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Abstract. In this paper, we use the injective of operator 2%p to represent the uniqueness of the phase retrieval.
We show that the relationship between the complement property (CP) and phase retrieval of frames in non-Banach
space IP(T')(0 < p < 1). Moreover, we also consider the stability of phase retrieval and quantify the stability by
the ratio of the upper and lower bounds of the frame ® in /?(I') (0 < p < 1).
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1. INTRODUCTION AND PRELIMINARIES

In many areas, the phase of a signal is always lost during processing. Therefore, how to
recover the phase of these lost signals and whether the results of the recovery are stable are par-
ticularly important. The phase retrieval problem refers to the problem of reconstructing function
f from phaseless strength measurements. It appears in many areas, such as X-ray crystallog-
raphy in [3], astronomy in [4], signal noise reduction in [5] and automatic speech recognition
in [6]. In addition, phase retrieval also plays an important role in the fields of radar [7], signal
theory [8], quantum communication [9] and so on. The concept of phaseless reconstruction in

finite dimensional Hilbert space was first introduced by Balan, Casazza and Edidin in [1] and
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Sara Botelho-Andrade et al. proved in [2] that phase retrieval and phaseless reconstruction are
equivalent. Therefore, we study that the phase retrieval problem can actually be converted into
a phaseless reconstruction problem. James Cahlili et al. introduced phase retrieval in infinite
Hilbert space in [11] and proved the stability of phase retrieval in infinite dimensional Hilbert
space. Subsequently, Rima Alaifari et al. introduced phase retrieval of continuous frames in Ba-
nach space in [10] and prove that phase retrieval problems are never uniformly stable in infinite
dimensional Banach space. In this paper we mainly consider some properties of phase retrieval
in non-Banach space I7(I") (0 < p < 1). Before starting our research, we give the definition of
IP(T)(0 < p < 1) space:
IP(T):={x= Z Eyey: Ixllp = Z 1&yl7 < 0,8y e K, yeT
yell yell
where K =R or K= C, I'is a non-empty index set and ey is a unit vector. For convenience, the
IP(T") spaces below all satisfy 0 < p < 1.
Obviously, the [”(T") space is not a Banach space. In fact, [?(I") is a p-normed space and

| - ||, satisfies the following properties:

(1) [|x||, >0 and ||x|[, = 0 if and only if x = 0;

(2) [|Ax]|p = |A|P.||x]|, forall A € C and x € [P(I);

3) x4yl < el + [y, for all x,y € 17(T).

1
Furthermore, it is easy to see that |lax||, = 1 with a = 1/||x||, for any non-zero vector x €

IP(T).
We define the quotient space Pxl?(I") of I7(T") by Pxl?(T") := IP(I')\{—1,1} for K=R and
by Pgl?(T) :=1P(T")\S' for K = C.

Therefore we can define the distance in the quotient space Px!?(I") by

i(ry(x.) = min{ r— 1yl 7 € K, 1] = 1},

Below we introduce the meaning of some symbols and mathematical representations com-
monly used in this article.

Let [7(I")* denote the space that composed by bounded linear functionals ¢ : 7 (I") — K. For
x€lP(T") and ¢ € IP(T)*, we use [x, @] := @(x) to represent the bounded linear functional acting

on x. For a closed subspace W C [”(T")* we define its annihilator space by W, := {x € [P(T') :
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[x,0] =0,Y¢p € W}. Similarly, we can define the annihilation space of the closed subspace on
IP(T') space.
We fix a collection of bounded linear functionals ® := (@ )3 ca C I7(I')* for index set A and

the notation ®g := (¢, ), e for S C A. Forx € [P(T") we write

b, @] := ([x, @aD)aen » [x, Ps] := ([x, @a])res
and
b, @[ == (I[x; @2]Daen » |lx, s == ([x, @2]]) res
Define the operator
Ao PglP(T) — RY, x| [x,D]|.
Then the phase retrieval problem can be seen as the inversion problem of .&7gp.

In section 2, we are mainly studying the uniqueness properties of the inversion of .%p. The
results show that the injectivity of .@Zp and the complement property of @ are equivalent in
real [P(I") space. In section 3, with the help of the frame in the [”(T") space and the o-strong
complement property of frame, we consider the strong stability. Meantime, the ratio of the

upper and lower bounds of the frame is used to quantify this stability.

2. INJECTIVITY

In this section, we mainly consider the uniqueness of the phase retrieval problem, that is, the

injectivity of 2Zp. Before that, we give the definition of the complement property.

Definition 2.1. (Complement property). The collection ® = (¢ )ren C IP(D)* satisfies the
complement property (CP) in 1P(T) if for every subset S C A, either (span®g), = {0}, or

(span®y\s)1 = {0}.

The complement property of & is an important property for studying the injectivity of op-
erator 2%p. Jameson Cahill et al. proved that the complement property of ® is equivalent to
the injectivity of .oZp in the real Hilbert space in [11]. Next, Rima Alaifari and Philipp Grohs
proved that the conclusion also holds in real Banach space in [10].

