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Abstract. In this paper, we are interested in a primal-dual algorithmic study of a projective interior point method
of a semidefinite quadratic problem (QSDP). In the first instance, we suggested a new projective function to have a
set of simplex like constraints and a linearization of the objectif function, in the second time we have defined a new
potential function to obtain a new polynomial complexity, such that the convergence is obtained after O(L(n+ 1))
iterations bound.
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1. INTRODUCTION

After the appearance of the Karmarkar’s algorithm [4], most researchers interested in the op-
timality conditions of the positive semidefinite problems (SDP) based on the potential reduction
methods for linear programming, which are extensions of the interior point methods for linear
programming. Indeed, in 1994, [1] was the first researcher to conduct a study primal-dual of the
point interior type projective on (SDP). The choice of the starting point greatly affects the per-
formance of interior point methods (SDP), in 2007, [2] proposed a feasible (SDP) to solve this
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kind of problem. The interior point methods are considered to be among the various approxima-
tions that are effective in solving semidefinite problems. Several authors have proposed some
extensions of interior point methods (/PM) for solving positive semidefinite programming from
linear problem (LP). On the other hand, a primal-dual solution has been obtained by [6], this
method is based on (/PM) with polynomial like complexity.

[3] proposed a quadratic linearization problem so that every iteration has x* and [5] sug-
gested that every iteration has a point x°, these technics are applied in many problems such as
economics, automation, engineering...etc.

The main objectif of this paper is inspired by [1, 4, 5, 9] it aims to construct an improved
primal-dual polynomial feasible interior point algorithm for solving (QSDP). The first step of
this research is to transform a nonlinear problem to a linear programming (LP), by using a
new projective function that generates a new set of simplex constraints and by transforming
algebraically the objective function using a linearization in [5]. Based on a few properties of
the potential function proposed by [7], we have defined a new potential function showing to
obtain a theoretical convergence of primal-dual algorithm with a complexity of the polynomial
type.

This paper is organised as follows: In section 2, we present a description of the method. In
section 3, we give the statement of the algorithm and its theoretical convergence. Finally, a

conclusion is drawn in section 4.

2. DESCRIPTION OF METHOD

General overview.

In the sequel, some notations used throughout of our work are as follows: we denotes the
nonnegative and positive orthants respectively by R and R’ | . R"*" denotes the set of n x n
real matrices. [|-||, denotes the matrices spectral norm. Let §”, 5", 5", denote the sets of n x n
symmetric, symmetric positive semidefinite and symmetric positive definite n X n matrices ,
respectively endowed with the standard trace inner product Trace(AB) = AeB for A,B € §".,
and the lowner partial order > (or >) on positive semidefinite (or positive definite) matrices
means A = B (or A > B) if A — B is positive semidefinite(or positive definite). We consider

the primal problem (£?) of the quadratic semidefinite program (QSDP) and its dual (2) in the
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following forms:

(

Z" =minF(X),

() AjeX =bfori=1,...m ,
X>0,
\

where: F(X) = CoX-l—%XoQ(X),

;

r* =maxbw— ;X e Q(X),
(2) Y widi—Q(X)+S=C,
i=1
\S =0.

In which C and A; for i =1,...,m are matrices in ", b; € Rfori=1,...,m, Q is a self-adjoint
positive semidefinite linear operator acting on §" and X in §% .
Without loss of generality, the following assumptions are given throughout this article:
(1) The matrices A; € §",i = 1,...,m are linearly independent.
(2) The optimal value z* of the objective function is unknown from the beginning.
(3) The problems () and (2) satisfies the interior point conditions (IPC): i.e. there exists
(Xo0,S0) >~ 0 such that:

A,'OXO :b,‘ fori= 1,...,m y

and

m
ZW,‘A,‘ — Q.(Xo) +Sp=C.
i=1

Remark 2.1. The objective function is convex and twice continuously differentiable function,

therefore, the problem () is convex.

2.1. Transforming () to a simplified Karmarkar problem. This subsection is di-

vided into two parts:

(1) The first part is an extension of the projective method obtained from [1], to have a new
set of so-called simplex constraints.

(2) The objective of the second part is to have a new type of convex problem.
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2.1.1. Projective function. ~ We describe the process of passage from iteration Xj to it-
eration X;_ | by a projective type algorithm, at each current iteration k, the iterative solution Xj
is strictly feasible of (£?), such that X; € S” | is given as X; = LkL,Z is a Cholesky’s decompo-
sition where Ly is a lower triangular matrix. We use the projective transformation proposed in
our work to bring the current iteration to the center of the simplex.

