bpnazpn — Bpnap2n63pn — 64pn + (sznaspn — ﬁp"éspn +

n—1
n 2n— n+i— i— — — n-+i n+i— i— n4-i—
4 . p . . . p 4 . p . p .
B¥" o c7,,n—.§0{a Cpi— PP Cypi+Cypi —Cgpi+ B a? 'Cy i+ B Cppi—a?" 'Cy
1=
n+i n+i—

- Bp a” Cxpi}]
64p" (x) = ﬁ[CQ —Cpn +C2pn - C3pn +C4pn — Cspn +C6pn - C7pn — Z {Cpi - CZpi
i=0
—Cypi —Cgpi +Cp i —Cpy i +Cy i +C%pi}]
— n 2n— n— 2n— -

65pn (X) = 8%7,1[6'0 + ﬁp o? Cpn — ﬁp Czpn + oP C3pn — C4pn —
n—1 . . X

ﬁpnOsznE5pn + ﬁpné@pn - OCp2n67pn + Z {ﬁpl o? ! Cpi - ﬁp Czpi —
i=0

— — i n n+i— i— i nti— i n nti—
C4pi+C8pi—ﬁp(l+p)OCp C)Lpi—FﬁpC”pi—ﬁp o? Cvp,-+[3”(1+”)oc” Cxpi}]
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1 = n— —= n— —= n— — n—
Oop(x) = gmlCo + BP Cpr — Copn — BV Capn + Capn + PP Cspn — Copr — BV Crpr +
n—1 . . . .
i — — — — i— — i— i—
Z {B? Cpi—Czpi+C4pi+Cgpi—ﬁp Clpi—c‘upi‘*—ﬁp Cvpi—ﬁp Cxpi}]
i=0
1 1~ 2n— n— n 2n— — 2n— n—
97pn(x) = W[CO + aPf Cpn + Bp Czpn + ﬁp aPf C3pn — C4pn — of C5pn - BP C(,pn —
o nl i = — — prH i P P
BP o Crpn + Z{){O{ Cpi—i—ﬁ Czpi—C4pi+C8pi+ﬁ a C/’Lpi—ﬁ Cupi—a” C,,
l

T, )

n-+i pn+i
and for 0 < j<n-—1,

62 (x) = 817 [0(p"~){Co — B'Cpr = Copp + BP'Csp + Capn — B Csppr = Cyn + B Crp }+
n—j—1

pn—j—l{fzpn,j,l —641,;17,'71 _(_jgpnfj—l +E‘”pn7j71}'l% Z {Ri“'jépi —R,-HC‘;LPi +Ri+j6vpi
i=0
n—1
— o 2 i+j— — — — 2 i+j— — 2 i+j—
—RijCyp} =0 (0"™) Y, @ Cpi+Copi = Copi = Cypi — 0 Cp i+ Cpi+ 077 Cy i —
i=n—j

i+j—=
OCZP ’Cxpi}]

64pj (X) = 8ll7n [(b (pn_j){EO - Evp” +62p" _6317” +64p" - 6517” +E6p” - E7p"} +
pn_j_]{apnfjfl _62pn7j71 _E4pnfj71 _Egpnfjfl +61pn7j71 _E“pnfjfl +Evpn7j71 +Expn7j71}

n—1
—9(p"7) Y {Cpi—Cop—Cupi—Cyp+Capi = Cppi+Cypi +Cppi}]
i=n—j

Bg i (x) = 817 [0(P" ) {Co+Cpr +Copr = Capr + Capr — Cspr +Copr — Copr}
—i—p"ij*l{apn_j—l —Ezpn—j—l —64pn—j—l _68pn—j—l +6/'Lpn—j—1 —E“pn—j—l +Evpn—j—l +Expn—j—l}

n—1
—o(p"/) Z {Cpi —Czpi —C4pi —Cgpi +Clpi —Cupi —I—Cvpi ‘|‘Cxpi}]
i=n—j
6,1pi (x) = 8_:7" [0 (p" /) {Co+B”' Cpr — Copr — BP' Capn +Capp + BV’ Csp — Copn — BP Crpn }+
. _ _ _ n gl _ _ _
p"il*l{czpn—j—l — C4pn—j—l — Cgpn—j—l +C'upn—j—l }+1% Z {R,-+ij,- —RH_]'C;LPZ' +Ri+jCVpi
i=0

