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Abstract. In this study, we first describe the generalized y-weak contraction condition, which involves cubic
and quadratic terms of .# (x,y,t), and then show common fixed-point theorems using weakly compatible for six
self-mappings in fuzzy metric space.
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1. INTRODUCTION

Probability theory has been exploring a sort of uncertainty in the occurrence of an event
since the 16th century. When the uncertainty is due to fuzziness rather than randomness, as it is
typically in the measurement of an ordinary length, the concept of a fuzzy metric space looks
to be more suitable.

Zadeh [22] suggested the concept of fuzzy sets, which gives a precise natural framework for
mathematical modelling of real-world situations distinguished by ambiguous situations attribut-

able to non-probabilistic aspects. The fuzzification of those fields of mathematics that are based
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on set theory, which resulted in a new branch of mathematics named ‘Fuzzy Mathematics,’ is a
significant developmental path for fuzzy set theory.

The advent of the probabilistic metric space was influenced by the fact that the distance be-
tween two points is generally inexact rather than a single figure. Deng [1], Erceg [2], Kaleva
and Seikkala [9], and Kramosil and Michalek [8] have all introduced fuzzy metric space in dif-
ferent methods. The fuzzy form of the Banach contraction principle was discovered by Grabiec

[3], who was followed by Kramosil and Michalek [8].

Definition 1.1 ([17]). Let <7 and % be two self-mappings in a fuzzy metric space (20, .4, *).
The mappings ./ and & are said to be compatible if li_r}n M (A Bxp, B xp,t) = 1, for all

t > 0, whenever {x,} is a sequence in 20 such that lim .&/x, = lim %x, = u for some u in 2.
n—oo Nn—yoo

Definition 1.2 ([17]). Two mappings </ and 4 are said to be weakly compatible if they com-

mute at their coincidence points.

In 1996, Jungck [4] introduced the notion of weakly compatible mappings and showed that

compatible maps are weakly compatible, but converse may not be true.

2. PRELIMINARIES

Definition 2.1 ([3]). The triplet (20,.7#,*) is a fuzzy metric space if 20 is arbitrary set, * is a
continuous 7-norm, .# is a fuzzy set in 20° X [0, 00) satisfying the following conditions:
(i) A (x,y,0) =0, # (x,y,t) =1 forall t > 0 if and only if x =y,
(i) A (x,y,t) = A (y,x,1), (M (x,y,1) % M (y,2,5)) < M(x,2,t +5), A(x,Y,") : [0,00) =
[0, 1] is left continuous for all x,y,z € ¥ and s, > 0,
(iii) tlgg M (x,y,t) =1, forall x,y in U..# (x,y,t) can be thought of as the degree of nearness

between x and y with respect to ¢.

Definition 2.2 ([13]). Let (20,.#,*) be a fuzzy metric space. A sequence {x,} in 20 is said to
be:

(i) Converge to x € 20 if lim .# (x,,x,t) = 1 fo eacht > 0.

n—oo

(ii) Cauchy sequence if lim .# (x4 p,X,,t) =1 forall# >0 and p > 0.
n—soo

(111) Complete if every Cauchy sequence in 20 is convergent in 2U.
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Proposition 2.1 ([7]). Let </ and 9B be compatible mappings of a fuzzy metric space (20, M ,*)
into itself, If

ot = St for some t in 1, then o Bt = of It = BABt = Ba't.

Proposition 2.2 ([7]). Let </ and % be compatible mappings of a fuzzy metric space (200, 4 ,*)
into itself.
Suppose that lirrlnﬂ Xp = lirrlne%’xn =t for some t in 2. Then the following holds:

(1) li}gn%’;z% x, = At if o is continuous at t;

(ii) li}gn A Bx, = Bt if B is continuous at t;

(i) o Bt = Bt and It = Bt if o/ and P are continuous at t.

Lemma 2.1 ([17]). Let (2,4 , ) be a fuzzy metric space. If there exists q € (0,1) such that
M (x,y,qt) > M (x,y,t) for all x,y € B, and t > 0, then x = y.