We define a projective transformation 7 as an extension of the one proposed by [1], such that

the current iteration reduces to the center A = n}r—llnﬂ of the simplex S p’jfl, where:
Tp: S — Sp*!
X—T(X) =Y,
and:
Sp’fﬁl ={re S’fl Ly1eY =1},
with:
T
Yij = %%, for i,j=1,...,n ,
n
Yntint1 =1 —Elyi,i,
2.1

Ynt1n+1 7 0,

| Yint1 = Ynt1,j = 0, fori,j=1,....,n.
Thus, the transformation projective:

Y[n]  On
(22) Y = Ty(X) =
017; Yn+1,n+1

and its inverse:

_ 1
(2.3) X=T'Y)=——(LY[nL}),
Yn+1,n+1

where:

(1) Y[n] = ynt1n+1 (Lk_lXLk_T) is the first n x n elements of the matrix Y,
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_ 1
(2) yn+1,n+1 - 1+In'(Xk71X),

(3) the components of Y [n] are defined as follows:

-1 _r ..
yi,j:yn+l,n+l(Lk XLk >i,j’ la.]:l?"'un'

Lemma 2.1. We have Y is a semidefinite symmetric matrix.

Proof. We know that, Vt = (t1,...,t,.1)7 € R":

(Yr, 1) = (Y[uleln], t[n]) +ynsrme1 G

= Yntias1 (X L{t[n], LJ{I[”]>+Yn+1,n+1 tr%—l—l'

we have: y,41,4+1 >0and X € 8, we conclude that: ¥ € S’fﬁl OJ

2.1.2. The new constraints set. We use the projective transformation (2.2) and its inverse

(2.3) in the problem (), we obtain:

.

minG(Y,z*) = —— (Ci(z*) oY + 1Y 0 Q(Y)),

T Yntlatl

BYeY =0 for i=1,...m ,

2.4)
li10Y =0,
\Y[n] =0 and y,y1 41 >0,
with:
Lr'er, 0,
(1) Ci(z") = ;
ol  —z*
(2) Q(Y) = , where: Qi (X) = LT Q(X)Ly,
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—LTAL; 0,
(3) B = e RortD)x(ntl) -y — 1 m,
ol b;
Y(n] Op
4)Y = c RO+1Dx(n+1)
O;{ Yn+1,n+1

To ensure the convexity of the objective function of the last problem, we define the objective

function under the simplex set of constraints as follows:

( . * *
mlnH(Y,Z )Zyn+l,n+lG(YaZ )7

(2.5 BYeY =0 for i=1,...m ,

1
| Y e Spltt.
Lemma 2.2. The function H(Y,z*) is a convex function into a feasible set F of the problem
(2.5), where F ={Y € Sp"™': BfeyY =0for i=1,...m}.
Proof. It is enough to verify the following inequality:
VY.YeF: Vte[0,1]:H(t Y+(t—1) ¥,z < t HY,z")+(1—t) H{Y,z").
We have:
VY YeF, 3IXXeR:T(Y)=X and T '(¥)=X,
we know that:
H(Y,2") = yup1 a1 [F (T (V) =27,
therefore:

LY+ =0PW)L |
tynt1+ (1 —1)Pnt1 '

H(Y +(1=0)Y,2") = (tynr1n01+ (1= 0)9nr1041) [F(

From the convexity of the function F and we get our result. U

Remark 2.2. A = #I,H_l is a feasible strictly solution of the problem (2.5), seeing that:
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(1) On the one hand

1
n+1

(2) and on the other hand

BfeA=

1 1
Bfel1 = n—H<—Af°In+bi) = (Ao Xi+bi) =0,

1
In—i—l 0 A= n+ lln—i-l .In—H =L

2.2. Approximation of the optimal value z*. Since, the optimal value z* is unknown, an

upper bound on z* is used, taking at each iteration %,
1
7z =Ce X+ EXk e Q(Xy),
we establish that:
1 1
(2.6) C.Xk+§Xk.Q(Xk) :Ck.ln+§In.Qk<Xk);

wherein:
(1) zx >,
(2) G = LI CLy,
In the following, we relax the problem (2.5) into a semidefinite problem such that we obtain

a linear objective function under a spherical constraint set.
2.3. Linearization of the objective function. We have:

;

minH (Y,z"),

(2.7) BYeY =0 for i=1,...,m,

\Yes p’jfl.
According to the properties of the cost function of the problem (2.5), this is what will give us

the right to use the Taylor series development in the neighbourhood of the point Yy = #IHH

to obtain the linearization of H and to have the following result:

H(Y,zx) = H(Yy,zx) + VH(Yy,2¢) (Y = Yp) forY € {Y AR 1Y —Y|* < o }
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Thus, we get the following sub-problem:

e

‘Ck(OC) = minVH(YO,zk) ° (Y — Y()),

BYe (Y —Yy)=0 fori=1,...m ,
(2.8)

Livie (Y —Yp) =0,

Iy - ¥l < o2,

in which: VH (Yy,zx) = Cr(zx) + Q1 (Y0).

