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Abstract. This work concerns the controllability in the a-norm for some partial functional integrodifferential
equations with infinite delay in Banach spaces. We give sufficient conditions ensuring the controllability by as-
suming that the undelayed part admits a resolvent operator in the sense of Grimmer [7] and that the delayed part
is continuous with respect to the fractional power of the generator. The results are obtained using the Schauder’s
fixed-point theorem.
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1. INTRODUCTION

In this work, we study the controllability in the ¢&t-norm for the following partial functional
integrodifferential integrodifferential equation
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n X(t) = —Ax(t) + /OtB(t —s)x(s)ds+ f(t,x;) +Cu(t) fort >0
X0 =@ € By,

where —A : D(A) — X is the infinitesimal generator of a compact analytic semigroup of uni-

formly bounded linear operators, on a Banach space X, % defined by
Bo=1{p € %; ¢(0) € D(A) for 6 <0and A% € B} with [|@]z, = [A%¢]|2,

is a subset of %, where Z is a Banach space of functions mapping from | — e, 0] into X and
satisfying some axioms that will be introduced later.
For 0 < o < 1, A% is the fractional a-power of A. This operator (A%, D(A%)) will be describe
later.
For x € B4 and 1 € [0, D], x; denotes the history function of %, defined by

x(0) =x(t+0) for 6 <0,
f:RT x By — X is a continuous function. For ¢ > 0, B(t) is closed linear operator with domain
D(B) D D(A). The control u(.) belongs to L?(J,U) which is a Banach space of admissible
controls, where U is a Banach space and J = [0,b]. The operator C belongs .2 (U,X), the
Banach space of bounded linear operator from U in to X. function.

A dynamical system is a system that evolves over time through the iterated application of
an of an underlying dynamical rule. It is a mathematical model usually constructed to study a
physical phenomenon that evolves over time. that evolves in time. This model usually consists
mainly of ordinary differential equations, partial differential equations, or functional differential
equations that describe the which describe the evolution of the process under study in mathe-
matical terms. mathematical terms. Controllability plays an essential role in the development
of modern mathematical control systems. It has many important applications not only in theory,
but also in areas such as industrial and chemical process control, reactor control, and chemical
process control, reactor control, control of bulk electrical power systems, aerospace engineer-
ing, and, more recently, quantum systems theory. For all these reasons some recent contribution
have been made by many authors, see for instance [5, 10, 11, 15, 16, 17] and the references

therein.
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In [6] the authors proved the controlability of an integrodifferential system with nonlocal
conditions by making use of the measure of noncompactness and the Monch fixed-point Theo-
rem.

In [20] Issa Zabsonre considered the following impulsive differential system with infnite delay

u'(t) = Au(r) + f(t,u) + Bv(t), fort € J = [0,b],1 # 1, k=1,2,...,m,

(1.2) Au(ty) = u(tl) —u(ty) = L(u(t,)), k=1,2,...,m,

MOZ(PE%ha-

Using Schauder’s fixed-point theorem, he proved the controllability of the solution in the
a-norm for the equation (1.2). To do this, the author assumed that the linear part generates a
compact analytic semigroup on a Banach space X and that the delayed part is continuous with
respect to the fractional power of the generator.

Recently, in [13] Djendode Mbainadji considered the following impulsive partial functional

differential system with infnite delay

(1) = —Ax(t) + /0 "Bt — $)x(s)ds+ ft,%)

+Cu(t), fort € J =1[0,b],t £ t, k=1,2,...,m,
(1.3)

Ax(te) = x(1) —x(1, ) = L(x(z,)), k=1,2,...,m,

XO:¢€<@haa

By assuming that the undelayed part admits a resolvent operator in the sense of Grimmer and
that the delayed part is continuous with respect to the fractional power of the generator. The
author obtained the controllability results by using the Schauder fixed-point theorem.

To establish our results, let’s remember that.
In [8], Grimmer proved the existence and uniqueness of resolvent operators for these integrod-
ifferential equations that give the variation of parameters formula for the solution.

In [19], Desch et al. proved the equivalence of the compactness of the resolvent operator and
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that of the operator semigroup.

To the best of the author knowledge, the controllability in the a-norm of the equation (1.1),
has been an untreated topic in the literature, and this fact is the main aim and motivation of the
present work. which is the mean motivation of this paper.