Lemma 2.2 ([17]). Let {y, } be a sequence in a fuzzy metric space (20, .4 ,*). If there exists q €
(0,1) such that A (yn12,Yn+1,qt) > A (Ypt1,Yn,t), t >0, n € N, then y,is a Cauchy sequence
in 0.

Lemma 2.3 ([20]). Let (20,.# ,*) be a fuzzy metric space. If there is a sequence {x,} in X,
such that for everyn € N.
M (X, Xpi1,1) > A (x0,x1,k"t)

for every k > 1, then the sequence is a Cauchy sequence.

3. MAIN RESULTS

3.1. A class of Implicit Relation. Let ¥ be set of all continuous functions v : [0, 1]* — [0, 1]

increasing in any coordinate and y(z,¢,7,t) > t.

Theorem 3.1. Let (2,.# ,x) be a complete fuzzy metric space. Let N, P, 2, S, T and W
are six self-mappings of a complete fuzzy metric space (20, .4 , ) into itself satisfying

(Cl) (W) C A/ Z(W), ¥ (W) C 2.7(20),

C 2S=SLNDP=PN, TS =T, WP =PV,

(C3) One of /' Z(20), W (2V), 2.7 (W) or T (V) is complete,
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(C4) The pair (7 ,2.%) and (W , N ) are weakly compatible,
( M DS w, Tu,kt) M (W v, N Pv,k)
M DS u, Tu,kt)\ MW v, N PV, kt),
ML u, Tu,kt) M Tu, Wv,kt) M (W v, N Pv,kt),

| AW, N Pv.kt) M LS w, N P, kt).M(2LS u, T u,kt)
Jorallu,v €0, k >1 and y € V.

(CS) M3 (Tu, Wv,t) >¥

Then N, P, 2, .S, T and # have a unique common fixed point in 20.

Proof. Let xo € 20 be an arbitrary point. From (C;) we can find a point x; such that
T (x9) = N P (x1) = yo. For this point x; one can find a point x, € 2J such that # (x;) =
2.7 (xp) = y;. Continuing in this way, one can construct a sequence {x,} such that y,, =

T (x2n) = N P (Xan41),
3.1 Vont1 =¥ (xont1) = 27 (xpn42), foreachn > 0.

For brevity, we write &, (1) = A (Y, Ym+1,1)-

First, we prove that {y,} is a Cauchy sequence

Case I: If n is even, taking u = xp, and v = xp,,+ in (Cs), we get

//3(3)62,1,7/)62”_._1,1‘)

( )

M (DS Xom, Txop kt) M (W Xops1, N PXopir,kt),
M2 x00, T Xop, kit MW X2s1, N PXoyy1,kt),
M (DS X2, T X2, kt )\ AN T X3, W Xrpi1 kit ) M (W X1y N PXgir k1),
| AW xanir, N Pxopi1 k) M( 2. X, NP1 k) M(2.S X2, T X, k)

Using (3.1), we have

AM*(Yon—1,Y20,kt ) M (Y2n 41, Y20, K1),

M (Yan—1, Yo, kt) A * (y2ny1, Y20, k),
M (Yan—1,Y2m, kt ) A (Yon, Yant1,kt ) A (Y2n11,Y2n, kt ),
M (Yont1, Y20, kt ) M (Yan—1, Y20, kt) A (Yon—1,Y2n,kt) |

///3()’2;1 Vonglsl) > W

\
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On using o, (t) = # (yon,Yon+1,t) in the above inequality, we have

03, (kt) 0t (kt), 01 (Kt) 03, (kt),

(3.2) 0, (t) > ¥
®2n—1 (kt) a22n (kt) » C2p (kt) a22n71 (kt)

We claim that o, (kt) > ap,—1 (kt).

If 0, (kt) < otp,—1(kt), then (3.2) reduces to
05, (t) > y{ o, (kt), 05, (kt), 03, (kt), 03, (k) }.
Using property of y we get
o5, (1) > o (kt) = 0, () > 0, (kt), a contradiction.