n—1
— . A P— — — i+j— — i+i—
—Ri jCypit +0(P") , Z , o JCPi — Copit Cypi+ Cypi — o’ Jclpi —Cupi a’r JCVpi_
i=n—j
i+i=
a’P ]Cxpi}]
If p" = 3(mod 4)
Gpj (x) _ 817 [(P (pnij){éo i apn+jﬁpn+j6pn - ﬁpjézp” . (Xpn+j63pn . 64[)" . apn+jﬁpz1+165pn+
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BYCop + o Crp}ap" I HC s = Cyppii }- Z {P+jCp + RitjCypi

n—l L
— — — — o i+ i+ i+j—
TitjChp — RiyjCpp — Py jCypi + TinjCpit+ ¢(p"7) Y {a? 'Bc i — 07y —

i=n—j

— — i+j— 2piti= i+j i+j— t+]
C4pi+C8pi+OCp C/lpi-l-OCp Cy ‘—(Xp B? Cvp'— XP}]

GQLPj (x) = ﬁ[‘i) (Pn_j){éo + apnﬂ pt +ﬁpJC2p” +a? +Jﬁpjc3p” - C4p” - O‘p CSP"_
n—j—1

ﬁp166pn — OCP”+JBp]67pn}+p {C4 n—j— 1_C8pn Jj— 1}+ Z {T,_HC + Rl+jC2p

l_

n—
P jChpi — Riv jCppi — TiajCypi + Py jCyppi b+ O(p"7) Z {a?" C + o C2p Cypi +

i=n—j
i+j 2 i+j— i+j— i+j i+j—

Cop+ a7 /Cop = a"C, - 0T 0, )

0, i (x) = sllm [9(p"~){Co— " BV Cpu — BP'Copn + a?"" C3p" —Cypr+ P BP" Cs ot

ﬁpn+166pn — C7 }+pn ] 1{C4pn j-1 - Cgpn Jj— 1}+ Z {B-i—j — RH‘jCZpi
n—1

- = = - _ i+ it+

TijChpi + RitjCppi — PigjCypi + Ti+jcxpi}' o(p" ) Y {o”BrC, + o Ty +
i=n—j

— — it+j— 2 piti= i+ j t+J

C4pi —Cgpi +of Clpi —a? C o ﬁp XP }]

GXpJ(X):ﬁ[‘l)(ﬂ"_j){fo—apnﬂ o+ BP Czp"—Ofpnﬂﬁpjcsp"—c4p"+ap "Csp—

BP C6p + ap 7Ljﬁpjcl7 }+p ] 1{C4pn j—1 Cgpn Jj— 1} Z {T;-Fj - Ri+j62pi

n—1 .
_ _ — — o itj— 2piti= Vel
PiyjCypi + Rit jCppi — Ti1 jCy i + Piﬂ-Cxp,-}- o(p"/) Z {a? Cpi—o p Copi +Cypi —

i=n—j
i+j itj— 1+j
Cur}]

Csyi+a? B 'C, i +a®"'C, i —a’’C,, pr'c
Further, when p" = 1(mod 4), then the expressions for 0, and 0, ,; in case when
p" =3(mod 4), are the expressions for 0, pi and 8, ,; respectively. Further, the expressions for
Op,- and vaj can be obtained from vaj and Gpj by replacing E‘3Pn and E‘7Pn with —63pn and
—E‘7Pn respectively.
Here B is a 4th root of unity in F and P; = —ﬁpjTj, Ry 1 =v—1p" Y forall j <n-2,
R;=0. If p=3(mod 4), then T,_1 = \/—Bp"\, for j<n—2, T =0 and if p=1(mod 4),
then T, | = \/Bp”’l,forj <n-2,T;=0
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3. DIMENSION AND GENERATING POLYNOMIAL

If o is primitive 8p"th root of unity, then m,(x) = H (x— o) denote the minimal polynomial
sEQ
for a* and so the generating polynomial for cyclic code of length 8p” corresponding to the

cyclotomic coset Q; is "s:—(;)l and the dimension of minimal cyclic code M; is equal to the
cardinality of the class €2;. Thus, the dimensions of the codes Mo, Mn, Mapn, M3pn, Mypn, Mspn,
M, Mypn, My,; and Mg, are 1,1, 1,1, 1,1, 1, 1, ¢(p" /) and ¢ (p"~/) respectively.