In the following theorem, we consider the relationship between the complement property

(CP) of ® and the injectivity of <% in the IP(I") space.
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Theorem 2.2. (a)If <y is injective, then ® satisfies the CP in [P (T).
(D)IfIP(T) is a space over R and ® satisfies the CP in IP(I'), then </ is injective.

Proof. (a)Suppose that <7p is injective for @ = (@3 ),cp. Let x € (spandg)| and y €

(span®,\s) 1 for some S C A. Then, we have

ey, 02117 = |[x, ] £2Re([x, 03] - [, @1]) + [y @2

When Re([x, ;] - [y,9;]) = 0 holds, we have @p(x +y) = Zp(x —y). At the same time, we

have x +y =t(x —y) for |t| = 1 by the assumption that <% is injective . Then we can get

t—1
y= 1_+tx
for r # —1 and x # 0. Therefore, y € (span®y), implies “p(y) = 0. Thus, we have y = 0 by
the injectivity of @Zp. On the other hand, we can get x = 0 if we switch the roles of x and y. So
far, we have completed the proof.
(b)Suppose that 27y is not injective. Then, there is two vectors u,v € I”(T") such that .7 (1) =
2Jp(v). We consider dividing the index set A into two parts by the assumption of /7(I") is a space
over R, which satisfies S:={A € A: [u, @3] = [v, @3] and A\ S:={A € A: [u,9;] = —[v, 03]}

Consequently, we have u+v € (span®s) | and u —v € (span®,s) | . From the assumption that

® satisfies CP, we get the contradiction. O

3. STABILITY

In this section, we consider whether the injectivity of operator .« is stable and quantify the
stability. When discussing the stability of the injectivity of operator Zp, we need to use the

definition of frame in [”(T") space. So, we give the definition of the frame in /7 (T).

Definition 3.1. Let @ = (@) ca C [P(T)* is a family of bounded linear functionals. It is called
a frame for IP(T') if there are positive constant 0 < A < B < oo satisfying
Allxllp < Y [l @all” < Bllxll -
AeA
for every x € IP(T"). B and A are called the upper and lower bounds of the frame. Meanwhile,

we use Ag and B to represent the best possible values of A and B respectively.
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3.1 Strong stability Suppose % is bilipschitz, that is, there exist constants & > 0 and 8 < oo

such that
adyry(x,y) < || Fo(x) — o ()|lp < Bdip(ry(x,y).

where || (x) — Zo(y)|p = Laea ||lx02]] — I, (p;L]Hp. We use a¢ and PBe to represent the
best possible of o > 0 and B < oo, respectively.

After introducing ag and B, we can quantify the stability, because the stability of the injec-
tivity of .2Zp is determined by the ratio of these two constants. We denote this ratio as

b

Tp -
Olp

First of all, we study the smallest possible B¢ of B < oo and we find that it is the same as the

best possible of the upper bound of the frame ®.

Theorem 3.2. Suppose that ® = (¢, )sep C IP(T)* is a frame for space IP(T'). Then, we can

get

Bo = Bo.
Proof. By the reverse triangle inequality, we have
| la| — |b| |< min{|a — b|,|a+b|}, Va,b € C.
Then, according to the definition of frame in /P(I"), we have

| (x) — o (y)[lp = AZ [ 1B, @2l = |1y, @all 17
EA

< Y (min{|[x—1y,@3]| : [7] = 1})”
AEA

<min{ ) [[x—1y, 0] : [7] = 1}
AEA

< min{Bllx— 1yl : e = 1}
=B<1>CZP(1") (x,y).

Therefore, Bp < Bgp. Conversely, we can pick y = 0 and x € [P(I") with ||x||, = 1 such that

Bp — & < YLaeallx, 92]|P < Bo. O
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Next, we consider the lower Lipschitz constant otp. When we analyze the lower Lipschitz
boundary, we need to use the following definition. It measures the complement property we
discussed earlier with accurate values, and it also prepares us to quantify the stability of phase

retrieval.

Definition 3.3. (o-strong complement property). The system ® = (@))ecn C IP(D)* satisfies
the G-strong complement property (6-SCP) in [P (T') if there exists ¢ > 0 such that for every
subset S C A, we have

max{Aey, Ap, } = 0.

We denote the supremal o for which ® satisfies the 6-SCP by 0.

Then we will discuss the lower Lipschitz bound o from the real case and the complex case,

respectively.

3.1.1 The real case.

Theorem 3.4. Suppose I’ (T') is a space over R and ® = (@3 )ca C IP(D)* is a frame with
6-SCP in IP(T') space. Then, we have

Op < 0lp < 20.

