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Abstract: A multispecies food chain harvesting model is formulated based on Lotka-Voltera model with three species
which are affected not only by harvesting but also by the presence of prey, predator and the super predator. In order
to understand the dynamics of the system, it is assumed that the all three species follows the logistic law of growth.
Further, there is demand for prey predator species in the market and hence selective harvesting of two species is
performed. We derive the condition for global stability of the system using a suitable Lyapunov function. The
possibility of existence of bioeconomic equilibrium is discussed. The optimal harvest policy is studied and the solution
is derived under imprecise inflation in fuzzy environment using Pontryagin’s maximal principle. Finally some
numerical examples are discussed to illustrate the model.
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1. NOTATIONS
I.  x,y, z: size of the prey, predator and super-predator populations respectively at time t.
ii.  kyq,ky, ks : environmental carrying capacity for prey, predator and super-predator
respectively.

iii.  A4,4,,15: are the intrinsic growth rate of prey, predator and super predator.
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iV. g4, q,: are the catchability coefficients of prey and predator.
v. E :the common catching effort.
Vi.  aq,: predator response rates towards the prey.
Vii.  a,q: the rate of conversion of prey to predator.
vili.  a,3: super-predator response rates towards the predator.
IX.  ag,: the rate of conversion of predator to super-predator.
X.  c: constant fishing cost per unit effort.
Xi.  pq:constant price per unit biomass of prey species.
Xii.  p,: constant price per unit biomass of predator species.
xXiii.  ay,, a,5 : predation coefficients.

XiV.  @,q, a3 : CONversion parameters.

2. INTRODUCTION

In recent days the important part of research on biological modelling is the bioeconomic modelling
of exploitation of biological resources such as fisheries and forestry’s etc. In the literature, there
are some single species [2,3] models in fisheries. But, in reality, marine fisheries consist of multi-
species of which one may be prey and others predators and super predators which make a complex
ecological food chain. Moreover, both prey and predators are eaten by different sections of people
in the society and also used as different medicinal ingredients, so all three species have the demand
in the market. Thus, the biological as well as economical study of exploitation of multi-species is
now an emerging field of research in society. Also as this field of research includes from fisherman
to scientist of all subjects, so now-a-days ecological modelling is very vast area for researchers.
Initially, Clark [5,6] introduced this type idea with the technique to approaching for the result.
Normally the main objective of the study of multi-species marine fisheries problems is to
investigate the conditions/constraints for bionomic equilibrium of the species and to determine the
optimum harvesting policy of the species in order to maximize the present value of the revenues
earned from them without disturbing the ecological balance amongst the species.

Initially in this field of study Clark [5] first presented an optimal equilibrium policy for the
harvesting of two independent species. Later using this concept, Chaudhuri [1, 2, 3] formulated
and solved the optimal control problem for combined harvesting of two competing species in

deterministic environment. Later Chaudhuri and Saha Ray [4], Mesterton-Gibbons [7], Kar &
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Chaudhuri [12] and some others studied the two species prey-predator fishery models for optimal
harvesting of both the species. There are only few fisheries models with three species-prey,
predator and super predator with harvesting. Recently Kar and Chaudhury [9] considered a model
with two competing prey and one predator. Some more investigations on biological food-chain
models [8, 13, 14, 15, 16, 17, 18, 19, 20] have also been reported recently. However, till now none
considered food chain model with logistic growth and harvesting for three species-one prey, one
predator and one super predator with harvesting fuzzy environment. As mentioned above, in the
world, there are some communities who eat even super-predators. Moreover, these may now-a-
days be used for some other purposes also i.e. for medicines, etc. They also did not consider the
optimal harvesting policy in fuzzy environment taking imprecise inflation and discount rates for
food-chain system.

In this paper, an optimal harvesting of three species food chain-the first one is a prey, the second
is a predator and third is a super predator which feeds on predator is formulated. The logistic
growth of all three species is assumed and selective harvesting of prey and predator species is
considered. The local stability, global stability and the bioeconomic equilibrium of the system are
studied and the necessary conditions/constraints are derived. Taking the inflation and discount into
account and considering these to be imprecise in nature cf. Maiti and Maiti [10], the problem is
formulated as an optimal control problem for maximum return of revenue and solved for optimum
harvesting of the species using Pontryagin’s maximal principle. Lastly, some numerical

experiments and simulations are depicted to illustrate the model.

