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Abstract. In this paper, we study hemi-slant submanifolds as a generalization of slant submanifolds of para contact
manifolds. We particularly work out on hemi-slant submanifolds of para Sasakian manifold. Further, we obtain
necessary and sufficient conditions for integrability of distributions which are involved in the definition of hemi-
slant submanifolds of para Sasakian manifolds. Finally, we obtain the necessary and sufficient condition for a
hemi-slant submanifold to be hemi-slant product and also provide some examples of such submanifolds.
Keywords: hemi-slant submanifolds; para Sasakian manifolds; totally geodesic foliations.

2010 AMS Subject Classification: 53D15, 53C40, 53C22, 53C12.

1. INTRODUCTION

In the past two decades, almost contact geometry and related topics have been a rich research
field for geometers due to its application in wide areas of physics as well as in pure mathematics.
The notion of geometry of submanifolds begin with the idea of the extrinsic geometry of surface
and it is developed for ambient space in the course of time. Nowadays this theory plays a key
role in computer design, image processing, economic modelling as well as in mathematical
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physics and in mechanics. Immersions and submersions are special tool in the study of the
theory of submanifolds.

As a natural generalization of both holomorphic immersions and totally real immersions, B.
Y. Chen defined and study slant immersion in 1990 and consequent result on slant submanifolds
were collected in his book [7]. Since then this interesting subject have been studied broadly by
several geometers during last two decades [2], [10], [18], [19], [20] [21], [22], [25]. In 1996,
A. Lotta [16] introduced the notion of slant immersion of a Riemannian manifold into almost
contact metric manifold. Further slant submanifold was generalized as semi-slant submanifold,
Pseudo-slant submanifold, bi-slant submanifold and hemi-slant submanifold etc., respectively,
in different kinds of differentiable manifolds [17], [24], [25].

After the very remarkable work by [11], Cosymplectic manifold has become of great interest
in last years. In nowadays, the importance of this manifold for the geometric description of
time-dependent mechanics [see [1], [12]] is widely recognized. (Specially in the formulations
of time dependent mechanics Cosymplectic manifold do play a major role.)

Motivated from above studies, we introduces hemi-slant submanifolds of para Sasakian man-
ifolds so that both semi-slant and hemi-slant appears as particular cases of this introduced no-
tion. The present paper is organized as follows: In section 2, we mention basic definition and
some properties of para Sasakian manifolds. In section 3, we define hemi-slant submanifolds
and some basic properties of submanifolds. Section 4 deals with necessary and sufficient con-
ditions for integrability of distributions. In the last section, we provide some examples of such

submanifolds.

2. PRELIMINARIES

We consider .7 is a (2n+ 1)-dimensional almost contact manifold [13] which carries a tensor

field ¢ of the tangent space, 1 —form 1) and characteristic vector field £ satisfying

(1) *=1-n®&, nE)=1,

where [ : T.# — T/ is the identity map. We have from definition ¢& = 0,1 0 ¢ = 0 and
rank(9) = 2n.
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Since any almost contact manifold (.#,¢,&,n) admits a Riemannian metric g such that

for any vector fields X,Y € I'(T.# ), where I'(T ') represents the Lie algebra of vector fields
on .Z . The manifold .# together with the structure (¢,&,7n,g) is called an almost contact
metric manifold.

The immediate consequence of (2), we have

3) n(X):g(Xvé) and g(¢X,Y)+g(X,9Y)=0,

for all vector fields X,Y e I'(T.#).
An almost contact structure (¢, &, 1) is said to be normal [4] if the almost complex structure

J on the product manifold .# x R is given by

d

@ IO, 1) = (9U - 7E, n(U)%).

where J> = —I and f is the differentiable function on .# x R has no torsion i.e., J is integrable.
The condition for normality in terms of ¢, & and ) is [¢, @] +2dn ® & =0 on .# , where [@, @]
is the Nijenhuis tensor of ¢.