2.4. The iterative solutions.

Lemma 2.3. The optimal solution of the problem (2.8) is:

(2.9 Y* (o) =Yy — oDy,
such that:

— VH(Y()?Zk) +Z:n:] WIB{C + Wm+1ln+1
HVH(YO,Zk) + X7 WiBf A Wit 1 H

Dy
Proof. WeputD =Y — YO, so:

(

minp o) VH(Y,21) o D = v (1),

(2.10) B¥eD=0 for i=1,..,m+1

LIDII* < &* and D e S},

where:
k . .
By iti=1,..m,

Bk —

l
Iy ifi=m+1.
Since the problem (2.10) is convex and D € Sffil is an optimal solution, there exists w € R™
andt € R’fl, such that:

m+1 ,
(2.11) VH(Yo,z)+ Y, wiB} +tD =0,
=1

1=
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(2.12) B¥eD=0 for i=1,..m+1 ,
(2.13) (([ID|* - &*) =0,
(2.14) ID|* < o,

From (2.11), we obtain:
(2.15) D=—"'p,

with:
m+1 ,
Pk = VH(Y07Z/<) + Z WiBik7

i=1

and w = (Wq,...,wny1)7 is a solution of the following linear system:
Mw=d,
we have, from the equation (2.12):
Vi=1,...,m+1:BfeP, =0,

implies that:
, m+-1 , ,
Vi= 1,...,m—|— 1 IBikOVH(YQ,Zk) -+ Z WjBikijk =0.
Jj=1

So:
(1) di= —VH(Yp,z)®BF, i=1,...m+1 ,
) Mij=BFeB¥ i j=1,.m+1.
Then, the solution of (2.10) is D = —auﬁ—’;H, we conclude the solution of (2.8), by:

P
Yi(a) =10~ ATAT-

O

In the following, at each iteration, we need to choose & so that Y () is in S’fjrl and subse-

quently this will ensure that Xj | is in 8% | .
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2.5. The step value. By definition

X=T7'(Y)= (LY [n] L),

Yn+1,n+1
so that, if Y} is a positive semidefinite matrix, so is Xy .

We conclude that, the primal new iteration is given by

1

-1
Ker1 = Tk <Yk) B ()’k)n+1 n+1

LY [n] LY

and its dual is

m
Sie1 =C— Y wii +Q(Xpy1) -
i=1

Proposition 2.1. The value of « is defined as follows o € (0, o), where:

oy = [max<(n+1)(m+ ) (n+1)(m—sy/n) (”+1)(dk)n+1,n+1)]1

p(Dy) pD) p(Dx)
and:
LY 0w 2= ¥ (002,
= i ST= ij—m-
1= ’ n+1,%2 o
Proof.

From the theorem 2.1 (see [8]), we have:

— < minAi(Dy) < ,
2.16) sv/n <mink;(Dy) <m— \[
m—i—T < maxA;(Dy) < m+s\/n,

where (A;)_, are an eigenvalues of Dy,

and by lemma 2.3, we have:

Py
Y*(a) =Yy—aD,=Yy— am,
we obtain the following inequality:
1 max; li(Dk) > 07

ol 04
n+1 p(Dx)
where: p(Dy) is a the spectral radius of Dy,

SO:

1 (n+1)maxA;(Dy)
2.17 —
&1 o« P (Dy)
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We are based on (2.16) and (2.17), we have:

n+1)

(n+1)maxA;(D[n])x > l()(Dk) (m_i_\/iﬁ)’

)
1
a p(Dy)

n+1)maxA;(D n+1)minA;(Dy) n+1
w > D P > TR > S = s ),

1 > (n+1)(di)nt 1,011
\ o p(Dy) '

Summing up, Xj is a strictly feasible solution when 0 < o < 0.
O

In the following proposition, we will obtain a reduction of objective function of the problem

(&) when o € (0, o).