The organisation of this work as follows: In section 2, we recall some preliminary results about
analytic semigroups and fractional power associated to its generator will be used throughout
this work and some useful results on the analytic resolvent operator. This allows us to define
the mild solution of Eq. (1.1). In section 3, we study the controllability of Eq.(1.1). In section

4 we give an exemple to illustrate this work.

2. PRELIMINARY RESULTS

Let (X,].]|) be a Banach space and o such that 0 < a < 1, let be a constant such that 0 <
o < 1 and let —A be the infinitesimal generator of a bounded analytic semigroup of linear
operator (7 (r));>0 on X. We assume without loss of generality that 0 € p(A). Note that if the
assumption 0 € p(A) is not satisfied, one can substitute the operator A by the operator (A — o)
with ¢ large enough such that 0 € p(A — o). This allows us to define the fractional power
A% for 0 < a < 1, as a closed linear invertible operator with domain D(A%) dense in X. The
closeness of A% implies that D(A%), endowed with the graph norm of A%, |x| = ||x|| + ||A%x]|, is a
Banach space. Since A% is invertible, its graph norm |.| is equivalent to the norm |x|q = |[|[A%x]].
Thus, D(A%) equipped with the norm |.|4, is a Banach space, which we denote by X,. For
0 < B < a < 1, the imbedding X — Xp is compact if the resolvent operator of A is compact.

Also, the following properties are well known.

Proposition 2.1. [2] Let 0 < a0 < 1. Assume that the operator —A is the infinitesimal generator
of an analytic semigroup (T (t));>0 on the Banach space X satisfying 0 € p(A). Then we have
(i) T(t) : X — D(A%) for every t > 0,

(ii) T (t)A%x = A*T (t)x for every x € D(A%) and t > 0.

(iii) for every t > 0, A*T (t) is bounded on X and there exist My > 0 and @ > 0 such that

|ACT (2)|| < Mge™ 't~ fort > 0,
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(iv) if 0 < o < B < 1, then D(AP) — D(A%),

(v) there exists No > 0 such that
(T () —1)A™%|| < Ngt® fort > 0.

Recall that A~% is given by the following formula

—a | P
A% = —/ t97 T (¢)dt,
0

where the integral converges in the uniform operator topology for every o > 0.

Consequently, if 7'(¢) is compact for each r > 0, then A~ is compact.

We also collect some basic results about resolvent operators. Consider the following

linear nonhomogeneous equation

= Av(t —i—/ (t—s)v(s)ds fort >0
2.1)

v(0) =vp €X,
where A and B(t) are closed linear operators on a Banach space X.

Definition 2.2. [7] A resolvent operator for equation (2.1) is a bounded operator valued func-
tion R(t) € B(X) fort > 0 such that

(a) R(0) =1 and |R(t)| < NeP' for some constants N and B.

(b) For all x € X, R(t)x is strongly continuous fort > 0.

(c)R(t) € B(D(A)) fort >0. Forx €Y, R(.)x € C'([0,+o0[;X) NC([0, +oo[; D(A)) and

R'(t)x = —AR(t x+/ (t —$)R(s)xds
= Ax+/ (t —s)B(s)xds fort > 0.

The resolvent operator will play an interesting role to investigate the existence of solution of
Eq. (2.1). The existence of an analytic resolvent operator has been discussed in [7] under the
following assumptions. The notation f* denotes the Laplace transform of f.

(V1): —A generates an analytic semigroup (7'(¢));>0 on X. (B(t));>0 is a closed operator on
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X with domain at least D(A) a.e t > 0 with B(t)x strongly measurable for each x € D(A) and
|B()x|| < b(t)||x||; for b € L], (0,0) with b*(1) absolutely convergent for ReA > 0.