An almost contact metric manifold is called a para Sasakian manifold [5], [23] if

(5) (Vx¢) = 0,

(6) Vx€ = 0,

where V represents the Levi-Civita connection of (1\2 ,8)-

The covariant derivative of ¢ is defined as
(Vx9)Y =VxoY — ¢VxY,
using M is a para Sasakian manifold, we have

@) OVxY = VxoY.
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Let M be a Riemannian manifold isometrically immersed in M and the induced Riemannian
metric on M is denoted by the same symbol g throughout in this paper. Let A and & denote
the shape operator and second fundamental form, respectively, of immersion of M into M. The

Gauss and Weingarten formulas of M into M are given by [8]

(8) VxY = VxY +h(X,Y)
and
) VyV = —AyX + VyV,

for any vector fields X, Y € I'(TM) and V on T'(T-M), where V is the induced connection on M
and V- represents the connection on the normal bundle 7M of M and Ay is the shape operator
of M with respect to normal vector V € I'(T-M). Moreover, Ay and the second fundamental

form h: TM ® TM — T-M of M into M are related by

(10) g(h(va)av):g(AVX7Y)7

for any vector fields X,Y € I'(TM) and V on T'(T+M).

The mean curvature vector is defined by

1 1<
(11) . race(h) ”,'221 (ei,ei)
where n denotes the dimension of submanifold M and {ej,e,....,e,} is the local orthonormal

basis of tangent space at each point of M.

For any X € I'(TM), we can write
(12) ¢0X =TX+NX,

where TX and NX are the tangential and normal components of ¢.X on M respectively. Similarly

forany V € T1M, we have
(13) OV =tV +nV,

where tV and nV are the tangential and normal components of ¢V on M respectively.
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A submanifold M of a Riemannian manifold M is said to be totally umbilical if
(14) h(X,Y)=g(X.Y)H,

where H is the mean curvature vector. If #(X,Y) =0 for all X,Y € I'(TM), then M is said to be
totally geodesic [9] and if H = 0, then M is said to be a minimal submanifold.

The covariant derivative of tangential and normal components of (12) and (13) are given as
(VxT)Y = VxTY — TVyY,
(VxN)Y = V4 NY — NVyY,
(Vxt)V = VxtV —tV§V

and
(&Xn)V = VynV —nVygV

forany X,Y € [(TM) and V € T(T+M).

Definition 2.1. Let M be a Riemannian manifold isometrically immersed in an almost contact

metric manifold M. A submanifold M of an almost contact metric manifold M is said to be

invariant [3] if ¢ (T.M) C T,M, for every point x € M.

Definition 2.2. A submanifold M of an almost contact metric manifold M is said to be anti-

invariant [15) if ¢ (T.M) C T;*M, for every point x € M.

Definition 2.3. A submanifold M of an almost contact metric manifold M is said to be slant [6],
if for each non-zero vector X tangent to M at x € M, the angle 6(X) between ¢X and T,M is
constant, i.e., it does not depend on the choice of the point x € M and X € T,M. In this case,
the angle 0 is called the slant angle of the submanifold. A slant submanifold M is called proper

slant submanifold if neither 8 =0 nor 6 = 2.

We note that on a slant submanifold M if 6 = 0, then it is an invariant submanifold and if
6 = 7, then it is an anti-invariant submanifold. This means slant submanifold is a generalization

of invariant and anti-invariant submanifolds.
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3. HEMI-SLANT SUBMANIFOLDS OF PARA SASAKIAN MANIFOLDS

In the present section of the paper, we introduce the definition of hemi-slant submanifolds of

para Sasakian manifolds and obtain some related results for later use.

Definition 3.1. Hemi-slant submanifold M of para Sasakian manifold Misa submanifold that
admits three orthogonal complementary distributions D, Dg and D+ such that

(i) TM admits the orthogonal direct decomposition
TM=Dg®D ® < &>

(ii) The distribution Dy is slant with constant angle 0 between ¢Dgy and Dg. The angle 0 is
called slant angle.