Therefore (kl‘) > Obpn—1 (kl‘).
In a similar way, if n is odd, then we can obtain 0,11 (kt) > @, (kt).

It follows that the sequence { ¢, (¢)} is increasing in [0, 1], thus (3.2) reduces to

a23n(t) 2 1[1{0623,171 (kt)7 agnfl (kt)7 agnfl (kt)v agnfl (kt)}

Using property of v we get

O‘Sn(t) > agnfl(kt)'

Thus we get @, () > 0p,—1 (kt).
Similarly for an odd integer m = 2n+ 1, we have ap,,11(t) > 0p,(kt).

Hence o, () > o, (kt). That is,
M(yn;yn—i-l;t) > ‘%(yi’l—laymkt) 2.2 'ﬂ(y()aylaknt)‘

Hence by Lemma 2.3 {y, } is a Cauchy sequence in 20.

Case 1: .4 Z7(20) is complete. In this case {y2,} = {V Px2u41} is a Cauchy sequence in
N P (20), which is complete then the sequence {y,,} converges to some point z € A4 22 (20).
Consequently, the subsequence’s { T xp,}, {25 xon}, { AN Pxppi1} and {# xp,41} also con-

verges to the same point z. As z € A4 & (20), there exists r € 20 such that z = A Pr.
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Now we claim that z = #r. For this putting u = xp, and v = r in (Cs), we get

MDF o, T o bt ) M (W 1, N Prkt),
MND.S X, T xm k) MW 1, N P kt),
MND.S X, T 3 k) MNT X0, W 1K) MW 1, N Prkt),
A N Pr k)M (DS %20, N Pr k) M (DS X2, T, )

M T xon, Wr,t) >y

J

Taking limit n — oo and using z = .4 Z?r in above inequality we have,

(

M (2,2,kt) M (W r,2,kt),
M (2,2,kt) M (W r,2,kt),
M (2,2, kt) M (2, W r k) M (W 1,2, kt),
MW r,z2,kt) M (z,2,kt ) M (2,2, kt)

//[3(z,7/r,t) >y

L1 (W z k),
3 LA*( W r,z,kt),
M (2, W rt) >y >
LA (2, W r kt) M (W r,z,kt),

M (W r,z,kt). 1.1

\

Suppose #'r # z, then .4 (z, % 'r,kt) < 1, using this in above inequality we get
‘%3(5%’30 > l//{e/ﬂ(z,Wr,kt),//ﬁ(z,V/r,kt),//ﬁ(z,7/nkt),///3(z,7/r,kt)}
Using property of v we get

MW t) > M (2, W k)

= M (z, Wr,t) > M(z, #rkt), acontradiction.

Hence #'r =z
Thus #'r =z= A4 Pr. Since(# ', NV &) are weakly compatible, so we have #'z = N Pz.

Next we will show that &7z = z, for this putting u = x, and v = Zr in (Cs), we get

M3 T xon, W Pr,t)
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M DS xop, T Xop kt ) MW Pr, N P Pr,kt),
M DS X, T xop, kt ) M* (W Pr, N P Pr,kt),
M(L2-S X2, T x0n,kt ) MT X000, W P, k) MW PV, N P Prkt),
| AW Pr, N DPPrkt) M2 xon, N P Prkt) M (2 xon, T Xon,kt) |

From (C) # & = W and N & = .4 using in above inequality we get,

M T X, PW r, 1)

M (DS X, TXon kt ) M(PWr, PN Prkt),

M DS X, T xop, kt ) M* (P W, PN Prkt),
M2 X2, T x0n,kt ) M(T X200, PW 1, k1) M(DPW T, PN Pr,kt),
M(PW 1, PN Prkt) M LS xo0, PN Prkt) M (LS Xon, T Xon,kt) ]

Taking limit n — oo and using #'r =z = .4 Zr in above inequality we have,

(

M (2,2,kt) M ( Pz, Pz, kt),
M (2,2,kt) M ( Pz, Pz, kt),
M (z,2,kt) M (2, Pz, kt) M (P 7, Pz, kt),
| MNPz, Pz,kt) M (2, Pz, kt) M (z,2,kt)

M2, Pz,t) >y

Suppose Pz # z, then A (z, Pz,kt) < 1, using this in above inequality we get

3 k 3 L
) > w{ M, Pkt M (2, Do k), }

M3z, Pz kt), M3 (2, Pz, kt)

Using property of y we get

M2, Pzt) > M (2, Pz kt)

— M (2, Pz,t) > M(z, Pz, kt), a contradiction.

