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EXPRESSIONS FOR THE FIRST EIGENVALUES AND REGULARIZED
TRACE FORMULAE FOR A SYSTEM OF SECOND ORDER
DIFFERENTIAL EQUATIONS WITH A TURNING POINT
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Abstract : Consider the system of second order differential equation

Y (X)+(A?R(X) +Q(x))y(x) = 0,0 < x <1t

where y(x) = (30, Yo(¥))",.Q()= @83 Zgﬂ | R(X){S(g) t&)J |

p(x),q(x),r(x),s(x),t(x) being real-valued continuously differentiable functions of x on [0, =].

In the present paper we determine the expressions for the first eigenvalues for the system in different cases for

s(x), t(x) satisfying on[0,x], the conditions

a) S(X) = xS1(X), t(x) = xty(x), s1(x) > 0, t;(x) >0, or,
b) S(X) = s1(X) / X, t(X) = t2(X) / X, s1(x) > 0, ty(x) > 0, or,
c) s(x)>0,t(x)>0

by using the asymptotic expressions for the nth eigenvalue (A,) and those of the corresponding normalized
eigenvector y(x, An) = (Wi(x, An), Wa(x, A,))" under the Dirichlet and Neumann boundary conditions. Further, we
determine the expressions for the regularized trace matrix for the system with s(x) = t(x) = 1, 0 < x <r under the
Neumann and general boundary conditions by employing the corresponding asymptotic expressions for the nth

eigenvalue (Ay).
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305 EXPRESSIONS FOR THE FIRST EIGENVALUES

1. Introduction

Consider the second order boundary value problem (Sturm — Liouville type)

y"0)+{1 +a(x)}y(x) =0, O<x<m ()
y'(0) —hy(0) =0, y'(m) + Hy(m) = 0 o (2)

where q(x) €C,(0,r), h, H are real finite numbers. Let { 1,,}5° be the sequence of eigenvalues
of the boundary value problem (1) — (2). It is well-known ( see Levitan and Sargsjan [12], pp
77 — 81) that the series

S1=No(y —n2 —€),c = =(h + H +~ [T q(x)dx) .. (3)
is convergent and

5= 1la(0) + a(m)] - - - @

S;. being called the 'Regularized trace' and the formula was first obtained by Gelfand and
Levitan [7, 8]. Works of Levitan [10, 11], Gelfand [6] Dikii [4] on regularized trace are also
worth notice. Further references may be made to the works of Bogachev [2], Lyubiskhin [17],
Mitrokhin [18], Pikula and Martinovic [19] among others.

A general discussion on the calculation of the regularized trace formula for the two-term

fourth order operator.

Ily) =y" +q(x)y =1y, 0 <x <m,
y(0) =y'(0) =y(m) =y'(n) =0 - (5)
occurs in the monograph by Levitan and Sargsjan [12].

Defining the 'trace' of an operator as the sum of its eigenvalues, Levitan and Sargsjan [12]

obtained for a Dirac system

y2' = {A+p(X)}y1=0,y1'+ { A +1(x)}y2=0,
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y2(0) Cosa + y1(0)Sina = 0, y,(r)Cosp + y1(m)Sin =0 ....(6)

the trace formula given by
Mo+ By (A + Ay) = 222000520 + H22D Cos2p ()

where { 1,}; are the sequence of eigenvalues of the boundary value problem (6) .

The trace formulae for the Dirac system are also obtained by Abdukadyrov [1] and Guseinov

[9].
For the Sturm-Liouville equation of type
y"() + (Ar(x) + q(x)y(x) = 0, over [0, ] .. (8)

where r(x) = x®ri(x), o, being some positive or negative number and r;(x) > 0, Dorodnicyn
[5], using the asymptotic expressions for the eigenvalues, determined the first K-eigenvalues

No%, A%, ... ea? by forming K-equations

YK ™ = g — 2 A, (m=1,2, ....... , k) ... (9
where g = [7(x) Gy, (X, X) dX, ....(10)
Gm(X, X) = o An " ( Y(X, M) ... (11)

y(X, An) being the normalized eigenfunctions.

