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Abstract: We consider an almost r-contact Kenmotsu manifold admitting a semi-symmetric semi-
metric connection and study semi-invariant submanifolds of an almost r-contact Kenmotsu manifold
endowed with a semi- symmetric semi-metric connection. We obtain Gauss and Weingarten formula
for such connection. We also discuss the integrability conditions of distributions on Kenmotsu
manifold.
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1. Introduction
In 1924, A. Friedmann and J. A. Schouten [10] introduced the notion of semi-
symmetric linear connection. In 1975, S. Golab studied some properties of a semi-
symmetric and quarter symmetric linear connections [11]. A linear connection V is
said to be semi-symmetric if its torsion tensor T is of the form
T(X,Y) = n(Y)X = n(X)Y, (1.1)

where nis a 1-form and ¢ is a tensor field of type (1, 1).

In [7] B. Barua introduced the idea of semi-symmetric semi-metric connection
and investigated some of its properties. A linear connection V is said to be semi-

symmetric if it satisfies (1.1).

(Vi9)(¥.2)=2n(X)g(Y.2)-n(Y)9(X.2)-1(2)g (X.Y).
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595 SEMI-INVARIANT SUBMANIFOLDS

On the otherhand in 1981, Bejancu [8] introduced the idea of semi-invariant or
contact CR-submanifolds, as a generalization of invariant and anti-invariant
submanifolds of an almost contact-metric manifold and was followed by several
geometers (See [1], [2], [3], [4], [5]. [9]. [13], [14] ). Semi-invariant submanifolds of
a certain class of almost contact manifolds studied by M. Kobayashi in [12]. Semi-
invariant submanifold of Kenmotsu manifold with generalized almost r-contact
structure admitting a quarter-symmetric non-metric connection, was studied by first
author et. al. in [6].

In this paper, we study semi-invariant submanifolds of Kenmotsu manifold with
generalized almost r-contact structure admitting a semi-symmetric semi-metric
connection. The paper is organized as follows. In section 2, we give a brief
introduction of Kenmotsu manifold with generalized almost r-contact structure. In
section 3, we study semi-invariant submanifolds of generalized Kenmotsu manifold
with semi-symmetric semi-metric connection. In section 4, we discuss the
integrability conditions of distribution D and D*. In section 5, consequences of
parallel horizontal distributions are discussed.

In [12], K. Kenmotsu defined a new class of almost contact manifold called Kenmotsu

manifold.

2. Preliminaries
Let M be a (2n+r)-dimensional Kenmotsu manifold with generalized almost

r-contact structure (4,&,,7,,9), where ¢ is a tensor field of type (1, 1), & are r-vector

fields, np are r 1-forms and g the associated Riemannian metric satisfying
(a) ¢2 = a2| + an ®§p’
p=1

(b) 7,(&,) = Spg p.g,e(r):=1,2,3,........ r (2.1)

(c) #(&,) =0, pe®
(d) 7,(¢X) =0

and
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QXY )+G(XY) + 27, (X)7,(¥) =0, (22)
1(X) = 9(X.&,). 23)
(Vi)Y == S n,()9X ~g(X, M) T 5, . (24)
Vxg, = X = 21,004 (25)

where | is the identity tensor field and X, Y are vector fields on M and V denotes the

Riemannian connection.
3. Semi-invariant submanifolds

An n-dimensional Riemannian submanifold M of a Kenmotsu manifold with almost r-
contact structure M is called a semi-invariant submanifold if &p Is tangent to M and
there exists on M a pair of orthogonal distributions (D, D*) such that
(i) TM =D ®D*,
(i) distribution D is invariant under ¢, that is ¢Dy = D for all

X e M,

(iii)  distribution D" is anti-invariant under ¢, that is gD cT.* M for all x € M,
where T,M and T.*M are respectively the tangent and normal space of M at x.

The distribution D (resp. D*) can be defined by projection P (resp. Q) which satisfies
the conditions.

PP=P, Q@ =Q, PQ=QP=0 (3.1)
The distribution D (resp. D*) is called the horizontal (resp. vertical) distribution.