(V2): p(A) = (AT +A —B*(1))~! exists as a bounded operator on X which is analytic for
AeA={AecC: |arg(A)| < F+ 0}, where 0 <6 <. In Aif [A] > & > 0 there exists
M = M(g) > 0sothat ||p(A)|| < %

(V3): Ap(A) € Z(X) for A € A and is analytic from A to £ (X). B*(A) € Z(Y,X) and
B*(A)p(A) € Z(Y,X) for A € A. Given € > 0, there exists a positive constant M = M(€) so
that forx €Y and A € Awith |A| > € ||Ap(A)x||+ ||B*(A)p(A)x]| < %Hx“ and ||[B*(4)|| — O as

|A| — 4o in A. In addition, |[Ap(A)x|| < M|A|" for some n > 0, A € A with,

A| > €. Further,
there exists D C D(A?) which is dense in ¥ such that A(D) and B*(A)(D) are contained in ¥
and ||B*(A)x|| is bounded for each x € D and A € A with |A| > €.

Moreover, the resolvent operator is given by R(0) = I and

R(t)x = i,/elf(m—A—B*(A))—lxda, fort >0,
21 %

where
Y=nunrnn,
with
7] :{rei‘P:rZ 1},}/2: {eie:—(pge §8},}/3:{re_i"’:r2 1},
where 7 < ¢ < F+ 6 and 6 > 0.

Furthermore, for a > 0 there exist N, Ky > 0 such that

IR(t)|| <N and ||A°R(t)|| < Kot %, 0<t<a, 0<a<l.

Remark 2.3. [12] Generally, the commutative between A* and R(t) is not true. But if we

assume that
B*(A)A"%x=A"%*B*(A)x, for any x € D(A),

then the commutativity holds. In fact for x € D(A%), we have A%p(A)x = p(A)A%x.

Hence

A%R(t) = R()A%.
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Note that this commutativity can be realized in a number of situations. For example, let

B(t) = B(t)A, where B is a scalar function on |0, +oo[, then the linear problem 2.1 becomes:

V() = Av(t) + /Ot B(t—s)Av(s)ds fort >0

v(0) =vp € X.

If we assume the following conditions:
(V’1): A generates an analytic semigroup on X. In particular
T

/\1:{7L€(C:\arg),\<(g)+51},0<51< .

is contained in the resolvent set of A and ||(AI —A)~!|| < % on A; for some constant M > 0,
the scalar function B(.) in L'(0,+o0) with B*() is absolutely convergent for ReA > 0, where
B* (1) denotes Laplace transform of B (t).

(V?2): There exists A= {4 € C: |argA| < 5+ &}, 0< & < §,s0that A € A implies

g1(A) =1+ B*(A) #0. Furthermore, 2g; ' (1) € A for A € A.

(V’3): In A, B*(A) —> 0 as |[A| — +oo.

Then according to [7], the afore-mentioned conditions (V’;) — (V’3) are fulfilled, and hence the
resolvent operator R(r) is analytic and A%R(¢)x = R(t)A%x for any x € D(A?).

The basic theory for the existence of resolvent operator is given in [7, 8, 19].

We make the following hypothesis

(Hp) The semigroup (7'(¢));>0 is compact for r > 0.

Theorem 2.4. [19] Assume that (V)-(V3) and (Hy) hold. Then the corresponding resolvent

operator (R(t));>0 of Eq. (2.1) is also compact fort > 0.

Now consider the following system:

X (t) = Ax(t) + /Ol [B1(t —s) — By(t —s)]x(s)ds fort > 0
2.2)

x(0) =xp € X.
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where Bj(t) and B;(t) are closed linear operators in X and satisfy (V3). Then we have the

following Lemma and corollary coming from [19].

Lemma 2.5. [19] (Perturbation result). Assume that (Vy), (V2) and (V3) hold and Let
(R, (t))r>0 be a resolvent operator of Eq. (2.1) and (Rp,+8,(t))i>0 be a resolvent operator
of Eq.(2.5). Then

Rp,+B,(t)x—Rp, () /RB1 (t—s)Q(s)xds

where the operator Q is defined by

0(t)x = /0 lBé(t—s)( /O SRBI+Bz(r)xdT>ds+Bz(0) /O "Ri, 15, (s)xds,

Q is uniformly bounded on bounded intervals, and for each x € X, Q(.)x belongs to C(]0,0); X).

Corollary 2.6. [19] Let A be a closed, densely defined linear operator in X, B(t) = 0 for all
t >0, and (R(t));>0 be a resolvent operator for Eq. (2.1). Then (R(t));>0 is a Co-semigroup

with infinitesimal generator A.