Theorem 31. (i) The generating polynomials for the codes
Mo, Mpn, Mo pn, M3 pn, My, M5 pn, My and Mo are (1 x4+ x4+ 6 - D2+
B)(x+8)(1+x8+ ... +x37" =), (x0 —x* 42 — D) (x+ B)(1 +x8 + ...+ 80" 1), -

x—01

n_q

(] = x40 =+ — 2 x— 1)1+ 28+ 280" D),
(=D (24 B)(x—8) (1 +x3+ ...+ x8¢"-1)),

(= 1)+ B)(x—B)(L+x3+ ... +x37"V)) and xji(;ll respectively.

(1) The generating polynomials for the codes My,; and My ,; are

(x’”niji1 + 1)(xpn7j - 1)(x2pn7j + 1)(x4pn7j + D) (14284 ... +x8pn7j(pj*1)),
G =) D EP D ET D) (1B 428 D) respectively.
(iii) The generating polynomials for M, &M,, &M, , &M, &M, ,) &M

%pj is
P D) T D)2 S D (a8 a8 P,

n—j—1

Proof. (i) The minimal polynomials for o a?",a?”", a’?" o*"" " " and o’ are
(x—=1),(x=90),(x=PB),(x—=081),(x+1),(x+),(x+ B) and (x+ 8;) respectively, where & =
o and 8 = o3P, (14+x+x2+ ...+ 1), (= 1) (02 +B)(x+ &) (1 +x8 4 ...+ x8¢"= 1),

p—1

(18 =2+ — 1) (x+ B) (1428 280Dy £

(X7 =204 —x*+ 3 — 2 x— 1)1+ 28 4. 480" 1),
(= 1)+ B)(x—8) (14284 ...+ 8"~ 1),

8p—1

=D +B)(x—B) (1 +x84 ... +x87" D)y and s respectively.
. . n—j n—j
(ii) The minimal polynomials for o*”’ and o3’ are ﬁ and % respectively.

Then, the corresponding generating polynomials are
G DT = DT D) D) (a8 4 28T D)
and (" = D) D)2 DA 1) (18 428D,
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(iili) The product of minimal polynomial satisfied by o’ o or ok’ oVP
(x2p”*j+1)(x4p”7j+1)
2P e )
erating polynomial for M, ¢ szj @ M,lp‘,- @ M“p,- @ Mvpj @ Mxpj is

p
T DT D) = D) (14 28D, O

and oxr’ is

Therefore, the  corresponding  gen-

n—j—1

4. MINIMUM DISTANCE

If / is a cyclic code of length m generated by g(x) and its minimum distance is d, then the
code [ of length mk generated by g(x)(1 + x4+ x*" + ... + xk=1m) is a repetition code of /

repeated k times and its minimum distance is dk.

Theorem 4.1. The minimum distance of the codes My, Mn, My, M3pn, Mypn, M5, Mg and

M7, are 8p".

Proof. Since the generating polynomial for the code My is (1 4+ x4 x>+ ... +x8p"*1), which is
itself a polynomial of length 8p”, hence its minimum distance is 8p”.

Also, the generating polynomial for the code My is (x* — 1)(x*> + B)(x + 8) (1 +x83 + ... +
KB If we take a cyclic code of length 8 generated by (x* — 1)(x>+ B)(x + &), then
the minimum distance of this code is 8. Since the cyclic code of length 8p”" with generating
polynomial (x* — 1)(x* 4+ B)(x + 8)(1 +x8 + ... + x8¥"=1)) is a repetition code of length 8
with generating polynomial (x* — 1)(x*> + B)(x+ &), repeated p" times, therefore its minimum
distance is 8p".

Similarly, the minimum distance of each of the cyclic codes M pn, M3pn, Mypn, Ms5,n, Mepn and

M7pn is 8pn. 0

Proofs for theorem 4.2 and theorem 4.3 are similar to that of theorem 4.1.

Theorem 4.2. For 0 < j < n— 1,the minimum distance of the cyclic codes M4pj and Mg pi are

16p/.