A semi-invariant submanifold M is said to be an invariant (resp. anti-invariant)

submanifold if we have D; ={0} (resp. D, ={0}) for each x € M, we also call M is
proper if neither D nor D* is null. It is easy to check that each hypersurface of M

which is tangent to &, inherits a structure of the semi-invariant submanifold of M .

Now we define a semi-symmetric semi-metric connection V in a Kenmotsu

manifold with generalized almost r-contact structure by

VY =VxY — élnp(X)Y +g(x,Y)pi=1§p (3.2)
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such that (V,g)(Y.Z)=2,(X)g(Y.2)-1,(Y)a(Z.X)-n,(Z)g(X.Y)

forany X and Y € TM, where V is the induced connection on M.
from (2.4) and (3.2), we have

(V)Y == 0,00 )X . (33)

Let V be the semi-symmetric semi-metric connection on M and V be the induced

connection M with respect to the unit normal N.

Theorem 3.2. The connection induced on semi-invariant submanifolds of a
generalized Kenmotsu manifold with semi-symmetric semi-metric connection is also

a semi-symmetric semi-metric connection.

Proof. Let V be the induced connection with respect to unit normal N on semi-

invariant submanifolds of a generalized Kenmotsu manifold with semi-symmetric
semi-metric connection V. Then

V.Y =V.Y + m(X,Y),

where m is a tensor field of type (0, 2) on semi-invariant submanifold M. If V" be the

induced connection on semi-invariant submanifolds from Riemannian connection V,
then

VxY =V.Y +h(X.Y),

where h is second fundamental tensor. Now using (3.2), we have

VY mXY) = ViY +h(XY) = 3, (XY +9(X.Y)E &,
p=1 p=1

Equating the tangential and normal components from both sides of the above equation,
we get
h(X,Y) = m(X,Y)

and V.Y = V.Y —ilnp(x)v +g(x,Y)i1§p.
p= p=

Thus V is also a semi-symmetric semi-metric connection.
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Now, the Gauss formula for semi-invariant submanifold of a generalized Kenmotsu

manifold with semi-symmetric semi-metric connection is
V.Y =V, Y +h(X)Y). (3.4)
and the Weingarten formula for M is given by

TN = —AX =7, (X)N+ViN (3.5)

for X,Y eTM, N eT*M, where h and A are called the second fundamental tensors

of M in and V* denotes the operator of the normal connection. Moreover, we have
g(h(X,Y),N)=g(AX.)Y). (3.6)

Any vector X tangent to M is given as

X =PX +QX +7,(X)&,, (3.7)

where PX and QX belong to the distribution D and D* respectively. For any vector
field N normal to M, we have
#N = BN + CN, (3.8)

where BN ( resp. CN) denotes the tangential (resp. normal) component of ¢N .

4. Integrability of distributions

Lemma 4.1. Let M be & -horizontal semi-invariant submanifold of a generalized

Kenmotsu manifold M with a semi-symmetric semi-metric connection. Then

2(Vy Pl == A, X + VydY =V gX =h(Y,$X) = g[X,Y]-1(X)gY
foranyX e Dand Y € D*.

Proof. Using Weingarten formula, we have
VY ==Ay X+ Vg —n(X)gY .
Using Gauss formula, we have
VX =V pX +h(Y,$X).
Subtracting above two equations, we get
VY =V X =—A, X+ VY =V, X —h(Y,¢X)—7(X)gY . (4.1)

Also, by covariant differentiation, we obtain
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VY =V X =(V, )Y (V) X +(V,Y )=V, X . (4.2)
Thus, from (4.1) and (4.2), we get
(V@)Y =(Vy8) X ==A, X+ VY =V, $X
~h(Y,gX)=g[X.Y]-1(X)gY . (4.3)
Now, from (3.3), we have
(Vio)Y +(V,8)X =0. (4.4)
foreachX e Dand Y € D™.

Adding (4.3) and (4.4), we get the desired result.

Similarly, we can also prove that

Lemma 4.2. Let M be a semi-invariant submanifold of a generalized Kenmotsu

manifold with a semi-symmetric semi-metric connection. Then
2(Vy P =V, fY — V,gX+h(X, Y )=N(Y,$X)~¢[X,Y]
for each X)Y € D.