Proof. We first show that the right-hand side in the inequality. The assumption of ® follows
that
o<o0p< max{A¢S,A¢A\S} for VS C A.
Let 6y > 0¢. Then, we have
0o > max{Awx, A, }

for some S C A. So, there exist two vectors u,v € I”(T") with |Ju||, = 1 = ||v||, such that

Aag = Aag|lull, < Y |, 02]1” < oollull, = o0,
AES

and

Ay = Aaylvllp < Y. @]l < oollv]l, = oo.
AEA\S
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Let x := u+v and y := u —v. By the inverse triangle inequality and the assumption of |ju|, =

1 =||v||,, we have

dadir)(x,y) < || o (x) — o)),

=Y Hlutv.@u]l = [lu—v, 0] |7

AeA
=) Hutv.oull = llu—v, @] |7
AeS
+ Y Hutv,oll = lfu—v,@] |7
AEA\S
<27} [l @allP+27 ) [v.@ul”
AeS AEA\S

< 2260 (lullp + 1Vl )

=27 oy min{||ul|p, v}

= 2cpmin{|[x+y|[p, |x =¥/}
22606711’@) (x,)-

Therefore, e < 20.

Then we show the inequality 6g < Q. For any o > 0, then there exist two vectors x',y €
IP(T") with
Otojlp(r) («Y) > llote (x) — o ()|
Set
S:={A € A:sign([Y, @;]) = —sign(y', @2])}-

Let ' :=x'+y" and V' := x' —y’. From the definition of S, we can get

Aggllu'lp < Y. [l pa]l”

AES

=Y K o+ D o] 1P
AES

=Y K, o]l =D, @]l 17
AES

<Y K, o)l =, el 1P
AEA
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= || o (x') — ()l
< oodyp(ry(¥',Y)
< ol p-

By the similar method, we obtain

Aoy V< X IVs@allP = X [ oall = 1Y, 9l 17< codiory (') < 0wl |-
AEA\S AEA\S

Therefore, we have
max{A¢S,Aq,A\S} < oy,
which completes the proof. 0
In the following corollary, we give the range of values of the ratio T¢ under the real-value

conditions.

Corollary 3.5. Suppose ® = (@ )acp is a frame satisfying 6-SCP in the space 1P(I") over
K =R. Then we have

Bo . Be
Zch Odp
Proof. By Theorem 3.2, we can get
_ Bo  Bo
Tp=——=—.
Op O
Then, the result follows from Theorem 3.4. O

3.1.2 The complex case.

Theorem 3.6. Suppose that ® = (¢ )scp C IP(T)* is a frame with 6-SCP in space IP(T).

Then, there exists a constant C > 0 (depending on only the frame constants of ®) such that
op < Cop.

The constant C can be taken to be
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Proof. Let ¢ > 0. Similar to Theorem 3.4, there exist two vectors u,v € I”(I") with |jul|, =

1 =||v||, for some S C A such that

(1) Y [, @ullP <o,
AeS

and

2 Y IvellP <o.
AEA\S

Since @ is a frame in [”(T") space, we have

Asllully < Y |, 0217 = Y N, 03]1P+ Y, w917
AeA AES AEA\S

and

Aslll, < Y I @all? = Y (veallP+ Y. [voa]l?

AEA AES AEA\S
Therefore, we have
3) Y @]l > Ae -0,
AEA\S
and
4 Y v eullP > As —o.
AES

Letx :=u+vandy:=u—v. Similar to the proof of Theorem 3.4, we also have

Qaodipr) () < Y | |01l =, 02]| 17

AEA
<27 |, @ ]IP+27 Y, |veall?
AeS AEA\S

< 2p+16

Since o > 0@, it follows that
2rtlg,
5) ap < =
dip(r) (%, )

In order to prove the result, we need to give a lower bound on ||x — y||, that holds for any 7 € C

with || = 1. By the frame property of ® and equations (1) - (4), we have
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Bollx—1yll, > Y [[x— 1y, 0]/
AEA

Z|x Ty, ¢y, |p+ Y [x—1y. 01"

/leA JLeA

1 1

>> Y lk—malll+5 ¥ k-0l
AeS AeA\S

5 Z [(1=D)u+(1+7)v, @)1

/IES
1
> L 0=Dut(+mel
AEA\S
1+17
| d Y e Z|M(P/1
AES AES
1—r1? 1+1|P
+% X Hu,«mnp—' SIOD WO
AEA\S AEA\S
p _lp
Z|1—i—1’| -;|1 7| (Ag—20)
1
E(Aq) 26)

where the last step follows from |a + b|P < 27(|a|” + |b|?) for any a,b € C and p > 0. Thus, by

inequality (5), we can obtain
2p+2 -Bo

Op < Op————
* =" Ag—200)

whenever op < tAp With 1 < % In addition, by Theorem 3.2 we have

B
o < Po = Bo < Co—
tAp

whenever 6p > tAg. To sum up, we can choose the value of C

2'*2 1. By B
C := min =2—.
t<1/2(1—21 Z‘)Acp Ao

Therefore, we have the following corollary and omit the proof.



PHASE RETRIEVAL PROBLEM IN SPACE OF [P(I)(0 < p < 1) 11

Corollary 3.7. Suppose ® = (@ ).cn is a frame satisfying 6-SCP in the space I’ (T') over
K = C. Then we have
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