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Abstract. In this paper, we have constructed the non-overlapping frame scaling set with 2 x 2 expansive matrix
dilation for the time frequency analysis in R>. The FMRA (Frame Multiresolution Analysis) always contains a
frame scaling set. We have investigated that frequency domain of any frame scaling function contains a non-
overlapping scaling set.
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1. INTRODUCTION

Wavelets has various applications in real life problem. One of the important consequence of
wavelet is frames. The time frequency analysis plays a vital role in the field of image processing
and signal processing that enables us to the study of signal in terms of time and frequency
domain simultaneously. The interest for the study of signal processing and their transform are
tightly connected in terms of mathematical aspects. An n-square matrix A is called an expansive

matrix if the absolute value of each of eigen values are greater than 1. An orthonormal wavelet
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is a function ¥ on R" such that
{Wja() = ldet(A)Py(Al- k), j € Lk € 2"}

forms an orthonormal basis for L?(R"), where A is an expansive matrix. For any function

f € LY(R") N L*(R"), its Fourier transform is defined as
f6) =5 [ e <
27 JRn

where < t,s > denotes standard inner product of R”. Let V = {f, }ycz C L*(R") be a Bessel
sequence then there is B > 0 such that

Y | <f.fv>P<BISIP forany feL*(R").

VEZ
Also, if there exist positive constants 0 < o < B < oo such that

allfIP< Y I <f.fv> P <BlIfI? forany feL*(R"),

VEZ

then {fy}vez C L*(R") is called frame and if o and f8 are chosen such way & = f8 then it is
known as tight frame. Frame is called a normalized tight frame or Parseval frame if o = 3 = 1.
If the affine system {f}, = \det(A)[72f1(AT - —k) : 1 =1,2,3,...,N} is a frame for L?(R") then
{0, @ . fMYis called a framelet [12]. The framelet are naturally an extension of wavelet
theory. If the Fourier transform of the framelet { f 1), f @, .. f v )} is the characteristic function
for the sets Wi, Ws, ..., Wy that is |fl| = xw,,l =1,2,...,N, then the set W = Ul}’lej is known
as framelet set of order N. A function f € L>(R") is said to be a Band-Limited if the support of
f is contained in finite interval. If ¢ is scaling function associated with a band-limited frame
|| = x5 then the measurable set S is called scaling set.

In [2], [4], and [7] author’s have studied various results and properties of frame multiresolu-
tion analysis and in [5], Z. Zhang have given the idea of framelet scaling set and framelet set for
2 dilation in L?>(R). From the motivation of his work in [3], we are able to find non-overlapping
scaling set associated to frequency domain with the A-dilation in L?(R?). There are various
interesting theory related to the time-frequency analysis. There are many different tools to split

the time frequency domain into non-overlapping time-frequency domain.
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2. PRELIMINARIES

Definition 2.1. [6] Let E be a measurable subset of R. If the set E* C E satisfies the conditions:
(i) E¥*4+2nZ = E +2nZ and (ii) E* N (E* +2nk) = 0, k € Z\{0}, then the set E* is called 27-

translation kernel of E.

Definition 2.2. [3] Let A be an 2-square expansive matrix and {Vy,},c7 be a sequence of sub-
space of Lz(Rz) satisfying the following conditions:

(i) UnezVa = L*(R?) and Nypez Vi = {(0,0)}.

(ii) V, CVyy1,Vn € Z.

(iii) f(w) €V, if and only if f(A™w) € V,41.

(iv) There exists a function ¢(w) € Vg such that {¢(w — k) : k € Z*} is a frame for Vy,
then the sequence {V,},cz is known as Frame Multiresolution Analysis (FMRA) and the func-

tion ¢ is called a frame scaling function.

For any g(w) € V1,g(A~'w) € Vi, so we can write

(1) g(w) = det(A)] ) cyp(Aw—v).

vezZ?
If we define low pass filter Hg(w) =Y, 72 cve "=V"*>, then by taking Fourier transform of both

side of equation (1) we get (A™w) = Hy(w)@ (w), here A” is transpose of matrix A. In particular

) O(A™w) = H(w) (w).
Equation (2) is known as A-dilation scale equation of the respective FMRA [7].