Proposition 2.2. For to o € (0, 04), we have:

a
Xiv1 = Xe — — (iDL — (di)ns 1 ne1 Xk
o1 — 0k nr1 41
Xep1 =X ¢ L [P L)LT
k1 =Xk = 1 k [Pe— (Pi)n+1 a1 In) Ly
it — 0PIt 1041
and
1
F(Xis1) = F (X)) = — (@),
o1 — D)t 141
with:

(o) = —a (ck-Dk[n] D o0 (x) —Zk<dk>n+1,n+1) <o.

Proof. We have:

X=T;"(Y(a) = mLkY(O‘)LJ{a
and:
Y (o) = Llnﬂ — aDy,
n+1
then

Y(a)[n] = g ln — aDyn),

Y1 (0) = g — &di)nt 11
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Therefore:
o

X1 =Xk — — [LiDi (L — (di)ns1 1 Xe] -

nrl a(dk)n+1,n+1
On the one hand:

o

COXk_H = COXk — [CoLka[n]L,{ — (dk)n—o—l.,n—o—]c.Xk]

Fll - a(dk)n—i-lm—i—l

o
=CoX;—— [Cr @ Dy[n] — (di)n+1,n+1Ck @ 1]
1 — 0di)n 1041
SO:
(2.18) — [Cr @ Di[n| — (di)nt10+1Ck @Iy = Cr oY [n] — yui1041Cr @ L.
And on the other hand:

o
Xir10Q(Xkr1)) =X 0 Q(Xy) —

I [LiDi[AILf — (di)ns1 a1 Xe] @ Q(Xi)

a1 — Ad)nt1 41

a
=X, 0 Q(X;) — T [D[n] — (dk)n+1,n+11n] © O (Xk).
a1 — odi)n+ 1041
Then:
(2.19) —0(Dg[n] = (di)n+1,n+11n) @ Qu(Xi) = (Y [1] — Ynt 1,010n) @ Que(Xy)-
From (2.6), (2.18) and (2.19), we obtain the result. L]

2.6. The initial feasible solution.
We have noticed since the beginning that the initial strictly feasible solution is unknown in

the problem (£?), so in what follows our objective is to find an n X n matrix X so that:
(2.20) {XeS AeX=b,i=1,.,n}.

To treat the problem, we present the following linear semidefinite program:

(
minA,

(2.21) Ao X+ A(b;—A;@FO) =b; for i=1,...m ,

\XeS’err,)LzO,

where:

(1) Fis a fixed arbitrary symmetric semidefinite matrix,
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F° 0
() e R+Dx(+1) s 4 strictly feasible solution of problem (2.21).
0 A

We can be re-written as follows:

;

minC’ e X'+ 31X’ ¢ Q'(X),

(2.22) AleX'=p! fori=1,..m ,

X' =0,
\
with:
lif i=j=n+1
() C'li,j] = ;
0 otherwise
n+lifi=j=n+1
(2) Q'(X)[i,j] = ;
0 otherwise
A; 0
(3) A} = est,  fori=1,..,m.
0 (n+1)(bi—A;eF°)

13

Theorem 2.1. (See [2]) X* is a solution of the problem (2.20) if and only if (X*,A*) is an

optimal solution of the problem (2.21) and X* € §", .

FO 0
According to remark 2.2, we conclude that , 1n is a strictly feasible solution of
On it
(2.22), so it is enough to take FO= n—illn.

3. STATEMENT OF ALGORITHM AND ITS CONVERGENCE

Now, we summarize the primal-dual algorithm for solving the problems (£?) and (2).

3.1. Primal-dual algorithm.
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Algorithm 1 Solving a positive semidefinite quadratic problem

1: Inmitialize X, =

1
n+1

2: Choose € >0

3: while (|t;| > €) or (X ®Si1 > €) do

4:

5
6:
7

10:
11:

13:

14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

Define:

Cr=LIcL,

Qu(Xe) = L{ Q(Xi) L
2= Cro by + 31,0 O (Xy)

G 0,
Ci(zi) =
OZ —Zk
QX)) O
Q(Yp) = !
or 0

VH(Yy,z) = Ci(zx) + 4 (Yo)
AR =LTAL i=1,..,m
—Ak 0
Bf = ) i=1,m
T
ol b

BY ifi=1,..,m

/

Bk =

l

Ly ifi=m+1
Solve the linear system Mw = d
Calculate the matrix M and the vector d as follows:
di=—VH(Yo,z)eBF i=1,...m+1,
M; ;= B;koB’j?‘, ij=1,...m+1
Compute:
vy = — 0 (Cr @ Di[n] + 3D [n] @ Qi (Xi) — 2 (i) s 1.041)
Py = VH(Yo,z) + X wiBk