3. MODEL FORMULATION

Let us consider three marine fish species for example Scoliodon sorakwa (shark), letes calcaifera
(bhetki), sardinella longicepts (sardine) which make a food chain system and prey-predator are
subjected to harvesting continuously. In this system we assume that the super predator (shark)
feeding on predator species only and there is no competition between the species. Here the predator
which lives on prey and super predator which lives on predator both these species grow according
to the logistic growth along with the prey species (i.e. the population density of each species is
resource limited).

With those above assumption the governing equations describing the system is as follows:
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d—f = Ax (1 - kil) —axy — Equx

d

d_)t] Azy (1 kl) + a1xy — a3z — Eqyy @
d

d—i =A3z(1— ki) + asz,yz

where 0 < x < k1,0 < y < k,,0 < z < k3 and a;,, ayq, a3, a3, are positive constants.
The catch rate functions Eq,x and Eq,y are based on CPUE (CATCH-PER-UNIT EF- FORT).

4. THE STEADY STATES

Solving the above system (1) he steady states are obtained and the possible states i.e. points may
be assumed as: P,(0,0,0), P;(0,y4,21), P,(x5,0,2,), P3(x3,v5,0), P,(0,0,2,), Ps(0,ys,0),
P¢(x6,0,0) and P, (x*, y*, z%).

The existence of P, , P, , Ps and P, are obvious and unstable. Therefore to show the existence of
other equilibria we check one by one.

STEADY STATE P;(0,y;,2,):

x; =0
/1—3(/12—1‘7612)—052313

M= ‘123“32‘*1223 (2
az3(A2— EQZ)+1213

= 0-’23“32‘*1223

The equilibrium point P; exist if (A, — Eq,) > ksa,s.
STEADY STATE P,(x5,0, z,):
k
Xz = 1_1(11 —Eq,)

y2=0 3)
Zy = k3

The equilibrium point P, exist if (A; — Eq,) > 0.
STEADY STATE P3(x3,¥3,0):

A
—aq12 (AZ_EQZ)+_Z(/11_EQ1)

X3 = T /1
a120»’21+k ks
A
ﬁ(lz—EQZ)‘F“n(h—E%) (4)
V3 = 145
a12a21+k k
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d (A1-Eqq1) _ ai2ks
(A2-Eqz) A2

In this case the equilibrium will exist if (1; — Eq;) > 0, (A, —Eq,) > 0 an

Q12023k2Kk3

Therefore the all three equilibrium points P;, P, and P; exist together if (1, — Eq;) > 3
2

and (1, — Eq,) > ksa,3 holds together.
Now we assume that the positive interior equilibrium point P, (x*, y*, z*) exist and the point can
be obtained by solving the system of equations (1) in the positive octant. So (x*, y*,z*) is the

solution of the system of equations

i_ix +ay =4 —Eqq

A1X — i_z)’ — a3z = —(4; — Eqy) (5)
a3y —i_zz =—13

Corresponding solution is:

Az A A
(05230-’32+ﬁ)(5fh—11)+a12é@2—EQZ)—a1zaz37L3

x* = :
A143 A3 A113
. _ k1k3(EQZ—/12)+C¥21E(EQ1—7L1)+T‘123 (6)
A
A A
7t = —/13(a12a21+ﬁ)+a32ﬁ@q2—)LZ)+a21a32)L3(Eq1—Al)
A

: - - : A1 A3 A1 A3 A3

With the coefficient determinant A= — = ay3a3, — =051 ———— (# 0) (7)
k1 k3 kl kZ k3

5. LOCAL STABILITY
To discuss the local stability of the system first we need to construct the variational matrix
V(x,y, z) corresponding to the system (1).