Theorem 2.3. [5] Let G be a bounded closed set in R2. If G is the support of frequency domain
of a band- limited FMRA then

(1) G C AG.

(2) UnezA"G = R2.

3) (G\ATIG)N(A1G+2mk) =20, k € 72

Lemma 2.4. [10] The function ¢ is an A-dilation scaling function for an FMRA if and only if

the following conditions holds
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(1) Lyez2 | (w27mv) > =1/(2m)%
(2) lim; e [§((AT) )| = 1/(27) ace.
(3) There exists a 2nZ>*-translation periodic function H(w) € L*((—n,m)?) such that

O(A™w) = H(w)(w).

Lemma 2.5. [11] Let A be one of the following six matrices

I 1 1 -3 I 1) |-1 1 -1 20 |1 =2

1ot 11| =1 1] | =1 =2 2| |2 2|
Then there exists vector l4 and qa in 72 with the following properties

(1) 7> = ATZ2 U (I4 + ATZ?),

(2) < qa, AZ> >C 27 and < qp, (Ia +A"Z?) >C 27+1,
(3) A%qq € (22)?,

(4) AZ? = ATZ2.

3. MAIN RESULTS

In this section we prove some results in the form of lemmas and main result in theorem 3.6
that insures for construction of non-overlapping scaling sets in frequency domain. Following is

the definition of 27— translation kernel in R? which is analogous to Definition (2.1).

Definition 3.1. Let S be a non-empty subset of R®. Then S* C S is called as 2w-translation

kernel of S if the following two conditions are satisfied:

(1) S+2n7% = S* +2n7°.
(2) S*N(S*+2mk) =0, k € Z*\{(0,0)}

By considering the theorem 2.3, for any frequency domain Q = supp(é), if Q is bounded
then 3 k € Z such that Q C A¥- (=, 7). Let us define Q; = A~/(Q\A1Q). By Q C AQ we
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have

Q=(Q\A'Qu@a'Q)

ATlQ=(AT1Q\A2Q) U (A2Q)

ATFQ = (A*FQ\A*lo)u@a o)

Q= (o) uAte)

are all disjoint. Thus by Theorem 2.3, we have Q;NA™/(A~1Q+27k) =0, (j=0,1,2,...) and
by A-scale equation of FMRA we have ¢ (A®w) = H(w)¢(w) for H(w) € L*((—m, x)?). Hence
for Q = supp(¢) and ¢ (w) =0 if w € Q+ 277>,

Lemma 3.2. Ifw € Q" = Q+ 272 then |H(w)|* +|H(w + (%, 7)) [* = 1.1 4), Where 1q. is

the characteristic function of Q.

Proof. Since we have

1
v§22| d(w+2rv)|> =0o0r e
Thus for w € Q, we have
Y d(w+2mv)P = : —1g1(w)
vez? (27t)
L lpn) = T I6(ATA  w+2m(A ")

(2ﬂ) vez?

By using A-dilation scale equation,

(2;) 1o (w vgizm (A""W+2r(A""V))-HA "w+2m(AV))]?
L g = y B(A~ w4 27(A~TV)) - H(A~ w4+ 27m(A~ V)

(2m) VEATZ2U(I4+ATZ2)Z?
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(2;)2 loi(w) = Z |$(A77W—|—27'C(A*Tv)) ‘H(A71W+27I(A77v))|2
VEATZ2
+ Y $ATTwH2m(ATTY)) H(A W+ 2m(ATTY)))?
ve(l,+ATZ?)
(2711-)2 IQL (W) = Z |(]3(A_TW+27'L'(m)) 'H(A_TW—|—27L'(m))‘2
meZ?

+ Z \(ﬁ(A*Tw+27r(A*T(lA +A"m)) -HA "w+2m(A" (14 +Afm)))\2.

me7Z?