Lemma 4.3. Let M be a semi-invariant submanifold of generalized Kenmotsu

manifold M with a semi-symmetric semi-metric connection. Then
PV #PY — PAL X = gPV.Y =23 77 (Y )gPX | (4.5)
p=1
QV4#PY — QA X =Bh(X)Y) , (4.6)

(X, gPY) + Vi gQY = gQV, Y
+Ch(x,Y)+np(x)¢QY—pi:lnp(v)@x, 4.7)

7, (Vx#PY )&, = 17, (Agy X)&, =17, (VY )&, =0 (4.8)
forall Xand Y € TM.

Proof. We know that V, @Y = (V@)Y +4(V,Y).
Using (3.4), (3.7), the above equation takes the form
(ViA)Y =V gPY + V, QY — ¢V,Y — gh(X)Y). (4.9)

Using Gauss and Weingarten formulas and (3.8), we get
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(Vi)Y =PV, gPY +QV,gPY + 1, (V,#PY)E + h(X,¢PY)
~PAy X —QA, X — 17, (Agy X)E, + VLIQY

=1, (X)¢QY — PPV, Y —gQV, Y — My (VXY )§P
—Bh(X,Y)-Ch(X,Y). (4.10)

Comparing (4.9) and (4.10) and equating horizontal, vertical and normal components,
we get (4.5), (4.6), (4.7) and (4.8) respectively.

Definition 4.4. The horizontal distribution D is said to be parallel with respect to the

connection V on M, if VxY e D for all vector fields Xand Y € D.

Theorem 4.5. Let M be a semi-invariant submanifold of generalized Kenmotsu
manifold M with a semi-symmetric semi-metric connection. If M is Ep-horizontal,
then the distribution D is integrable if and only if

h(X, #Y) = h(¢gX,Y) (4.11)
forall Xand Y € D.

Proof. Let M be &y-horizontal, then (4.7) reduces to
h(X,dY) = #Q V%Y + Ch(X,Y)

Thus, we have
h(X,#Y) —(gX,Y) = ¢QIX,Y].

If M is &, horizontal and
h(X,dY) = h(gX)Y) forall X,Y eD.

then [X.,Y]eD.

Hence distribution D is integrable.

Theorem 4.6. Let M be a semi-invariant submanifold of a generalized Kenmotsu
manifold M with semi-symmetric semi-metric connection. If M is £y -vertical then the

distribution D™ is integrable if and only if A,,Y =A, X foreach XY e D"
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Proof. Let M be &y-vertical, then from (4.7), we have

VLgY = gQV. Y +Ch(X.,Y)+ pilnp(xMQY - pilnp (Y ) gQX

forall X,Y e D™

Using (3.3) and (3.7), we get

VoY ==3 1, (Y )X + gPV,Y +4QV,Y +Bh(X,Y)+Ch(X,Y )

For &,-vertical manifold M, Weingarten formula is given by
VoY =V, Y + Ay X +17,(X)PY .

Using (4.14), we have
VigY = - pi_lnp (Y X +gPV, Y +4QV,Y
+Bh(X,Y)+Ch(X,Y)+A, X + pilnp(x)w .
From (4.13) and (4.15), we have
PPV, Y =—A, X —Bh(X,Y).
Similarly PPV, X = —A¢XY -Bh(X)Y),

which gives
PPIXY]= ALY -A,X.

Thus if M is p-vertical, then [X, Y] € D + thatis P[X, Y] =0, if and only if

A¢xY = A¢YX.

5. Parallel horizontal distributions

(4.13)

(4.14)

(4.15)

Definition 5.1. A non-zero normal vector field N is said to be D-parallel normal

section if

ViN =0 forall X eD.

(5.1)

Definition 5.2. M is said to be totally r-contact umbilical if there exist a normal vector

H on M such that
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ROXY)=g@X R+, 0N &)+ X, 00N(KE)  (62)

for all vector fields X, Y tangent to M .

If H =0, that is the fundamental form is given by
h(X,Y)=2 1,(X)N(Y,&,) + > 1,V (X, ,), (5.3)
p=1 p=1
then M is said to be totally r-contact geodesic manifold.