Introducing the generalized Zeta function
&(s, @) = Xn=o(n +a)™* ... (12)

Dorodnicyn [5] obtained expressions for the series Y425 4,2™ m =1, 2, ...., k, expressed in
terms of the generalized Zeta function, A, being the nth eigenvalue of the system (8) under
certain boundary conditions. He went deep into the subject by considering among others the

Mathieu equations and the Kelvin and Darwin equations viz.

d ,1-4% dp 2 .
” (f2 7 .d—ﬂ) + B“p = 0[ see Dorodnicyn [5] Pp. 58 — 66 ].
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Sevcenko [22] obtained trace formula for more general cases. A procedure for calculating
trace formulae for general problems involving ordinary differential equations over a finite

interval is given in Lidskii and Sadovnicii [ 13, 14, 15].
In the present paper we consider the system of second order differential equations
y' () + (AR() + Q())y(x) =0, 0 <x<n ... (13)
where , y(x) = (ya(x), y2(x))",
p(x) r(x) s(x) 0
X) = , R(x) = ,
Q) r(x) q(x) () [0 t(x)}

p(x), q(x), r(x), s(x), t(x) being real-valued continuously differentiable functions of x on

[0, =] and further s(x), t(x) are specified in the following different ways :

a) s(X) = xs1(x), t(x) = xt1(x), s1(x), t1(x) >0for 0<x<m ....(14)
b) s(X) =s1(X) / X, t(x) =t1(X) / X, s1(X), t1(X) >0 for0<x<m ....(15)
c) s(X)>0,t(x)>0for0<x<m ....(16)

In this paper we obtain the expressions for the first eigenvalues for the system (13) with s(x),

t(x) satisfying relations (14) or (15) or (16) under (i) the Dirichlet boundary conditions i.e.,

Y1(0) = y2(0) = y1(n) = ya(r) = 0 ... (27)

or, (ii) the Neumann boundary conditions i.e.,
y1'(0) = y2'(0) = y1'(n) = y2'(n) = 0 ... (18)

satisfied by the solution y(x) = (y(X), y2(x))" of the system (13) at x = 0, X = = by using the
asymptotic expressions for the nth eigenvalue (1) and those of the corresponding normalized

eigenvector w(x, An) = (W1(X, An), w2(X, An))" Which are determined by Sengupta [23, 24, 25 ].

Further, we determine in what follows the expressions for the regularized trace matrix
connected with the system (13) with s(x) = t(x) = 1 under the Neumann boundary conditions

(18) and the general boundary conditions
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ai1Yj1(0) + aizyj1'(0) + aizyj2(0) + aisyj2'(0) = 0,
biryji(m) + Digyji'(m) + bigyje(r) + bisyjo'(n) =0, 1,j=1,2 ... (19)

satisfied by the solution y(x) = (y1(x), y2(x))" of the system (13) at x = 0, x = 7 where

Yit) = (V(¥), yia(x)), 1= 1, 2
and ajj, by, 1 =1, 2; j = 1,2,3,4 are real-valued constants independent of A satisfying
0] rank(a;j) = rank(byj) =2,1=1, 2;j =1, 2, 3, 4 where at least one of

aj; Qg3 A2 Ay4
#0

|t B k=12,
e T az1 Qp3 Qzp  Qpy

Agy Agg

(II) dj18k2 + Qjzaka = 0, j, k=1,2
(”I) b11b22 - b12b21 + b13b24 - b14b23 = 01

by using the asymptotic formula for the nth eigenvalue (A,) as obtained in the monograph of

Sengupta [25].
2. Certain results for the normalized eigenvector y(X, An)