The variational matrix V(x, y, z) is given by:

Viin Viz Vi
V(X, Y, Z) = (Vo1 Vo Va3 (8)
V31 Viy Vi3
Where,
lel ZyAZ 22).3
Vi1 =4 TR %2V T Q1 E, Vo = A, —K‘F (21X — Up3Z — q2E, V33 = A3 — P + aszyy,
Vi, = —aqzx,

Vis =0, Va3 = —ap3y, Vo1 = az1y, V31 = 0 and V3, = ag,z. %)
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For the equilibrium point P, the characteristic equation V (x*, y*,z*) is given by: u3 + a,u? +

/11 * AZ * AS * /’1112 * .ok AZA3 *, % /1113 * %
a,u+a; =0, where, a ==x"+=2y"+=2 a, = X + zZt+—=—x"z" +
21 3 ' P T gy Y TkE o TR Y T kiks

M3 | A

A
* 0ok * % — 3 * ok %
12 R3 1 3

As in the positive octant a; > 0, so by Routh-Hurwitz condition P, will be stable if and only if

a, as
5 a2| > 0.

6. BIONOMIC EQUILIBRIUM
The term bionomic equilibrium of a biological system is the combination of biological equilibrium

as well as economic equilibrium. As we already know that the biological equilibrium is obtained

by solving - _ 2 _ . Also the economic equilibrium is said to be achieved when TR (the
dt dt dt

total revenue obtained by selling the harvested biomass) equals TC (the total cost for the effort

devoted to harvesting).

The economic rent (net revenue) at any time given by w(x, y, z, E) = (p1q1x + p2q.y — ¢)E (10)
And also for system (1) we have

A Aix a
x=0orE=2_0%_H52¥ (11)
ki k19 q1

y=0ork= 4 kaas az az (12)
z=00r/13—i—32+a'32y=0 (13)
3
Equating (11) and (12) we have
@1 M @z A2\ s, _ (h_ A
(QZ + k1¢11) X+ (lh szz) Y az d (‘h lb) (14)

So, the bionomic equilibrium is obtained by solving (10), (13) and (14) that is

pP1q1x + p2q2y — ¢ = 0.
A3 _
23 — k_32 + a32y = 0 (15)

a y) a A a A A
(ﬁ+_1)x+(£__2)y_ﬁzz (_1__2)
az  kiq: ar  kaqz az a1 4z
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7. GLOBAL STABILITY

To check the global stability off the system, in this section we prove a theorem by choosing an
appropriate Lyapunov function.

Theorem: The interior equilibrium point P,(x*, y*, z*) is globally asymptotically stable if a;, =
a,, and a,3 = as,.

Proof: Let us consider Lyapunov function of the form V(x,y,z) = (x — x*) — x* log% +(y—
y) —y* log% +(z—-2z")—2z" log% (16)

This Lyapunov function V is obviously positive definite and continuous V x,y,z > 0.

dv _ dvdx  9vdy , dvdz

dt  odxdt ' dydt ' ozdt (17

After simplification we get

[ ﬂ Q12— 021
k1 2 _ *
av * * * Q12— A2 ).2 A3—UA32 (x x* T
= le=x) O=y) =201 o R -y)| = -XTAX (18)
l 0 Q23—0A32 A3 J (z—-2z"
2 ks
M Q12—Q21
(x — x) T °
Where X = | (y —y*)| and 4 = [f20e 2 e (19)
* 2
(Z —Z ) 0 Q23—0A33 Az
2 ks

Therefore Z—Z < 0 if A is positive definite. The matrix A is positive definite if a;, = a,; and

0(23 = Ol32. (20)

8. OPTIMAL HARVESTING PoLICY

Let J is the present value of revenues of a continuous time-stream then J can be expressed as

J = Iy e R{P1aax + paqzy) — JE()dt (21)
Where R = # — k, the discount rate of inflation with # and k be the respectively representing
discount rates and inflation for the time value of money and these are fuzzy in nature. The
harvesting effort E(t) is a control variable satisfies 0 < E(t) < E,,qx , SO We can write
[0, E,0x] = V; is the control set. The fuzzy number R can be expressed as interval number and

following Maiti and Maiti [10] and Grazegorzewsky [11], J of (21) can be expressed as
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Max [J, Jr | = [, e ReRRI{(p, qix + p2g,y) — JE(Ddt (22)
Where,