To establish, the following next result, the authors made the following hypothesis.
(Hy): B(t) € Z(Xg,X) for some 0 < B < 1,a.et > 0and ||B(t)x|| < b(t)|x|g for x € Xg, with
belLl

loc

1
(0,00) where g > =0k

Theorem 2.7. [3] Assume that (V1)-(V3) and (H)) hold. Then for any a > 0, there exists a

positive constant M = M(a) such that for x € X we have

HAB[ (t+h)x—R(t H_M/ dsf0r0§h<t§a.

Definition 2.8. A mild solution of Eq.(1.1) is a function x € C(] — o0,b],Xy) satisfiying the
relation
R(t)(0) + /tR(t —$)[f(s,x5) + Cu(s)]ds fort € J,
(2.3) x(t) = '
Q(t) for —oo <t <0.
Definition 2.9. Equation (1.1) is said to be controllable on the interval J, if for every ¢ € Gy

and x| € X, there exists a control u € L? (J,U) such that a mild solution x of Eq.(1.1) satisfies

the condition x(b) = x.
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3. CONTROLLABILITY RESULTS

In this section, we give sufficient conditions ensuring the controllability of Eq. (1.1). For that
goal, we need to assume that
(A,|.|%) is a normed linear space of functions mapping | — e, 0] into X and satisfying the
following fundamental axioms.
(A1) There exist a positive constant H and functions K(.),M(.) : RT™ — R*, with K continuous
and M locally bounded, such that for any 6 € Rand a > 0, if x :] —e0,a] — X, x5 € %, and x(.)
is continuous on [0, 0 +a], then for every ¢ € [0, 0 + a] the following conditions hold
() x; € A,
(ii) |x(¢)| < H|x;| %, which is equivalent to |¢(0)| < H|¢@| 4 for every ¢ € A
(iii) |x |z < K(t —0) sup x(s)| +M(t — 0)|xs| 2.
(A) For the function c)yc(.s)_itn (A1), t — x; is a A-valued continuous function for ¢ € [0, 0 +a].

(A3) The space # is a Banach space.

Lemma 3.1. [1] Assume that A=%@ € B for ¢ € B, where (A~%p)(0) = A=%(p(0)) for
0 €] —o0,0]. Then By, satisfies all the axiomes (A1)-(A3).

(H,) The linear operator: W : L?(J,U) — X, defined by
b
Wu = / R(b—s)Cu(s)ds
0

has an induced operator W~! which takes values in L?(J,U)/kerW and there exists positive
constant M > 0 such that |[CW~!|| < M.

(H3) The function f : J x A4 — X satisfies the following conditions.

(i) f(., @) is measurable for ¢ € A, and f(z,.) is continuous for a.e r € J,

(ii) for each positive number ¢, there exists a continuous nondecreasing function /, such that

sup ||f(t,9)|| <1l,(t) fora.et €landt %], € L'(J,R") and
lollaq<r
b
liming L [ 12l
r—+e g Jo (b—s)®

dt = 0 < +oo.
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Let

Ry, = sup |[R(z)
t€[0,b] 0

, K, = max K(t) and M, = max M(t).
b= max (1) b= max (1)

Theorem 3.2. Asumme that (V)-(V3) and (Hy)-(H3) hold. Let ¢ € By, such that (0) € D(A)

and assume that

(1 +MRbb)KaKb6 <1.

Then Eq.(1.1) is controllable on J.

Proof. Using (H;) and given an arbitrary function x(.), we define the control by the following

formula
u(t) = W‘l{xl —R(b)p(0) — /ObR(b —s)f(s,xs)ds}(t) for € J.

Now define the following space
Zp = {x:] —o0,b] = X¢, such that x/; € C(]0,b],Xy) and xg € By },

where x/; is the restriction of x to J.

For each x € Z;,, we define its continuous extension X from | — e, b] to X, as follows

x(t) fort € [0,b],
x(t) =

(p(t) for ¢ 6] _0070]7
we show using control that the operator F : Z, — Z;, defined by
t
(Fx)(t) = R(t)p(0) +/ R(t —s)[f(s,Xs) + Cuy(s)]ds fort € J.
0

We show using this control that te operator F has a fixed point. This fixed point is then a mild
solution of Eq. (1.1). Observe that (Fx)(b) = x;. This means that the control u, steers in
integrodifferential equation ¢ to x; in time b which implies the Eq.(1.1) is controllable on J.