Theorem 5.1. If M is totally r-contact umbilical semi-invariant submanifold of a

generalized Kenmotsu manifold M with a semi-symmetric semi-metric connection

with parallel horizontal distribution, then M is totally r-contact geodesic.

Proof. Since M is semi-invariant submanifold of a generalized Kenmotsu manifold

M with semi-symmetric semi-metric connection. From (4.5) and (4.6) we have

PV #PY —PA X =¢PV,Y 2> 1. (Y )$PX ,
p=1

QV,#PY —QA,,, X=Bh(X,Y) .
Adding the above equations, we have

PV, #PY +QV gPY —(PA, X +QA,, X)
=gPV.Y +Bh(X,Y)- ZU )#PX . (5.4)
Interchanging X and Y in (5.4), we have
VyPX — ALY =PV, X +Bh(Y, X)- an )gPY . (5.5)

Adding (5.4) and (5.5), we get
Vi PY +V gPX = A X = ALY =gPV,Y +¢PV, X +2Bh(X,Y)

—an )¢PX — an )4PY .

Taking inner product, we get
(Vi dPY +V gPX - A X =AY, Z)=g(gPV,Y +¢PV, X +2Bh(X,Y),Z)

—an g(¢PX,Z) an g(¢PY,Z).
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Splitting the above equation , we get

g(vx¢PY’Z)+9(VY¢PXaZ)_g(A¢QYX1Z)_g(A¢QxY’Z)

=g(#PVY,Z)+g(gPV, X,Z)+g[(2B{g (¢ X, H +Zr_:77p(x)h(Y,§p)
+Z77p(Y)h(X S)h2)] - Zﬂp g9(¢PX,2) 277 9(¢PY.Z).
a(VxgPY,2)+9(V, ¢PX,Z)-g(h(X,2),4QY)-g(h(Y,Z),4QX)

=9(¢PVXY,Z)+9(¢PVYX,Z)+29(¢X,¢Y)Q(BH,Z)+22UP(X)9(Bh(Y,§p),Z)

+ZZ77P(Y)9(Bh(X ShZ) - Zﬂp g(#PX.2) Zﬂp g(4PY.Z).

~g(PV,Y 2)+(IPY, X,2)-2a°g(X Y )9(BH.2) -2 7,(X )1,V )} (BH.2)
23,0080 ,),62) +23 7,0 ) (N(X.5,).62)

S,(9@PX.2) - X7, (@Y 2)

Replacing Z by X and Y by BH and using (5.2), we get

g(V#PBH, X)+g(Vg,#PX, X)-g(X, X)g(H,¢QBH)

=g(¢PV,BH, X)+g(#P Vg, X, X)—2a%g(X,BH)g(BH, X)
+22r_:77p(BH)g (h(x,gp),¢x)—zr_:np (BH)g (¢PX, X)

—an g(¢PBH, X). (5.6)

Thus, we have
g(X,BH) = g(¢X,BH) =0 forany X e D .

Differentiating above equation covariantly with respect to X, we get
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g(vx¢X,BH)+g(¢X,VX BH) = O
For parallel horizontal distribution D, we have
g(eX, Vi BH) =0. (5.7)

Using (5.7) in (5.6), we get

0(V s #PX, X)—g(H,gQBH) =g(#PV o, X, X) — X7, (BH) g (4X, X).

g((VBH¢P)X1 X)+g(¢PVBHX1 X)—9g(H,¢QBH)
:g(¢PVBHX’X)_an (BH)9(¢X,X).
for a unit vector X eD.

I(VaudP)X, X)) = Y11, (BH) (#X,X). 8)

From (5.8), we have
g(BH.QBH)+ Y 7. (BH)g (#X, X ) =0

which implies that BH=0.
Since H € D*, we have CH =0, hence ¢H =0, thus H = 0.

Hence M is totally r-contact geodesic.

Remark. For a generalized Kenmotsu manifold with semi-symmetric semi-metric

connection, we have

r

6xfp=§X§p—zr]np(x)§p+@J(X,§p)Z§p (5.9)

=PX +QX.