Let G(X, z) = (Gjj(X, 2)), 1, ] = 1, 2 be the 2 x 2 symmetric matrix where Gjj(X, z), i, j =1, 2 are
continuous and posses continuous differential coefficients upto the order two with respect to

x for 0 < x <m.
Let G(x, z) satisfy
... (20)

i) T4 Q) G 2) =0,

(i) the discontinuity conditions
G'x(z,z+0)-G'«(z,z-0) =1, I being 2 x 2 unit matrix, and

(iii) the vectors G(X, z) = (Gii(X, z), Gia(X, Z))', k= 1,2 satisfy the boundary conditions

(17) or (18),
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It may be noted that the matrix G(x, z), so defined, may be called the special Greens' matrix

associated with the system (13). Evidently the matrix G(x, z) is independent of A.

Let f(x) = (fi(x), f2(x))" be a real-valued continuous functions of x over [0, n] and

fT(X)R(X)f(X) € L[0, nr]. Let us define the vector d(x) = (P1(x), D»(x))" given by

D(X) = foﬂG(x, Z)R(2)f(2)dz

Differentiating d(x) w.r. to x twice we obtain

D'(x) = [7G' (x, 2)R(2) f (z)dz and

D"(X) = [ 6" (x, 2)R(2)f (2)dz + [ G"(x,2)R(2)f (z)dz
+G'(X, X - 0) — G'(X, x + 0))R(X)f(X)

= [' 6" (x, DR(@)f (2)dz + (G'(X, X - 0) — G'(X, X + 0)R(X)(X)
= -Q(x) ®(x) — R()F(x).

i.e.; D"(X) + Q(X) D(X) = -R(X)F(X)

Thus d(x) satisfies the differential equation

y'(x) + Q(X)y(x) = -R(X)f(x)

Expressing equation (13) in the form

y"(x) + QX)Y(x) = -RM)AY(x) + f(x)]

.. )

(22

N X)

it follows that the solution y(x) = (y1(X), y2(x))" of (13) can be obtained in the form

y(X) = [, G(x, 2)R(2)[*y(2) + f(2)]dz
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=\*[) G(x, 2)R(2)y(2)dz + g(x), say ... (29)
where g(x) = [ G(x, 2)R(2)f (z)dz ... (25)
Therefore the system (13) is equivalent to the integral equation
y(x) - 2, G(x,2)R(2)y(2)dz = g(x) ....(26)
where g(x) is given by (25).
By making f(x) = 0, it follows from (25) and (26) that the homogeneous boundary value

problems (13) — (17) or (13) — (18) with s(x), t(x) satisfying (14) or (15) or (16) is equivalent
to the integral equation

y() = X[ G(x,2)R(2)y(2)dz (2D

where G(X, z) is the special Green's matrix associated with the system (13) and A= 0 is an

eigenvalue,

Let {w(X, &)} = {(wi(X, An), wa(X, Ao))'} be a sequence of normalized eigenvectors
corresponding to the eigenvalues {4, }y of the boundary value problem (13) — (17) or (13) —
(18).

, RUACHSDIA A IR A CH /A CAV)
Let L wlx 2 An)} = [!//2 A (2, 2) v, (x ) v, (2, MJ -+ (8)
and H(x, 2) = X2 o 4,2 w(x, z; Ay). ... (29)

For the boundary value problems (13) — (17) or (13) — (18) with s(x), t(x) satisfying (14) or
(15) or (16) by using the asymptotic expressions for the y(x, A,), as determined by Sengupta
[23, 24, 25], it follows that
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Wik, 2wz, ) = KGi(.9i(2) + 0(hr™), ... (30)

forn>0andi,j=1, 2, kis a certain constant and gi(x) are the functions involving s(x), t(x)
but independent of A,. Hence using the asymptotic expressions for the corresponding A,, as
given in Sengupta [23, 24, 25], we obtain from (29) and (30) that the series H(X, z) converges

uniformly for all x, z in every finite interval.

