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Abstract. In this paper, we present some inequalities involving the gamma v-random variables via some classical
inequalities such as Holder’s integral inequality and Chebychev’s inequality for synchronous (or asynchronous)
mappings.
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1. INTRODUCTION

A continuous random variable X is said to have a gamma distribution with parameters m > 0

and o > 0, if its probability distribution function is defined [2] by

1 m,m—1 _,—ox
Tm)a X e y XZO

ey flom, o) =

=

x<0.
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The function I'(m) is the classical gamma function and is defined [1] as
) rmoz/.w”a%m
0

When o = 1, we refer to (1) as a one-parameter gamma distribution function. This is defined

as

1 —-1,—
mx’" ex, XZO

(3) flem) =
0, x <0.

If X is a random variable that is gamma distributed with parameters m and o, then we simply

write X ~ I'(x;m, &) or X ~ I'(m, o) where x is a variable.

Let X ~ I'(x;m, o). Then the Expectation or mean of X is defined as

- = 1
4) E(X):/O xf(x;m,a)dx:/o Wamxme_axdx

provided the improper integral exists. The expectation is said to be finite when E (X ) < co.

Also, the variance of X is defined as
) Var(X) = E(X*) = [E(X)]?

whereE(Xz):/ X2 f(x;m, &)dx.
0

The moment generating function of X is defined for # € R as
©6) My(r) = E(e™) = [ ¢ flxim, a)dx
0

provided the operator E(.) < co.

The k" moment about x = 0 of X is defined by

(7 E@ﬁ:/mﬁﬂmmawmk:LL~u
0

For more details on the gamma distribution and its properties, see [7].

In recent years many researchers have established some inequalities involving gamma ran-
dom variables. In [4], the authors presented mathematical inequalities with applications to
the beta and gamma mappings. They also established some integral inequalities, relations and
identities for the gamma and beta distributions. Certain inequalities for the gamma and beta

functions via some classical integral inequalities have also been established, see [5], [6] and
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[9]. In [10] and [11], the authors introduced the k-analogue of the gamma and beta distribution

functions and established some properties of the k-gamma variable. Also in [12], the authors

gave new inequalities for the k-analog random variables.

The v-Gamma Function. The v-gamma function is a one-parameter deformation of the clas-

sical gamma function. It was introduced in [3] for s > 0 and v > 0 as

(8) L,(s) = /Ow (%)ile’dt.

Alternatively, it is defined as

| okl
) Ty(s) = lim n ()

,§>0,v>0,neN,
n—eo (S)ny
(

where (s),, = (s)(s+v)(s+2v)--- (s+ (n— 1)v is the v-Pochammer symbol.

When v =1, I''(s) = I'(s) and (s),,, tends to the usual Pochammer symbol (s), which is
defined as

(5} = () s+1)(s+2)--(s+(n—=1), n>1

1 n=0.

Y

The authors also established the following functional properties:
rv)=1,

(10) Ly(s+v) = Vs—sz(S),

[y(s+nv)= (i)z':v I(s).

where (s),,, is the v-Pochammer symbol. Clearly when v = 1, the above properties hold for the
classical gamma function.
2. PRELIMINARIES
In order to obtain our main results, we need the following Lemmas.
Lemma 2.1. (Chebychev’s integral inequality [8]) Let f,h,g : I — R be mappings such that

h(x) >0, h(x)f(x)g(x), h(x)f(x) and h(x)g(x) are integrable on 1. If f(x) and g(x) are syn-
chronous (asynchronous) on I. That is [f(x) — f(y)] [g(x) —g(y)] > (L)0 for all x,y € 1. Then
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(1) [ ) r )@ = (<) [ s [ nGogds

Lemma 2.2. (Weighted Holder’s inequality [13]) Let p > 0 and g > 0 such that p+q = 1. Let f,
g and h be continuous functions on (0,00). Then the weighted Hélder’s inequality for integrals

is given by

(12) /wa(x)g(x dx<(/ )P h(x dx) </ ()| Th(x dx).

3. MAIN RESULTS

Now we state and prove the results of the paper. We begin with a definition.

Definition 3.1. A continuous random variable S is said to have a gamma v-distribution with

parameters m > 0 and o > 0, if its probability distribution function is of the form

et (5)7 e, 520

0, s <0

(13) folssm, o) =

where v > 0 and I',(m) is the v-gamma function defined in (8).
Proposition 3.2. The gamma v-distribution is a probability distribution function.

Proof. Let u = s in (13). Then by change of variable, we have

/wf (s;m,a)ds = /rx> ! o <§> %_1e_asa’s
0 VAGE) ) - 0 Fv(m) v

- rv(lm) /O°° <%) e

Proposition 3.3. The following properties are satisfied.