M

Theorem 4.3. For 0 < j <n—1,the minimum distance of the codes M,,;, M, ,j, M} ,;,M,, vpi

pls

and M, ,; are greater than equal to 8p/.
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5. EXAMPLE

Example 5.1. cyclic code of length 24.

Take p =3,n=1,q = 17. Then, the g-cyclotomic cosets modulo 24 are

Qo = {0}, @ ={1,17}, Q; = {2,10}, Q3 = {3}, Q4 = {4,20},

Q¢ = {6}, Q7 ={7,23}, Qs = {8,16}, Q9 = {9}, Q1, = {12}, Q13 = {5,13},
Qi ={14,22}, Q15 = {15}, Q13 = {18}, Q19 = {11,19}, Qp; = {21},

Also, B=4,Ty=28 Ry=4, Ph=2, o’ =2 and the corresponding primitive idempotents in

GF(17)[]
<x¥—1>

Qo(x) = 5[Co+C3+C6+Co+Ci2+Ci5+Cis+Ca1 +C1+Co+Cs+Cs+C7+Cra+Ci3 +
Cio)

Qi (x) = 5;[2C+C3 —8C6 —4Cy —2C1 — C5+ 8Ci3 +4C —2C; —4C, +C4 — Cg +8C7 +
4C14+2C13 —8Ci9]

Q) (x) = 57[2Co —8C3 —2C+8Co+2C1, —8Cy5 —2C13+8Ca —4C) +Cr — Cy —Cs +4C7 +
Cis—4C13+4Cyo]

Q3(x) = 2;[Co—2C3+4Cs — 8Co — C12+2C15 — 4C 5 +8Ca1 —8C1 —4C, — C4+C3 +2C7 +
4C14+8Cy3—2C)9]

Qu(x) = 5;[2Co —2C3+2C6 —2Cg +2C15 — 2C15+2C13 —2C21 +C; —C, — C4 — Cs +C7 —

are

Ci4+Ci13+Co

Qg (x) = 54[Co+4C3 —Co—4Co+C12+4C15— Cig—4Cy —4C; —Co+Cy+Cs+4C7 —Cra—
4Cy3+4C 9]

Q7(x) = [2Co+4C3+8C¢—Co—2C1p —4C15—8C15+ Ca1 +8C1 +4C, +Cy — Cg —2C7 —
4C14 —8C13+2C19)

Qg(x) = 5;[2Co+2C3+2C6+2Co +2C12 +2C15+2C13+2C2 —C1 —Cr, —C4 —Cs — C7 —
Ci4s—C13—C))

Qo (x) = 2;[Co—8C3 —4Cs—2Cy — C12+8Cy5+4C 5 +2Co1 —2C1 +4C, —Cy+Cg —2C7 —
4C14+2C13+2C19)

Qi2(x) = 5[Co—C3+C6—Co+Cip—Ci5+Ci3—Co1 —C1 +Co+Cs+Cs—C7+Cis —Ci3—
C19]

Q3(x) = 5[2Co—C3 —8C6+4Cy —2C12+Cy5+8Ci5 —4Co +2C; —4C, +C4 —Cs —8C7 +
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4C14 —2C13+8C19]
Qi4(x) = 5;[2C+8C3—2C6 —8Cy+2C12+8C)5—2C13 —8C1 +4C1 +Cr —Cs— Cg —4C7 +
Cis+4C13—4C)9)
Qi5(x) = %[Co+2C3+4C6+8Cy — Cip —2C15 —4C13 —8C; +8C —4C, — C4+Cs —2C7 +
4C14 —8Cy3+2C)9]
Qi3(x) = %[Co—4C3 — Cg +4Co + Cip —4C15 — C13 +4Cy +4C; — Co + C4 + Cg — 4C7 —
Ci4+4C13—4C)9)
Qi9(x) = [2Co—4C3+8C6+Co —2C12+4C15 —8C13 — Co1 —8C1 +4C, +Cs — Cs +2C7 —
4C14+8Cy3—2C)9]
Q1 (x) = %[Co+8C3 —4C+2Cyg —C1 — 8Cy5+4C13 —2Co1 +2C1 +4C, — C4+Cs —8C7 —
4C14 —2C13+8C19]
Minimal polynomials of o°,a', &%, 03, %, a®, 07, a8, o, a'?, o3, ', a®, '8, o!® and o*!
are
x—1, X2 —9x+13, x2—4x—1, x—2, X2 —x+1, x—4, x> —2x+4, x> +x+1, x—8, x+1,
X2 —8x+13, 2 +4x—1, x+2, x+4, x> +2x+4 and x+ 8 respectively.