We prove the following theorem :

Theorem : 1 A necessary and sufficient condition for A, to be an eigenvalue of the
boundary value problem (13) — (17) or (13) — (18) with s(x), t(x) satisfying (14) or (15) or
(16) is that

P(x, z) =H(X, z) — G(X, 2) =X:70 22X, 7, An) — G(X, 2) ....(31)

is zero identically, where H(x, z), v(X, z; An) are given in (29), (28) respectively and G(X, z)
is the special Green's matrix associated with the system (13).

Proof : From the definitions of H(x, z), G(X, z) it follows that P(x, z) is continuous and
symmetric i.e.; P'(x, z) = P(z, X). Hence by the well-known theorem of the theory of integral
equations [see Courant and Hilbert [3], Pp — 122] that it P(X, z) is not identically zero, there
exists at least one eigenvector. Hence there exists a number Ao and a vector u(x) = 0

satisfying
u(x) + 2 fon P(x,z)R(z)u(z)dz=0 ....(32)
where R(z) is defined in (13).

Let w(x, ) = (wi(X, M), wa(x, &))" be the normalized eigenvector of the given problem

corresponding to the eigenvalue Ax= 0. Then from (27) we obtain

Jy GO, 2)R(2) wlz, Ai)dz = A" yAX, A ... (33)



DEBASISH SENGUPTA 312

Put M(x) = (M1(x), Mo(X))" = [0 P(x, 2)R(2) y(z, A0z ... (39)

N(x) = (N1(X), No(x))" = [ H(x, 2)R(2) y(z, X1.)dz ... (35)
Thus by using the expressions for H(x, z) given in (29) it follows that

N(X) = 22w (X, M) ....(36)
Then by using (33), (36) it follows from (34) that M(x) =0 ....(37N

Hence from (32) we obtain u(x) = 0, which contradicts our hypothesis. Therefore P(X, z) is

identically zero.

Conversely, let u(x) = (uy(X), uz(x))" be a solution of the integral equation (32). Then

Jo uTGOR@) Wx, 4y )dx + A5 [ uT(2)R(2)(f, PT(x, 2)R(x) wlx, A,)dx)dz = 0
....(38)
As P'(x, ) = P(z, x), using (37) we obtain fon ul (xX)R(x) w(x, A,)dx =0
... (39)

Therefore u(x) is orthogonal to the eigenvector y(X, A,). Thus from (31), it follows that
Jy P(z,©)R()u(x)dx = - [ G(z, x)R(x)u(x)dx ... (40)
From (32), we now obtain

u(x) - 45 f, G(x,2)R(2)u(z)dz =0 ... (4D)

I.e.; u(x) is an eigenvector of the given boundary value problem. Since u(x) is orthogonal to

all the eigenvectors, u(x) = 0 and therefore P(x, z) = 0. This completes the proof.

Thus if A= 0 be an eigenvalue of the boundary value problem (13) — (17) or (13) — (18) we

obtain
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G(X, 2) = 220 A7 2w(X, Z; An) ... (42)

where (X, z; An) is given by (28) and G(x, z) is the special Green's matrix associated with
the system (13).

3. Evaluation of the first eigenvalues

Let {1,}5 be the sequence of eigenvalues A, for the boundary value problem (13) — (17) or
(13) — (18) with s(x), t(x) satisfying (14) or (15) or (16). We now form the special iterated

Green's matrices in the following way :
Put Ga(x, 2) = f, G(x,y)R(Y)G (v, 2)dy ... (43)
and for m > 1,Gns1(X, 2) = fon G (x,y)R(Y)G(y,z)dy ... (44)

where G(X, y) is the special Green's matrix as defined before.

By using (42) it now follows that

Ga(X, 2) = X2 A w(x, z; Ay) ....(45)
and Gm(X, 2) = X% A ™ w(x, z; A,) form > 1 ....(46)
Put gm = %7 ;=1 Ty ... (47)

where Tj;, 1, j = 1, 2 are the elements of the matrix

T= (Tij) = fon Gm(x, x)R(x)dx ....... (48)
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Gn(x, z) being given in (46).