. m
(i) Expectation of the gamma v-distribution is equal to P
v
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(ii) Variance of the gamma v-distribution is equal to

a’v
(iii) Moment generating function of the gamma v-distribution is equal to

a \2
—— ] ,a>t>0.
o—t

Proof. (i) By using (4) and (10), we have

E,[S] = /Ooosfv(s;m, o)ds

s\v—!
vV i
<_> e Otsds
1%

=13

:/:%a
:%/0 a

Let u = as. Then by change of variable, we have

E,[S] = #(m)/ow (%) e "du

_wIy(m+v)
ol (m)

m

<3
VS
< |t
N——
Q

R
1)
QU

)

Cav
(ii) We first compute E, [S?] as follows:
) 2 m_q
N m S\ v
E,[S? =/ oaf (2)7 e
1= ) mm G e
2 e

m 241
- / av (f) e %ds.
Fv(m) 0 %

Let u = as. Then by change of variable, we have

V2 * u ma
Bl = i — [ (%) e
I5°] aly(m) Jo \v ¢ a

as a result of (10).

Thus variance of S is given by

" a5 ) (7

a?v? av) oy’

(ii1) From (6), we define the moment generating function of the gamma v-distribution as

m
v

© s [ () e
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Let u = (a —1t)s in (15). Then by change of variable, we have

1 /°° m u vl _, du
o e
) Jo via—t) o—t

v

I(m
Vo poo m_|
(@) ()
o—t o Iy(m) %

M()7v (l‘) =

Definition 3.4. Let S be a continuous random variable such that § ~ I, (m, ). Then the k'

moment of S is defined by

k

v C m /S %"’k_l
16 E,(S%) = / ab (-) O k=12,
( ) V( ) Fv(m) 0 v e S

Proposition 3.5. Equation (16) has the following equivalent form.

(7) E(8) = —tpmlmtv) - (mt (k= 1)), k=12,

)

Proof. Let u = s in (16). Then by change of variable, we have

k o m _

Vv u ‘,Jrkl
R = (T
W(5") akl,(m) Jo \v ¢

Wk

= va(m+kv)
ﬁm(m%—v)---(m—k(k— )

as a result of equation (10) and that completes the proof.

Theorem 3.6. Let X and Y be continuous random variables such that X ~ T',(ax+ by, @) and

Y ~T,(x,0) where a,b > 0 witha+b =1 and x,y > 0. Then for v > 0, the inequality
(18) E,(X)™Ty(ax +by) < E,(V)'[D (0“0 (»)), k=1,2,---

holds.
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Proof. Let us define the mappings f,g,h : [0,00) — [0,0) by

- - , h(t)y=e ™

f(0)=a* L gl =a

m‘<t>a<§_l)+ak mf(t)b(ﬁ—l)

1% \%

for v > 0andr € [0,00). Applying weighted Holder’s inequality to the functions f, g and h, we

have

This implies that

ax+by

° axtby [t o tak—a=b) © xrt\y Itk _ “
[ () Jewar< [ [Cat (1) e
0 v 0 v
y b
© vty
|t () el
0 1%

From (16), we deduce the following relations for the random variables X and Y.

19)

ax+by

1 ®  axtby [t m +ak—1 B
(20) B (X) T (ax+by) = /O o= (;> e
and
1 k o N\ TR Ca
@1 FEY) Fv(x):/o 2

By substituting the relations (20) and (21) into (19), we obtain inequality (18) and that com-

pletes the proof.

Theorem 3.7. Let X and Y be continuous random variables such that X ~ I',,(ax+ by, &) and
Y ~T(x,ct) where a,b > 0 witha+b =1 and x,y > 0. Then the inequality

ak
(22) [y(ax + by)E, (1) <

X Y

[y (x)E, (l)kr[rv(y)]b, k=1,2,---

holds.
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Proof. Let us consider the mappings f,g,h : [0,00) — [0,00) given by

flt)y=a" <£>a<f’1)ak, g(t) = at <£)b(¥l), h(t)=e ™

1% 1%

forv>0andt € [0,). Applying weighted Holder’s inequality to the functions f, g and &, we

have

This implies that

[

0 1%

”xtbyfakfafb> N a
e ¥dr < / oy <—> e Mt
0 1%

oy iy b
. { [e (4) d]
0 1%

From (16), we deduce the following relations for the reciprocal of X and Y.

(23)

| 1\ % © by /N P _ak—1
(24) WEV ()—() Fv(ax+by):/0 Oc%by (;) e Ydt
and
1 (1\F AN s
(25) B (5 Fv(x):/o ol <;) e,

By substituting (24) and (25) into (23), we obtain inequality (22) and that completes the

proof.