(iii) The distribution D is ¢ anti-invariant, i.e. § D+ C T+M.

In this case, we call 0 the hemi-slant angle of M. Suppose the dimension of distributions Dy

and D are n; and n, respectively. Then we easily see the following particular cases:

. . . . L
We say that the hemi-slant submanifold M is proper if D # 0, D~ # 0 and 6 # 0, 7.

This means hemi-slant submanifold is a generalization of invariant, anti-invariant, semi-
invariant, slant, hemi-slant, semi-slant submanifolds and also they are the examples of hemi-
slant submanifolds.

Let M be a hemi-slant submanifold of a para Sasakian manifold M. We denote the projections
of X € I'(TM) on the distributions D, Dg and D* by P, Q and R respectively. Then we can write
forany X € I'(TM)

(15) X:PX+QX+RX+T](X)§.
Now, put

(16) 0X =TX +NX,
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where TX and NX are tangential and normal components of ¢X on M.

Using (15) and (16), we obtain
(17) 0X =TPX+NPX+TQX +NQX +TRX + NRX.
Since ¢D = D and 9D+ C T+M, we have NPX = 0 and TRX = 0. Therefore, we get
(18) ¢X =TPX+TQX +NQX +NRX.
Then for any X € I'(TM), it is easy to see that
TX = TPX + TQX

and

NX = NOX + NRX.

Thus from (18), we have the following decomposition
(19) ¢(TM) =D@®TDg HNDg SND.

where ‘@’ denotes orthogonal direct sum.

Since NDg € T'(T*+M) and ND* € T'(T+M), we have
(20) T*M =NDy SND*- & 1,

where u is the orthogonal complement of NDg & ND+ in I'(TM) and it is invariant with
respect to ¢.

For any non-zero vector field V € I'(T+M), we have
Q1) OV =1V +nV,

where 1V € (Dg D) and nV € T'(u).
Using M is a para Sasakian manifold, equations (8), (9), (12) and (13), and then on com-

paring tangential and normal components, we have following:
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Lemma 3.1. Let M be a submanifold of para Sasakian manifold M, then forany XY e T(TM),
we have

VxTY—ANYx—TVXY—th(X,Y) =0

and

h(X,TY)+Vy¥NY —N(VxY)—nh(X,Y) =0.

Lemma 3.2. Let M be a hemi-slant submanifold of para Sasakian manifold M. Then we obtain

(22) TDg = Dy, TD* = {0}, INDg = Dg, tND* = D*.

Now, using (16) and (21) and using the fact that ¢> = —I +n ® £, then on comparing the

tangential and normal components, we have the following:

Lemma 3.3. Let M be a hemi-slant submanifolds of para Sasakian manifolds M. Then the
endomorphism T and N, t and n in the tangent bundle of M, satisfies the following identities:
() T*>+tN=—-1+n®&onTM,

(ii) NT +nN =0o0n TM,
(iii) Nt +n* = —I on (T*+M),
(iv) Tt+tn=0on (T+M),

where 1 is the identity operator.

Lemma 3.4. Let M be a -hemi-slant submanifold of a para Sasakian manifold M. Then
(1) T?X = —(cos*0)X,
(2)  g(TX,TY)= (cos’0)g(X,Y),
(3)  g(NX,NY)= (sin*6)g(X,Y),
forany XY € Dg.

Proof. The proof is the same as one found in [19]. O
Lemma 3.5. Let M be a -hemi-slant submanifold of a para Sasakian manifold M. Then
(VXT)Y = AnyX +1h(X,Y),

(VxN)Y =nh(X,Y) —h(X,TY),
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(Vxt)V = A X — TAyX
and
(Vxn)V = —h(X,tV) — NAyX
forany X,Y € U(TM) andV € T(T+M).
Lemma 3.6. Let M be a -hemi-slant submanifold of a para Sasakian manifold M , then
ApzW = ApwZ
forallZ,W € D*.