Since H is 21Z? periodic and 27tl4 = (7, ), hence

1 ~
WIQL(W): Z |¢(A’Tw+27r(m)).H(A7rw)|2
mez?
+ Y 9(ATTwH2m(A L) -H(A " w+ (n,7)
I4€72
1

[ (W) ZIH(A_TW)IZIEiz |G (A w+27(m))|?

+HHA W+ (m,m)* Y 9(A w+2m(A 1)

14€72
@IQL (w) :méz |¢3(A—Tw+27t(m)) 'H(A_Tw)|2
+ Y [0(A " w+2m(A ) -H(A " w+ (m,7)
Iy €72
@IQL ) :@W(ATW)’MF (271r)2 \H(A "w+ (m, 7))

1. (w) =|H(A™"W)|? + |H(A "w+ (7, 7)|> (w € R?).

From A-dilation scale equation we have supp(¢(A -)) = supp(H) NQ and
Loi(Aw) = [H(w)|* +[H (w+ (m, 7)) > m

Now let us consider a partition for the band limited scaling function ¢ and their support €2,
E = =A%Q\A'Q),F={weR?*:Hw) =1}, Dy_;j=E;_;jNF, Ct; = Ex_;\F and
Ei_j_1=(ADy_j)U(ACk—;)*, j=0,1,2,3,...,k—1 (where X* represents 27-translation kernel
of X).

Lemma 3.3. Let us consider {Ej_ j} j=1,2,...k as defined above, then the following holds:
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(1) Ex_; C Qy_jfor j=1,2,3,....k
(2) (Ex—j+2mV)NE =0 forl+# jand v € 7%

Proof. Since we have assumed above Ey_;_| = (ADy_;) U (AC—;)*, j =0,1,2,3,... .k —1

therefore for j = 0 we have

Ep—1 =(ADy) U (ACy)"
CADLUG) = AE, = Oy,

Ex 2 =(ADy_1)U(AC,_1)"
CA(D-1UCk1) =AE 1 = Q2

similarly for j

Ep—j =(ADy—j+1) U(ACk—j+1)"

CADj—jr1UCk—jr1) =AEr_j11 = Qp_;

hence proved (1).
Next for the (2), by Theorem 2.3 we get

((Ex—j+2mv)NE;_;) C (Qu_j+2wv)NQy_;) =0 for j # [l and v € Z?,
which proves our required result. U

Lemma 3.4. For any expansive matrix A and band-limited scaling function @, the collection of

sets {Ex_j+ 2V}, cz2 are pairwise disjoint for j =1,2,3, ... k.
Proof. For j =1, we have
E_1+27nv =((ADy) U (ACy)*) + 27V
Er_1+2nv =((ADy +27v) U (ACy)* + 27v).

Now we prove (ADy) N (ADy +27v) =0, (v € Z>\{(0,0)}). As we have assumed H(w) = 1
for w € Dy C F and from lemma 3.2 we get H(w + (7,71)) = 0 and H(w) is 21Z>-periodic.

Thus we have forw € Dy + (2v+ (1,1)) 7, v € Z?

H(w) =0
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by A-dilation scale equation we get ¢ (A*w) = 0. Since supp(d) = Q, we have
QN (AD +27m(AV) +27(1,1)) =0, v #0
AsAD; CAQ = 1 C Q.
So we get ADy N (ADy +27m(Av) +27(1,1)) =0, as Q C A¥(—r,7)? and
(3) Q= (UQ)u@EQ).
It follows that