— B
D= 1ay
m= YD)
2_ 1 +1 2 2
§° = o i ot (Di)iy —m
Calculate the primal-dual solutions:
X1 =X — M#Lk [P — (P11 dn] L
pa| — 0 (PK)nt 141
Wi €= Wit 1
Ser1 =C = XL Wik 14i + Q(Xpey 1)
Letk<+k+1

29: end while

I, is a strictly feasible solution of (£?) and Yy =

1
n+1

I, 41 1s a strictly feasible solution of (2.5)




A METHOD PROJECTIVE FOR SOLUTION OF A QUADRATIC SEMIDEFINITE PROBLEM 15
3.2. Theoretical convergence of the algorithm.
In order to establish the convergence of our algorithm, we introduce a potential function
similar to the one in [7] associated with the problem (&?) defined by:
3.1 D(X,z) = [F(L_lzk]
(detX)n+t

Lemma 3.1. For each iteration, we get a reduction of H i.e:

H(Yazk) _H(Y()?Zk) <0

Proof. From lemma 2.3:

Py
Y=Yy—a—:,
[Pl
then:
VH(Yy,z;) o P,
VH(Yo,z)e (Y —Yy) = VH (Yo, zk) o P
|| Pyl
= —al|R| <.
O
Lemma 3.2. H(Y;) < (1 —.55)H(Yo) where Y; is the optimal solution of (2.10).
Proof. See [4]. O
Lemma 3.3. ForallY
a symmetric matrix, with 0 <Y < nlﬁln+1, we have:
2
o
Indet(Y)> —n— ———.
ndet(Y) 2 —n— 50—
Proof. See [1]. O

The reduction of ®(X) brings us to the reduction F (X ) — z.

Lemma 3.4. Let us X is a feasible solution of the problem (<) if we have:

D(X, zx)
CI)(X()a Zk) N

then:
F(Xk) — 2k

—F(Xo) e S Y V(Xk).
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such as: ]

i(x) \ "
2i(Xo) '

VX = (1_11

Proof. We have:
D(Xy,zr)  (F(Xk) —zx) (detXp)n

D(Xo,zk)  F(Xo) —z (detX;)7

- -

I

T

‘We obtain:
D (X, 2x)

F(X) =2k _
D(Xo,zx)’

FXo)— 2 v(X)

1
with: v(X) = (T, 258) ™. O

In the next theorem, we will show the reduction value of potential function ¢ on any iteration.

Theorem 3.1. The potential function is reduced by a constant value 'y where:

D (X, k) o 1 a?
(X0, 20) <y' with y=exp [<k+1) <1_n+1 +2(1—a)(n+1))]'

Proof. We have:

1

PXir1,2x) _ [FXi1) —z]  (detX)mT
D(Xi 21) (detXy )T [F(X) =2
H(Ykazk) 1

H(Y0,2) (n+ 1) (det(¥)) =1
From lemma 3.2 and lemma 3.3 we obtain:
(X, 1 o’
(Xk1,2%) < exp (1 _ n )7
D (X, k) n+l 2(1-a)(n+l)
by reccurence, we have:

D(Xiy1,2%)  PXir1,a) PXi,zx)  P(Xy,2) 1 o?
OXor) | o) P ) BXoz) — P [(k+1)(1 n+1+2(1—a)(n+1)>]‘

O

Theorem 3.2. If we are satisfied with the following hypotheses:

(1) The initial feasible solution X, verifies: Xy > 272LL. where L is considered as the
number of bits.
(2) The optimal solution X* verifies: X* < 272LI,, for any solution X we have: —23F <

F(X*) <z <2
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Then, the number of iterations for each of the iterations to find the optimal solution is O((n+

1)L).

Proof. We have:

% = exp [k (1_nj—l +2(1—Z)2(n+1))] ’

from lemma 3.4, theorem 3.1 and under hypotheses 1, 2, we will obtain:

1
F(Xo)—z — \M2(xo) P il 20—a)nt1)/)]
Then: K > hL(n+ 1), where h € R%. O

4. CONCLUSIONS

In this paper, we have extended the results of [1, 4, 5, 9] to obtain a dual primal type algorithm
for the solution of the positive semidefinite quadratic problem and for the convergence we have
used a potential function with characteristics similar to the one in [7] where the polynomial

complexity of the algorithm has been proved.
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