Proof. The proof is same as one found in [14]. 0

Lemma 3.7. Let M be a -hemi-slant submanifold of a para Sasakian manifold M , then
(i) (X, ¥],£) =0,
(ii) g (%XY, g) —0
forall X,Y €T (De EBDL) .

4. INTEGRABILITY OF DISTRIBUTIONS AND DECOMPOSITION THEOREMS

We now examine the integrability conditions for slant distribution Dy and anti-invariant dis-

tribution D.

Theorem 4.1. Let (M,g,¢) be a proper hemi-slant submanifold of a para Sasakian manifold
(]\71 ,8,0). Then, the slant distribution Dy is integrable if and only if

(23) g(ANWZ—ANZW,TPX) = g(ANTWZ—ANTZW,X)

+g(VZNW — ViyNZ,NRX),

forany Z,W € T'(Dg) and X € T(D & DV).



10 P. K. SINGH, S. P. SINGH, V. N. PATHAK

Proof. For any Z,W € I'(Dg) and X = PX +RX € ['(D® D), using (2), (7) and (16) , we

obtain

g([Z,W),X) = g(VZNW,0X)—g(Vz¢TW,X)

—¢(VwNZ,9X) + g(VwoTZ,X).

Then from (9), (16) and Lemma 3.4, we have

g([Z7W]7X) = _g<ANWZ_ANZW7 (PX) +COSZ Gg([Z,W],X)

+g(ANTWZ —ANT2W7X) +g(V%NW — V%/NZ, ¢X),

which leads to

sin? 0g([Z,W],X) = g(AvtwZ —AnTzW,X)+g(VZNW — Vi NZ,NRX)

—g(ANWZ - AN2W, TPX) y
hence the proof. 0

From above theorem we have the following sufficient conditions for the slant distribution to

be integrable:

Theorem 4.2. Let M be a proper hemi-slant submanifold of a para Sasakian manifold M if

(24) VZNW —ViyNZ € NDyd L,
ANTwZ —AnTZW € Dg and
AnwZ —AnzW € D+ @ Dg,

forany Z,W € I'(Dy), then the slant distribution Dy is integrable.

Theorem 4.3. Let M be a hemi-slant submanifold of a para Sasakian manifold M. Then the

anti-invariant distribution D is integrable if and only if
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VZNW —ViyNZ € ND* & u
for any Z,W € I'(D*) and X € ['(D @ Dp).

Proof. For any Z,W € I'(D*) and X = PX + QX € I'(D @ Dy), using (2), (7), (9), (16)

and Lemma 3.7, we obtain

g(Z,W),X) = ¢(Vz oW,0X)—g(Vw 0Z,0X)
= g(ApzW —AgwZ,TPX)+g(Vz oW — Vi ¢Z,NOX)

= g(VZzNW —VizNZ,NQX)
hence the proof. O

We now investigate the geometry of leaves of anti-invariant and slant distribution.

Theorem 4.4. Let M be a proper hemi-slant submanifold of a para Sasakian manifold M. Then,

the slant distribution Dg defines a totally geodesic foliation on M if and only if

(25) g(V¥NY,NRZ) = g(AnyX,TPZ)—g(AntyX.Z) and

(26) g(AnyX,tV) = g(VxNY,nV)—g(VxNTY,V),

forany XY €T'(Dg), ZeT(D®&D* ) andV €T (T*M).

Proof. For any X,Y € I'(Dg), Z= PZ+RZ € T'(D® D") and using (2), (7) and (16), we have

g(VxY,Z) = g(Vx9Y,0Z) = g(VxTY,9Z) +g(VxNY,9Z)

= —g(VxT?,2)—g(VxNTY,Z)+ g(VxNY,TPZ+ NRZ)

Then using (9) , (16) and Lemma 3.4, and the fact that NPZ = 0. We have
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g(Vx¥,Z) = cos?0g(VxY,Z)+g(AnryX.Z)
—g(ANyX,TPZ)+g(VyNY,NRZ),
27) sin 0g(VxY,Z) = g(AnryX,Z)

—g(AnyX,TPZ) + g(V¥NY,NRZ).