Hence z = Zz.

Thus Pz =N Pr=2=> Nz=2.

Thus N z=Pz=Wz=z.

As W (20) C 2.7 (20), there exist m € W such that z = # 'z = 2. m.
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Next, we will show that 7 m = z, for this putting u = m and v = xp,, 4 in (Cs), we have
%3(<7m7%x2n+17t)

M DS m, Tm,kt) M (W Xpp i1, N Pxopi1,kt),
MN2D.Sm, Tm,kt) M* (W Xpp i1, N Pxopi1,kt),
M2 m, Tm,kt) M (T m, W xoni1,kt) MW x0n41, N PXopi1,kt),
\ MW Xoni1, N Pxops1,kt) M (LS m, N Pxopi1,kt) M (2SS m, T m,kt) )

Taking limit n — o and using z = # 'z = 2.%’min above inequality we have,

(

M (2, Tm,kt) M (z,2,kt),
Mz, Tm,kt).M*(z,2,kt),
M (2, Tm,kt) M (T m,z,kt) M (z,z,kt),
M (z,2,kt) M (z,7,kt) M (2, T m, kt)

M Tm,z,t) >y

Vs

Suppose T m # z, then .4 (T m,z,kt) < 1, using this in above inequality we get

(T N> MINTm,z,kt), M3(Tm,z,kt),
m,z,t) > Y
MINTm,z,kt), M3(Tm,z,kt)

Using property of y we get
M Tm,z,t) > M>(Tm,z,kt)

= M (Tm,z,t) >M(T m,z,kt), acontradiction.

Hence Im =z.
Since (7, 2.7) are weakly compatible compatible,so .7 and 2. commute their co-incidence
point m, then we have 7z = 2.77.

Next we will show that .7z = z, for this putting u = z and v = x5, in (Cs), we have
%3(‘yz7 WxZn—H J)

MDS 7, T i kt) Ml (W o1, N Pxomsr k),
MND.S 7, T2, kt) MW 1, N Pxomsr k),
MND.S 7, T kt) M (T2, W Xt kit )M (W Xoms1, N Pxomsr k),
| MW 5, N P ) M (LS 2y N Py k) M (DS 2, T2, kt)

J
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Taking limit n — o and using .7z = 2.9’z in above inequality we have,

(

M T 7, T 7, kt) M (2,2, kt),
MN(T 7, Tz, kt) M (z,2,kt),
MNT 72, T z,kt) M (T z,2,kt) M (z,2,kt),
M (2,2, kt) M(T 2,2,kt) M (T 2, T z,kt)

M (T z,2,t) > y 4

\ J

Suppose 7z # z, then .# (T z,z,kt) < 1, using this in above inequality we get

M3 T z,z2,kt), M3 (T 7,2, kt),
///3<fz,z,z>zw{ (Taz,k), ATz )}

MINT 7,2,kt), M3 (T 7,2,kt)

Using property of y we get

M (T z,2,1) > M (T 2,2, kt)

=  M(Tz,z,t) > M(Tz,z,kt), a contradiction.