Jo = [, e RR(p1qix + paqzy) — E(D)dt (23)
Jr = Jy e R{(P1q1x + paqzy) — HE(D)dt (24)
R,=r,—kgr and Rp =1z —k;, 7 = [r, =], k = [k, kg] (25)

Subject to the constraints (1). Now using weights w; and w, with w;+w, = 1; wy,w, = 0, we
have from (22)

Max] = Max [J, Jr | = wiJ, +wa g (26)

Therefor the corresponding Hamiltonian can be written as

_ _ A
H = (wye RrRt + wyoe R (pyqix + pqy — OF + 1y <—k_1x2 —apxy +x(4; — (hE))

1 A
+u; <—k—§y2 + ap1Xy — Ap3yz + y(A; — CIzE)> + U3 (—k—zzz + azyz + /132) (27)

Where, w4, u, and u; are adjoint variables.

i i .4 _ _OH dup _ _OH dus _ _ OH
The adjoint equations are: —= = —— , —=% = 5 and —= = —— (28)
So,
du A — —
d_tl = k_ilhx — a3 Yy — P11 E(wre Rrt 4 wpe~RLt)
du A - -
d_t2 = AppXpy + k—zy,uz — Q3Zl3 — PG E(wie RRE + wyeRit) (29)
dus

s

FTa = Q3ylUp + _2#3

Now solving the system of linear differential equations we have

py = Aje™t + A,e™2t + Aze™st + %e‘RLt + %e‘RRt (30)
L R

Where m;, m, & mg are the roots of the equation

vom® +vym? +v,m+v; =0 o
Where

vo=1

o)

= (et e s et ) -

A1 Ay A3

A
Yy =|—==4+—= Azy + 21,0 )x Z.
3 (k1k2k3 K U303 K, 12021 y
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Now p; will be bounded if m; < 0,(i=1,2,3)0or4; =0fori=1,2,3.

v 1 0
The Hurwitz matrix corresponding to the cubic equation (31) can be written as \vg, vy V1] and
0 0 wvs

A= vy, D= V1V, — V3, Az=v3(viv, — v3).
So the roots of the above equation are real negative or complex conjugate with negative real parts
ifand only ifall of A;, A, and A5 are positive. But since in positive octant A; < 0, then it is difficult

to check for m; < 0, (i = 1, 2, 3) and hence we consider the case 4; = 0 fori =1,2,3.

Therefore
— MiL Rt ¢ MiR ,—Rpt
o= e + N © (33)

And with similar reason we also have

Mo Mar —
Ha =N—2LLe RLt+N—2:e Rrt (34)
And

Map Msr —
Us =N—3LLe RLt+N—3:e Rrt (35)
With,

yl 2 Ay A pl
My, = —Ew, [P1Q1 {Rfe + Rp (k_z}’ + k_zZ) + k_zk_zyz + a23a32yz} + P2q> {azﬂ’RR + 0‘213’Zk_z}] (36)

A A A, A A
Mir = —Ew, [pl% {Rf + Rp (k_zy + k_zz) + k_zk_zyz + a23a32yz} + D292 {a21yRL + a21yzk_z}] (37)

2 1 A A

Moy = —Ews [paaz {RE + Re (20 + 22) + 2302} + man (oo —an ] (39)
2 A A A

Mo = =Ews [paaz {RE + Ry (0 +22) + 25t} + s {manRy —anal)] (39

My, = EwWip1q1Q12053 (40)

M3zp = EW;p1q1 01223 (41)

Also,

Ne = —(voRE = ViR3 + V,Rg = v3) % 0 (42)

N, = —(voR} — v R? +V,R, — V) % 0 *3)

For t —» oo, we find that the shadow prices of three species u;(t)e®:t vi =1,2,3. Remain
bounded, so they satisfy transversality condition at oo . Therefore for E € [0, E,,4,] the
Hamiltonian must be maximized. Assuming that the optimal equilibrium will not occur either at
E = 0or E = E,;4, therefore we consider singular control.