For each ¢ € %, such that ¢(0) € Xy, we define the function y € C([0,5],Xy) by y(t) =
R(t)9(0) and its extension y € C(] — oo, b],Xy) by
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y(r) fort € [0,5],
(1) =

@(t) fort €] —oo0,0].

Foreach z € C([0,b],Xy), letX(t) =7z(¢) +y(t), where 7 is it extension by the zero of the function

z € [—r,0]. Observe that x satisfies Eq.(2.3) if and only if z(0) = 0 and
t
z(t) = /0 R(t —s)[f (5,25 +Ys) + Cu(s)]ds fort € [0,b].

We define
Z) ={z €7 :2(0) =0}

and let us pose HZHZ,? = sup |z(s)|q. Thus (Z?, ”HZS) is Banach space.
0<s<b

Define the operator %" : Zg — Zg by

t
(A x)(t) = /0 R(t —s)[f (5,25 +Ys) +Cu,(s)]ds for t € [0,b].
Note that the operator F' has a fixed point if and only if J#" has one. So to prove that F' has a
fixed point, we only need to prove that .#” has one. For each positive number ¢,

let B, ={z€Z): ||z||, < q}. Then for any z € B, and by A — (ii), we have

lzs +ysll e < lzsll e + Iyl 2,

< Myllzollz, + Kb sup |z(s)|a+Mpllyollz, + Kb sup |y(s)|a
s€[0,b] s€[0,b]
< Kplizllzo +Mpll@llz, + Ky sup [R(s)@(0)]q
s€[0,b]
<

Kb||Z||zg +My|| ||z, + KpRp|@(0)|q

IN

Kpq + My @|| 2, + KsRpH || @ 2,

IN

Kig+ (My+ KoRoH )| 0] 5,

Thus

(.0 e+ vill, < Kng+ (My+ KoRoH ) 1ll7, =

We shall prove the theorem in the following steps.
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Step 1:

We claim that there exists ¢ > ||@||z, such that JZ(B,;) C B,. We proceed by contradiction.
Assume that it is not true. Then for each positive number ¢, there exists z7 € B, such that
K (z1) ¢ B, for some 7 € [0,b].

Thus we have
q < \Ji/(zq)(f)\aél/oR(f—S)[f(s,E?Jr'y})+Cuzq(S)]|ads

< [IRG=5)76.2 4 5)lads + [ IR( - 5)Cun(s) ads
0 0

< [RG5S lads + | [ RG-eW [~ R)9(O) [ R(o—5)105, 2]

o

Then, we obtain

t l S . l l
qg < Ka/o (tji))_ads—i-MRbb[’Xl‘a+Rb|¢(0)’a+Ka/0 (bq_(i))ads}
ly (s) d

t
< MRbb(|x1!a+Rb|<p(0)la)+(1+MRbb)K“/o -9

where Ry, = sup{||R(1)|| : 1 € [0,5]} and ¢’ := Kq + qo With go := <Mb +KbRbH> 1|5,
lq’<s)

(-3 ds is nondecreasing on [0, D).
—

t
On the other hand we shall show that function g : ¢ — /
0

In fact, let 7;¢" € [0,b] such that 7 < ¢’. Then we have

4 l/(S) fl/(t—s)
q d — q d
/o (t—s)® g /o s% g
fl/(t’—s)
q
/o—s“ ds

t lq/(l‘/ — S)

< [ s =)

Dividing both sides by ¢ and noting that ¢’ = K}, +qo — +0 as g — +.

We have
MKab(xi]a+RoloO)la)  (1+MRsb)Ka 1o 1,,(s)
< + / 4 ads
q q 0 (b—ys)
and
1 o 1, 1 b L, /
fimint L [ ) e timine L [0 ) 44 ks

g=+e g Jo (b—s)* g=+e g Jo b(—s)* ¢
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It follows that

1< <1+MRbb>KaKbG

which gives contradiction. Consequently %" (B,) C B, for each ¢ > 0.