Equating the tangential and normal components, we have

V, & +h(X,&)=PX+QX, (5.10)
V& =PX (5.11)
h(X.£,)=QX. (5.12)

From (5.10) and (5.11), we obtain
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V& =0 for X eD”,
h(X,&,)=0for X eD.

Theorem 5.2. Let M be D-umbilic (resp. D* -umbilic) semi-invariant submanifold
of a generalized Kenmotsu manifold M with semi-symmetric semi-metric connection.
If &-horizontal (resp. &p-vertical) then M is totally geodesic (resp. D™ - totally

geodesic).

Proof. If M is D -umbilic semi-invariant submanifold of a generalized Kenmotsu
manifold with semi-symmetric semi-metric connection with &,-horizontal then, we
have

h(X,&,) = 9(X, &)L,
which means that L=0 from which we get h(X,&,) = 0.
Hence M is D-totally geodesic.
Similarly, we can prove that if M is a D*-umbilic semi-invariant submanifold with &,-

vertical, then M is D*-totally geodesic.

REFERENCES
[1] Ahmad, M., Semi-invariant submanifolds of a nearly Kenmotsu manifold endowed with a semi-
symmetric semi-metric connection, Mathematicki Vesmik 62 (2010), 189-198.
[2] Ahmad, M. and Jun, J. B. and Haseeb, A., Submanifolds of an almost r-paracontact Riemannian
manifold endowed with a semi-symmetric semi-metric connection, Tensor N. S., Vol 70 (2008), 311-
321.
[3] Ahmad, M. and Jun, J. B., On certain class of Riemannian manifold with a semi-symmetric semi-
metric connection, Tensor N. S. 72 (2010), 143-151.
[4] Ahmad, M. and Ojha, J. P., CR-submanifolds of LP-Sasakian manifold with the canonical semi-
symmetric semi-metric connection, Int. J. Contemp. Math. Science, Vol. 5 (2010), no. 33, 1637-1643.
[5] Ahmad, M., Rahman, S. and Siddigi, M. D., Semi-invariant submanifolds of a nearly Sasakian
manifold endowed with a semi-symmetric semi-metric connection, Bull. Allahabad Math. Soc., Vol 25
(1) (2010), 23-33.
[6] Ahmad, M., Siddigi, M. D. and Ojha J.P., Semi-invariant submanifolds of Kenmotsu manifold
immersed in an almost r-paracontact structure admitting a quarter symmetric non-metric connection, J.
Math. Comput. Sci 2 (2010), no. 4, 982-998.



MOBIN AHMAD, AND SHEEBA RIZVI 606

[7] Barua, B., Submanifolds of Riemannian manifold admitting a semi-symmetric semi-metric
connection, Analete Stiniifice Ale universitii ALICUZA IASI, S. I. A. mathematica f1, 9 (1998), 137-
146.

[8] Bejancu, A., On semi-invariant submanifolds of an almost contact metric manifold, A. Stiint. Univ.
‘Al 1. cuza’ lasi Mat. 27 (supplement) (1981), 17-21.

[9] Das, L. S., Ahmad, M. and Haseeb, A., On semi-invariant submanifolds of a nearly Kenmotsu
manifold with semi-symmetric non-metric connection, Journal of Applied Analysis, Vol. 17 (2011), no.
1, 119-130.

[10] Friedmann, A. and Schouten, J. A., Uber die geometric der halbsymmetrischen, Ubertragung Math.
Zeitschr. 21 (1924), 211-223.

[11] Golab, S., On semi-symmetric and quarter-symmetric linear connections, Tensor 29 (1975), 249-
254,

[12] Kobayashi, M., Semi-invariant submanifolds of a certain class of almost contact manifolds, Tensor
43 (1986), 28-36.

[13] Motsumoto, K., Shahid, M. H. and Mihai, I., Semi-invariant submanifolds of certain almost
contact manifolds, Bull. Yamagata Univ. Nature. Sci 13 (1994), 183-192.

[14] Nivas, R. and Yadav, S., Semi-invariant submanifolds of a Kenmotsu manifold with generalized
almost r-contact structure, J. T. S. 3 (2009), 125-135.