Hence 7 =1z.
Thus 7= 2.7 =1z

Next we will show that .’z = z, for this putting u = .’z and v = x3,,1 in (Cs), we have

MT L2, W Xopi1,1)

;

M DS S 7, TS 2, kt) M (W xons1, N Pxonst,kt),
MD.S S 7, T L2 kt) MW Xopi1, N PXonst,kt),
M2S S 7, T S 2, kt) M(T S 2, W xoni1,kt) M (W Xops1, N PXoni1,kt),
| AW x2ni1, N Pxony1,kt) M LS S 2, N Pxgp1,kt) M 2SS 2, T S 2, kt)

From ((;) 2. = 2 and . = .7 using in above inequality we have,

ML T2, W Xoni1,t)

(

ML DS 7, S T2, kt) M (W xopi1, N Popyt,kt),
MS DS 7S T2kt MW xom1, NP1, k),
S DS 2, Tkt MNS T2, W o skt VAW X1y N P, ki),
| A i1, N Pt KO MNS DS 2y N P )M (S 252, T2 kt) |
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Taking limit n — o and using.7 z = 2.7 = z in above inequality we have,

M S 7, S 7, kt) M (2,2, kt),
MNS 7, S 7, kt) M (2,2, kt),
ML 7, S 7, kt) M 7,7, kt) M (2,7, kt),
| A (2,2, kt) M(S 2,2, kt) M 2, S 2,kt) |

ML 2,20) >y

Suppose .7’z # z, then .# (.#z,z,kt) < 1, using this in above inequality we get

///3(§”z,z,kt),.///3(fz,z,kt),

M S 2,2,t) >y
M3(S 2,2,kt), M3(S 2,2, kt)

Using property of y we get
M S 2,2,1) > M S 7,2, kt)
— M (Sz,z,t) > M(Sz,z,kt), a contradiction.

Hence .z =z. Then z = 2.7 = Q7. Therefore 1 = .7 = 97z = Tz
Henceinall we have z = .Y7=97= 9 7=P7=Nz7=W 7z

Case 2: When .7 (20) is complete follows from above case as .7 (20) C A4 2 (20).

Case 3: When 2.7 (20) is complete. This case follows by symmetry. As 2(20) C 2.7 (20),

therefore the result also holds when 2(20) is complete.

Uniqueness: Suppose that z # m are two common fixed points of A", &, 2, ., T and ¥ .

On putting u =z, v=m in (Cs), we have

MND.S 7, Tz, kt) MW m, N Pm,kt),
M2 7, To,kt) M (W m, N Pm,kt),
M(2S 7, T z2,kt) M(T 2, W m,kt) M (W m, N Pm,kt),
| AW m, N Pm,kt) M2 7, N Pm,kt) M2z, Tz,kt) |

M T2, Wm,t) >y

If 7 # m then .# (z,m,kt) < 1, using in above inequality and on simplification we get
M (z,m,t) > M(z,m,kt), acontradiction

Hence z = m.

Hence z be a unique common fixed point of 4", 2, &,., .7 and ¥ .
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4. APPLICATION

In 2002 Branciari obtained a fixed point theorem for a single mapping satisfying an analogue
of a Banach contraction principle for integral type inequality .

Now we prove the following theorem as an application of Theorem 3.1.

Theorem 4.1. Let .V, P, 2, .S, T and W be six self-mappings of a complete fuzzy metric
space (0,4 ,x) satisfying the conditions (Cy), (C2), (C3),(Cs) and the following condition:

M3 () o(u,v)
[0 wndw= [ ylwdw
0 0

M DS u, Tu,kt) M (W v, N PV kt)
MNDS w, Tu,kt) M*(W v, N Pv,kt),
M DS w, Tu,kt) M Tu, Wv,kt) (W v, N Pv,ke),
| AW, N PrJt) M2, N Py ki) M(2.S u, Tuskt)

o(u,v) =¥«

for all u,v € W, where y : [0,1]* — [0,1] is increasing in any coordinate and y(t,t,t,t) > t
for every t € [0,1), where y : [0,1]* — [0,1] is a “Lebesgue-integrable function” which is
summable, nonnegative, and such that, for each € >0, [5 y(w)dw > 0. Then N, P, 2, .7,

T and W have a unique common fixed point in 2.

Proof. The proof of the theorem follows on the same lines of the proof of Theorem 3.1. 0

5. CONCLUSION

We show common fixed-point theorem for six self-mappings in fuzzy metric space that con-

tains cubic and quadratic terms of the distance function .# (x,y,t) in this study.
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