Now,
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0H _ _
35 1€ RRt(P1CI1x + p2q2y —¢) + wpe RLt(Pﬂhx + D22y — €) — W1 q1X — Upq2Y (44)

ie.,
_ _ d
(wqe Rrt 4 wye RLt)é = U1q1X + U2q2Y (45)

As, from (10) we have,

d
é = (p1q1x + P22y — ©) (46)

Therefore,
TR+ ware TR (prqax + D2q2y — ©) = 11X + Uz g2y (47)
Therefore, substituting the values of u4, u,, 1; we get,

M, e Rrt + Mpe Rit = c(w,;e RrRt + w,eRLY) (48)

Where we have,

(wqe

1L

M, = (P1W1 - %) q1x + (P2W1 - MN_ZLL) q2y

1R

Mg = (P1W2 - AI/IV_R) q1x + (P2W2 - I\I/IV_Z}:Q) azy

Now (48) can be written as,

e Rut(M e [RR=RLIE 4 M) = ce Rit(w e IRrR=RLIE 4 ) (49)
= (Mye~Rr=Rut 4 M) = c(wye [RR=RUIE 4 ) (50)
Now when [Rg, R;] = o = R, = o,Rp — o and (R — R;) — o, which means when R — oo,
then the equation (50) reduces to

My = cw, (51)
At the positive equilibrium the value of E is given by

EFE=————— —_— === — (52)

As, ";’V"R = o(R;1),i = 1,2,3. Therefore, I;iR — 0 as R, — oo. Therefore (48) becomes

R R
P1iW21X + PaWapy = CW2 = P11 X + P22y = C. (53)
Which implies that (X, Voo, Zeo, €) = 0. (54)

Which indicates that for three species of a food chain also an infinite inflation leads to complete
dissipation of economic revenue. This result was also initially investigated by Clark [5] in a
combined harvesting of two species and recently by Chaudhuri [1] and also by Kar & Chaudhuri

[9].
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Now,
Mg —cw, = (P1W1 ) q1x + ( bawy — )qzy —cw, =0
S p1iW21X + PaWaqry — ( ) (NZ:) a2y

"
o= 2 (o () o]

Similarly, also we get,

m= g |G ae+ () aa] 2

w1

= (P1q1x + p2q2y — O)E =

Therefore from (55) and (56) we have

T = [Mqulx + Myrq2y]E T [M1LQ1x + M,,,q,y]E

11

(55)

(56)

(57)

As, we have Z—f =o(R;Y),i =1,2,3. So, from (57) m is of o(R; 1) and hence = is a decreasing

function of R, (= 0). Therefore, we can conclude that R, = 0 (that is the economic environment

when inflation rate r; it and discount rate ky are equal) and which gives the maximization of .

9. NUMERICAL EXAMPLE AND SIMULATIONS

Let us consider A, = 6.09, 4, =5.07,4; = 0.6; k; =500, k, =200, k; = 100,a;, = 0.05,
0(21 = 0005, a23 = 003, a32 = 0003, pl = 50, pz = 40, ql = 005, qz = 0001, Cc =

45, E =25,w, = 0.5and w, = 0.5.

Now with this set of parametric values we have
(1))P,(0,0,0) is unstable.

(ii) P;(0,78.95,263.16) is unstable.

(iii) P,(397.37,0,100) is unstable.

(iv) P;(259.02,23.93,0)is unstable.

(v) P,(125.6,66.92,133.1)is stable.

The stability diagram and phase portrait corresponding to the interior equilibrium are depicted in

figure-1 and figure-2 respectively.
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Figure-1: Stability diagram of the system (1) with initial values x(0) = y(0) = z(0) = 25.
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Figure-2: Phase-Space Trajectory.

10. CONCLUSION

In this paper we formulated a food chain model of three species, prey, predator and super predator
with logistic law of growth and selective harvesting of prey and predator species is considered.
The existence and stability of this system under possible steady states are investigated. The
possibility of existence of bioeconomic equilibrium and global stability has been discussed and

optimal harvesting policy is investigated with imprecise inflation and discount using Pontryagin’s
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Maximal principle. Finally, the model is illustrated with the help of a numerical example and
MATLAB simulations.
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