D, C Q; C [—717,775]2

= DN (Dy+27v) =0, v € Z2\{(0,0)}.
Hence we proved that AD; N (ADy +2nv) =0, v # (0,0).
Next, let us prove (ACy)* N (ADy +2mv) = 0. From equation (3) it follows that Dy C Gy C
(-7, 7)? and Dy N Cy = 0, and hence
(D +27v)NCr =0, v € 72
= (ACy) N (ADy 42w (Av)) =0
by Cy C € we have AC;, C Q1 C Q &by QN (ADy+27m(Av)) =0, so we get
(ACy) N (AB, + (2m(AD) +27(1,1))) = 0, v € Z*.
Hence
(AC})* N (ADy+ (27v)) =0, v € Z°
Thus we have proved that for j =1, {Ej_1 + 27V}, 52 is a set of pairwise disjoint sets. Now
by principle of mathematical induction, we can arrived at {Ej_; 427V}, 7 is a disjoint for
j=1,2,3,.. k.
By using lemma (3.3), we have
(1) {ABx_j+2mVv}, ¢z are pairwise disjoint.
(2) (AB—j) N (2Ck—;)" =0
Thus by above argument and relations between Ej, € and C;_; we conclude that {E;_ it

27V}, oz are pairwise disjoint, for j =1,2,3,...,k. 0
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Lemma 3.5. Let ¢ be a scaling function and the associated framelet is ® = {l//( b, 1/1(2), v w(l)}
with supp(9) =Q, F ={t :H(t) = 1}. Then |§(At)| = |§(¢)| ifand only ift € M = (R?\Q) UF.

Proof. Let us define sets

M ={w:|p(w)| = |¢(aw)]},
Ty ={w:[§(Aw)| =4 (w)| = 0},
[@(w)| # 0}.

and Tr ={w: | (Aw)|

We have M = T UT,. Now if w € T, then by A-dilation scale equation ¢ (Aw) = H(w)d(w) =
|H(w)| =1andw € F = T> C F. Hence we have | (Aw)| = |[H(w)||d ()| = |§ (Aw)| = | (w)].
Therefore T, C F C M and M = (T{UT») C (T{UF) C M. Also from supp(§) = Q, it follows
that ¢ (Aw) = 0 for w € R*\A~'Q. Thus from this and A~'Q C Q we have

7 =(R\Q)N (RA\A'Q) =R*\Q.

M =(R*\Q) UF.
O

Theorem 3.6. If S = (U’]‘.zl Ey_ j) UA~KQ is a measurable set associated with the band limited

scaling function ¢ along with supp(§) C A¥(—n,7t)? then S is scaling set and S C Q.

Proof. Consider the measurable set S = (U’]‘.: 1 Er— j) UA~*Q

and S+2nv = (Uk

1 Ej+2rv) UAT*Q 2wy for v € 2.

By lemma 3.2, lemma 3.3, and lemma 3.4, we have

Er vy CQ yand Q;N(A'Q+271v) =0, 1> j, veZ?

(Ex_j+2mv)N (A +2mp)) € (Qu_j+27v)N (A Q+271)) =0
for j=1,,2,3,.....k & v # p. Again from Q C A~%(—x, )% , we have

A*Q+2nv)n(AT*Q+2mu) =0, v # .
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Hence {S+27Vv}, 72 are pairwise disjoint sets. By Theorem 2.3, we have U,,c74"Q = R? and

A~*Q c S. Thus

R2 5 UpA”S D UpA" Q) = U,,e7A™Q = R?

i.e.Upez ATQ =R
Finally by the construction

E = =A"Q\AT'Q), F={weR*: |H(w)| =1}
Dy_;=E;_;NF, C_j=E_\F
Erj 1 =(ADy_jU(AC_j11)"), j=0,1,2,...k—1
Ej=(AD_jy 1) U(Cejy1)”

CA(Dk—j1UC—jy1) =AEx_j1, j=1,2,3,.. k.
By definition of S and Q; = A~/ (Q\A~1Q), we get

S (UIJC';} (AE—j)) ULy UAT*Q :A(U’J:%Ek_j) u((AHe)
CA((UI;‘;%Qk—j) UA_kQ) C AS.
Thus by defining a function ¢ such that ¢ = ys, we get that ¢ is a scaling function and scaling

set S is given by
S= (U Ej)UA™Q) C (U ) ua™ Q) =Q. O
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