Theorem 3.8. Let X and Y be continuous random variables such that X ~T',(x+y+m, o) and

Y ~T',(y+m,a) where x,y,m > 0. Then for v > 0, the inequality
(26) L,y (m)Ty(x+y+m)E,(X)* > T, (x +m)T, (y +m)E, (Y, k=1,2,---

holds.
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Proof. Let v > 0 and consider the mappings f, g,/ : [0,00) — [0, ) given by

=i (L) sn=at (D) wo=ar () ew

1% 1% 1%

fort € [0,e0). By substituting these mappings into the Chebyshev’s integral inequality, we have

m_j

+y+m
® m [t ( ), © xtytm [t (X +k—1) _
/ v (—) e “’dt/ a v (—) ' e ¥ dt
0 1% 0 Y

x+m m+y
© xtm (1 v -1 ®  mty /t " +k—1
@ > [Tt () ey [t (5 g,
0 v 0 v
From (16), we derive the following:
1 X xty+m W“"k_]
(28) — B (X)*T (x4 y+m) = / o (_> e~ s
1% 0 v
1 X xtm [/t HTm+kil
(29) —E(X)T, (x+m) = / o (—) e~ s,
1% 0 v
1 ® ytm [t ytm"_k_l
(30) —E,(Y) T (y+ m) = / o (1) e,
1% 0 v

On substituting (28) through (30) into (27), we obtain inequality (26) and that completes the

proof.

Theorem 3.9. Let X and Y be continuous random variables such that X ~ T',,(ax+ by, @) and
Y ~Ty(x,a) where a,b > 0 with a+b =1 and x,y > 0. Let (Var),(X) and (Var),(Y) be
variances of X and Y respectively. Then for v > 0, the inequality

[(Var)y(X9) + E(X)? _ [Dy(0))“0()]”

(3D [(Var)v(Y)-i- (%)ﬂa < To(axtby) k=12,
holds.

Proof. Using Theorem 3.6 and taking k = 2, we have

(32) E\(X)™Ty (ax+by) < E,(Y)* [0, (x)][T,(0)]".

Expressing E,(.) in terms of (Var),(.) in (32), we have
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(33)  [(Var)y(X*) +Eo(X*)PTy(ax+by) < [(Var),(Y) + (Eu(Y )] [Co(x) 0o ()]

Since Y ~ I, (x, @), we recall from Proposition 3.3 that E,,(Y) = 4. A direct substitution into

(33) and rearranging the terms gives inequality (31) and that completes the proof.

Theorem 3.10. Let X, Y, W and Z be continuous random variables such that X ~ I',(m,a),
Y~ (x+y+moa), W~Ty(x+m,a) and Z ~T\,(y+m, ), where m,x,y and o« > 0. Then

the inequality
(34)  E,X)E,(V)T,(y+m)T,(x+y+m) > E, (W) E(Z)" T, (x+m), k=1,2,---

holds.

Proof. Let v > 0 and consider the mappings f, g,/ : [0,00) — [0,0) given by

(4), et-at (i)i, oy = (1) e

1% 1% 1%

<=

f)=a

fort € [0,e0). By substituting these mappings into the Chebyshev’s integral inequality, we have

o m _ I, m+x+y _
/ o (5)(v+’< l)emdt/ s (5)(V *+k l>e*°"dt
0 0

v %
© mix mjx—i_k_l ® m t m;ry 1) —ar
(9) > [ () gy [ om0 e
0 % 0
From (16), we derive the following:
1 K o L pN Bkl
(36) SECOTm) = (5 e ar,
1 © i t x+)‘;+m_._k_1
(7 ZEX) T (x+y+m) :/0 o " (;) e~ ™dr,
1 ®  xim /1 ”Tm+k—l
(38) _kEv(W)ka(x+m) :/ s <_) e s,
v 0 y
1 °° y+m t .HTm_,’_k_]
(39) BT m) = [Cat ()T e,
v 0 %
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On substituting (36) through (39) into (35), we obtain inequality (34) and that completes the

proof.

Theorem 3.11. Let X and Y be continuous random variables such that X ~ T',(x+y+m, o)
andY ~T',(y+m, ). Let (Var),(X) and (Var),(X) be variances of X and Y respectively. Then

forv >0, the inequality

(40) a’v?(Var),(X) + (x+y-+m)? - Ly(x+m)y(y+m) fe12.
a2v?(Var),(Y)+ (x+m)? =  T,(x+y+m) T

holds.

Proof. Using Theorem 3.10 with k = 2, we have

41) Fv(m)lﬂv()H—y—l—m)EV(X)2 > l"v(x—l—m)rv(y—l—m)Ev(Y)z.

Expressing E,(.) in terms of (Var),(.), and rearranging the terms, we have

(Var)y(X) + [E,(X))?

[y(x+m)y(y+m)
(Var),(Y) +[E.(Y)]? .

Ly(x+y+m)

(42) >

From Proposition 3.3, we have E, (X ) = % and E,(Y) = y;“—:". By substituting these ex-

pressions into (42), we obtain inequality (40) and that completes the proof.

Remark 3.12. By setting v =1 in (18) and (34), we obtain Theorem 3.7 of [4] and Theorem

3.9 of [4] respectively.
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