The minimal codes Mo, Mi,My, M3, My, Mg, M7, Mg, Mo, M1>,M3,M14,M5,M13,M19, and
My of length 24 are as follows:

Code | Dimension | Minimum Distance | Generating Polynomial

My 1 24 [ 14+x+ 24+ 4+ + 0+ 20+ 17+ 8420 +
x10+x11+x12 _|_x13 +x14 +x15 +x16+x17+

x18 +x19 +x20+x21 +x22 +x23

M, 2 8<d<16|13 +9x + 1553 + 13x* + 16x° + 15x7 + 8x° +
16x'0+4x12—|—8x]3+2x15—|—4x'6—|—x18+2x]9+

9)621 +x22

M, 2 8<d<16| 14 13x+ 1323 + 16x* + 16x° + 4x7 + 4x° +
20 412 1318 13415 - 16210 4+ 16418 +-

4)C19 +4X21 —|—X22
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24

9+ 13x+ 15x2 4 16x° + 8x* +-4x° + 240 + 17 +
Ox® 4+ 13x” + 15x'0 4 16x! + 8x'2 4 4x1? +
2 4 x5 1 oxt6 1317 15418 4 16419 +
8x20 —|—4x21+2x22 +x23

16

T G D S TP i N L

13 g5 4 y16 18 (19 4 (21 4 (22

24

13+ 16x+4x> +x° + 13x* + 16x° +4x0 4+ x7 +
1368 + 1607 + 4x'0 + x4+ 13212 4 16x13 +
4ot 4 x5+ 13210 4 16x!7 4 4x!® 4+ X104
13529 + 16x21 + 4x22 4 x23

4—15x+8x3 +4x* —x0 —9x7 +15x° + 16x10 —
4x12 — 2x13 4 Ox15 4 13x10 — 16418 — 8xY +

2x21 +x22

16

—14x— +xt =0+ x7 = + 210 X124

13 15 £ 516 _ 18 4 (19 21 4 (22

24

154+ 4x 4 9x% + 16x3 4 2x* + 137 4+ 8x0 +x7 +
15x% 4 4x% + 9x10 4 16x1! 4 2412 4 13413 4
8x!4 4 x10 = 15x10 4+ 4x17 4 ox!® + 16217 +
2x20 4+ 13x21 4 8x%2 + x23

24

D4 x =2+ = x0T -8 x0 -
x10+x11_x12 +x13_x14 +x15_x16+x17_

x18 +x19 _x20 +x21 _x22 +x23

13 4+ 8x + 2% + 13x* + 16x° 4+ 2x7 + 97 +
16x10 4 4x12 4+ 9x13 15415 4416 4 x18 4
15x19 + 8x2! 4 x22

1 — 13x — 13x3 + 16x* + 16x° — 4x7 — 4x° +
20+ 12 13413 — 13415 4 16410 + 16418 —

4x19 o 4x21 _|_x22

13
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M5

24

—9 4 13x — 15x% + 16x3 — 8x* + 4x° — 2x0 +
x’ —9x® +13x7 — 15x10 + 16x!! — 8x12 4-4x13 —
21 4 x10 — 0x10 4 1317 — 154" + 16x17 —

8x20 +4x21 _ 2)C22 +x23

24

134 16x —4x%2 + 3 — 13x* + 1600 — 4x0 +
x —13x8 +16x° —4x10 4511 — 13x12 4 16213 —
A 4 x5 — 13x10 4 16x!7 — ax!® 4 X1 -

13x20 4+ 16x21 — 4x22 4 523

Mg

—13 4 15x — 827 + dat — 18 + 927 — 152° +
16210 — 4x12 42413 — 415 1 13216 — 1628 +

8x19 221 1 422

24

—15+4x — 9x% + 16x° — 2x* + 137 — 8x0 +
x! = 1568 4+ 4x% — 9x10 4 16x! T — 2412 + 13417 —
x4 4 x12 — 15x10 + 4x!7 — ox!8 4 16x10 —

2x20 + 13x21 . 8x22 —|—X23
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