For m> 1, from (47), (48) we obtain

Om= X0 dn ... (49)
Now starting with some suffix, say n = k, we apply the asymptotic representation of the
eigen-values and the first ‘k’ of the equations (49) give a system of k-equations which
determine the first k-eigenvalues A3, A%, ....A%_,, namely
Zfl;(l) _Zm:gm_ :f:k/l'r_lzmamzla 29 9k e (50)

We prove the following theorems :

Theorem : 2 Let {4} be the sequence of eigenvalues of the boundary value problem (13) —
(17) where s(x), t(x) satisfy the conditions (14) then

e An = ()P ZGOdx™. ¢ (2m, k- 1—12) +0 (T2, n72m2) ... (51)

where £[s, a) is the generalized Zeta function defined in (12) and z(x) is either s(x) or t(x)

according as [* /s(x) dx > or <[*\/t(x)dx.

Proof : From the asymptotic representation for A, of the given boundary value problem (13)
—(17), as given in (65)(66) of Sengupta [23], it follows that

Tk ™ = () [ 20X T(n — )"+ 0 (T n M) L (52)

where z(x) is either s(x) or t(x) according as fox,/s(x)dx > or <f0X,/t(x)dx.

Introducing the zeta function (s, a) as given in (12), from (52) the theorem is proved.
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Similarly using (69) or (70) of Sengupta [23], we obtain

Theorem : 3 Let {1} be the sequence of eigenvalues of the boundary value problem (13) —
(18) where s(x), t(x) satisfy the conditions (14), then

S A = (@) [y 200X E2m, K+ =) +0 (T n 283 L (53)
where z(x) is either s(x) or t(x) according astX,/s(x)dx > or <f0x,/t(x)dx.
Also by making use of the relations (31), (32) of Sengupta [24], we obtain

Theorem : 4 Let {1,} be the sequence of eigenvalues of the boundary value problem (13) —
(17) where s(x), t(x) satisfy the conditions (15), then

Tk ™ = 2n) "M [y V2GaPTE@m, k+2) +0 (T n 2T L (54)
where z(x) is either s(x) or t(x) according as fox,/s(x)dx > or <f:,/t(x)dx.
Further, using (24) of Sengupta [25] we obtain

Theorem : 5 Let {4,} be the sequence of eigenvalues of the boundary value problem (13) —
(17) or (13) — (18) where s(x), t(x) satisfy the conditions (16) then

DI LD NN 0119 Bl NARVETES 123 R O I ey - (59)

where z(x) is either s(x) or t(x) according as fox Js(x)dx > or <f0x Jt(x)dx.
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4. Evaluation of regularized trace matrix in the cases where s(x) = t(x) = 1
In this case the system (13) reduces to
y'(X) + (21 + Q(X)y(X) =0,0 < x <n ....(56)
where | is the 2 x 2 unit matrix and Q(X) is defined in (13)
Now, by using (39) and (40) of Sengupta [25] it follows that for the boundary- value problem
(56) — (19), for sufficiently large n, the asymptotic expressions for the nth eigenvalue A,
satisfy
A2 =n?+Py+0(n?),i,j=1,2 ... (57)
where P;; = 2P;; / 7, Pij's being those given in (38) of Sengupta [25].

Hence, Sij = X2_o(42- n” — Py) <00, i, j= 1,2 ....(58)

The matrix S = (S;;), after Levitan and Sargsjan [12], is defined as the regularized trace matrix
for the system (13) when s(x) = t(x) =1.

Let yi(x, &) = (Yju(X, A), Yja(X, )7, j = 1, 2 be two linearly independent solutions of the
system (56) which with their first derivatives take some prescribed values a;; and by, i = 1,2,

=1, 2, 3,4 atx=0and x = = respectively, as explicitly stated in (31) of Sengupta [3]. The

eigenvalues A, are the roots of the entire analytic function
biryji(m, A) + bizy'ja(m, &) + bisyje(m, X) + biay'jo(w, A), 1, =1, 2.