Similarly, we get

(28) sin? 0g(VxY,V) = —g(VENTY,V) — g(Any X, tV) + g(VENY,nV).
Thus from (27) and (28), we have the assertions. O

Theorem 4.5. Let M be a proper hemi-slant submanifold of a para Sasakian manifold M. Then,

the anti-invariant distribution D" defines a totally geodesic foliation on M if and only if

(29) g(h(X,Y),NTQZ) = g(Vy¥NY,NQZ) and

g(AnyX,1tV) = g(V¥NY,nV),

forany X, Y €eT(D*Y), Ze (D@ Dg) andV €T (T*M).

Proof. Since X, Y € T'(D*), Z= PZ+ QZ € T(D® Dg) and using (2), (7), (16) and the fact

that M is a para Sasakian manifold, we have

g(Vx¥,2) = g(Vx¢Y,0Z)
= g(Vx§Y,0PZ)+g(Vx9Y,TQZ) +g(Vx¢Y,NQZ)
(30) = g(VxY.PZ)—g(VxY,T20Z) — g(VxY,NTQZ)

+g(VxNY,NQZ).
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The left side of the equation (30) gives g(%XY,Z) = g(%XY, PZ) +g(§XY, QZ), using (8),
(9) and Lemma 3.4, the equation (30) became

31) g(VxY,sin> 00Z) = —g(h(X,Y),NTQZ) + g(V¥NY,NQZ)

which gives first section of (29).
Now forany X, Y € ['(D*) and V € ' (T*M) , and using (2), (7), (9), (13), we have

(32) g(VxY,V) = g(Vx9Y,0V) =g(VxNY,tV)+g(VxNY,nV),
= —g(AnyX,tV)+g(VXNY,nV),

which gives second part of (29). O

From Theorems 4.4 and 4.5, we have following decomposition theorem:

Theorem 4.6. Let M be a proper hemi-slant submanifold of a para Sasakian manifold M. Then
the fiber of M is a local product Riemannian manifold of the form Mp, x My, ., where Mp,, and
My, are leaves of Dy and D™ respectively, if and only if the conditions (29), (25) and (26)
holds.

5. EXAMPLES

Example 5.1. Consider a 15—dimensional differentiable manifold

M= {(xl,XQ, ...,X7,y1,y2,...,y7,z) c RIS}_

We choose the vector fields

0 0 d
EE=— F ;,=—, Ej5=¢=— =1,2,...,7.
i 8)’1 ) T+i 8X' ) 15 5 azv fOl" l RS )

1

Let g be a Riemannian metric defined by
g = (dx1)?+ (dx2)? + ...+ (dx7)* + (dy1)> + (dy2)* + ... + (dy7)* + (dz)*.

Then we find that g (E;,E;) =1 and g (E,-,Ej) =0,for1 <i# j<I5.
Hence {E\,E, ...,Es} forms an orthonormal basis at each point of tangent space of M. Thus

1—form n = dz is defined by n(E) = g (E, &), forany E € T(TM).
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We define (1,1)-tensor field ¢ as

0 0 d 0 P o
¢<8_x,~>:8_y,~’ ¢(8_yj):_8_xj’ ¢(a—z>=0 Vi,j=1,2,....,7.

By using linearity of ¢ and g, we have

0*=—-I+n®E, ¢E=0, n&) =1,

§(0X,0Y) = g(X.¥) —(X)n(Y), foranyX,¥ € [(TM)

Hence (M,¢,E.1n,g) is an almost contact metric manifold. Also, we can easily shown that

(M,¢,&,n,g) is a para Sasakian manifold of dimension 15.
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