Hence for fixed i, j = 1, 2, we have (the eigenvalues being represented by i)

biryji(m, ) + bigy'ja(m, &) + bigyja(m, A) + biay'jo(me, 1) = AijBij(1) ... (59)

where Bij(L) = [1<20(1 — A%/ 22), (A, An# 0 ) and A;; are some constants
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will be determined later.
Put Bjj(\) = Cij(45 - 4%). Di(A)Sin 7td /A, i, j =1, 2 .... (60)

where Cjj = A3 [1&.,n? 1 22,
Dij(A) = Tn=2(1 - ziz)lj_lz ... (62)

Now, log Dy(1) = By B 3(th) ... (6)

Let| - nq<a, then

|Zn l(nz 2 )k| Mlk'Z” Ly /Dk| A#£n.

AISO|ZH 1( i)k| f() (x— ﬂ)k

Hence, S5, 1 (=)< 1= 0041) ... (63)

. n?2-2 1 (Aa-n?-P;j)n? 1 2 -
Again, - Xy =3 = 2 e 2= (A — 1% — Py)

P

+ Y 173 ”/12 ....(64)
It also follows that

Sup |(45 — n? — P;;)n?|<e and

1

Y5 ==z == . (n# 1) [See Titchmarsh [26], Pp. 34].

(ﬂ%— n?— Fij)nz

——— —=0(4™) ....(65)

1
Hence, ?25{;1
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From (62), by using (63) — (65), it follows that
Dij(%) =1+ 212 (25 — Sij — Pij/4) +0(1217%) ... (66)

where Sjj = ¥ o(12 — n? — Pyj) ... (67)

From (60), we therefore obtain

Bi(1) = 2L SinmA[- & + A (S + Py / (2m) )+ 0(12172)], ....(68)

where Pjj is given in (38) of Sengupta [25].

Making use of the expressions (34) — (35) of Sengupta [25], we obtain
biryja(m, 1) + bizy'ja(m, &) + bisyja(mt, 1) + biay'ja(m, 1)
= Cosin[biraj, — bizaj1 + bisaja — bisdjs

- DRY2 T (2)dz -—bi2;j4 Jy r(2)dz

2 Jo
bisajr 7 bistjs 7
- T]fo r(z)dz - T]fo q(z)dz ]

bi2 ajz

4

- ASInAn[ bisay: + bizayz + (p(r) + p(0))
+ 221 (m) + 1(0)) + 2422 (1(7) + 1(0)) + L2 (m) + q(0))

biiaj, rx birajy o7 bizaj; 7
+ L [T p@)dz + = [(r(@)dz + == ['r(2)dz

+ 2200 [0 (2)dz ]+ 0(1A17%), for i, j= 1,2 - (69)

318
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We choose Aj; = nt / Cj;, then making use of the expressions (68) — (69) and comparing the
coefficients of 1™ from both sides of (59) we obtain the expressions for Sij and consequently

the matrix S.
In particular, if the boundary conditions be Neumann (as given in (18)) we evaluate the value
of S; by specializing aji, bjj’s of the general boundary conditions (19) in different ways
(explicitly given in article — 7 of Sengupta [25]).
For example, when

ap=apy=axp=1 ap=ap=ax=ax=0;

b2 =b1a=0b22=1, bir=biz=br=by=0,

[case — | of article — 7 of Sengupta[25]),

the values of S;;, i, j = 1, 2 are determined and we obtain
S11 = [p(r) + 2r(x) + q(n) + p(0) + 2r(0) + q(0)
+2[Tp@) + 2r(2) + q(2))dz],
S12= So1. =5 [p(m) + p(0) + 1(m) +1(0) + = [ (p(2) + 1(2))dz ],

S22 =7 [p(m) + p(0) + - [, p(D)dz ] ... (70)

The values of S, i, j = 1, 2 in the other three cases, given explicitly in article — 7 of Sengupta

[25], are determined similarly.
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