Step: 2 7 : Zg — Zg is continuous. In fact let % = J#| + %5, where

t

(A1) = [ Re—9)f(sF+T)ds

t
(J52) (1) = /O R(t — 5)Cu,(s)ds
Let (2"),>1 € Z with 2" — zin Z), there exists a number ¢ > 0 such that ||z"(¢)|| 5, < g for all
nanda.et €. So 7",z € B;. Using By equation (3.1),
2} + il 2, < ¢ fort € I. By (H3) — (i) we have f(t,2} +y;) = f(t,z: + 1) for eacht € [0,b].
And by (H3) — (ii) we have

1 (2,2 +y0) = (6,2 + 30| < 20y (2).

It follows that by dominated convergence theorem

(2") (1) = (A12) (1) < /Ot IAYR(t = $)[f (5,28 +3s) = £ (5,2 +35)]llds

K /b 1f (525 +3s) = (5,2 + 35
’ 0

= (b—s)°

—0asn— oo,

by dominated convergence theorem. Also we have

()0~ (AWl < [ ARl —5)Cluo(s) — )]s

ds —0asn— oo,

PUf(,28) — f(s,2)]]
< Ka/o ;

—5)

by dominated theorem and yield the continuity of .%5. Thus
((22") () = (A 2)(1)]a < |(H12")(1) = (H12) (1) o + | (H22") (1) — (H22) (1) e — O as n — oo

Hence ¥ is continuous on Zg.
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Step:3 The set {(.#)z(t) : z € Z)} is relatively compact for each t €]0,b]. Let t €]0,b]
be fixed and y > 0 be such that o < y < 1. Then it follows that

AN < [ AR $)Lf(55+5) + (o) s

IN

ds < o

MRbb(|xl|a+Rb|(P(0)|a) + (1 +MRbb)KY/ob (bl,—(s))

Then for 1 €]0, b] fixed, the set {AY(# )z(t) : z € Z)} is bounded in X. By (Ho) we deduce that
A7V : X — Xq is compact. It follows that the set {(#)z(t) : z € Z)} is relatively compact for
eacht €]0,b] in X.

Step:4: The set {(#)z(t) : z € Z)} is an equicontinuous family of functions. Let 71,7, € [0, 5]

such that 0 < 7j < 75 < b and set T = 7, + €.
(#2)(m) ~ (#2)(x)
— [ R E 5+ Culolds— [ R = 95450 + Culs)lds
= [ R0 ~RE =) E s+ [R5 E s
+ / (72— 5) — R(T1 — )] Ct (s)ds + / " R(52 = 5)Cu(s)ds
= [TRE+e -9~ R@@ - RES 55+ 5)ds
+/WR(T1 +&—5)f (5,2 +T0)ds+ [R(€) — 1] x /0 R(T1 —5)f(5,% + 53)ds
+ / (11 + & —5) = R(71 — )R(€)]Cu (5)ds
FIR(e)—1] /0 R(% — )Cuz(s)ds + / ITZR(‘L'Z — $)Cu(s)ds.
Using Proposition 2.7

H)(®) = (H2) ()
< M/ ([ S @ slds+ [ IRz e—s)7G+50)lads

+|ree) -1 /OTIA“R(Tl ) (5,5 +5)ds|

s [ [ - roy000) - [ RO 9s65.200],

}dc



CONTROLLABILITY RESULTS IN o-NORM...

Ti4€
HIRGE) 1 x [ Rz +e—E)CW ! [vi ~R(b)9(0)

—/ObR(b—s)f(s,Zs)dsudé + [/+8 R(zi+&—E)CW ! (x1 — R(b)p(0)

_ /0 bR(b—s) f(s,Zs>ds

J4

Thus we have

| 2) (1) — (H2)(T)|a < M/Oscgi/or1 lq/(S)dS—i-Koc/:l—i_e (ﬁ—l}—lfég‘y—)w)‘ds

+(R(E)=1) [ AR (=) (57450 s

+(/08‘£§) [MMb(|X1|a+Rb|(P(0)|a+K0‘/b Ll )]

0o (b—s)®
b ly(s)
HIRE) <11 < [MRb (1o + Byl 0(O)]a) + Ka [ 700
by (s)
3.2) +[MRbb(pqya+Rb\<p(o)|a+1<a/0 (b_s)ads}s.

On the other hand let ¢ €]0, 5] fixed and y > 0 such that @ < y < 1, we have

lq’(s)
(b—s)“ds

1A [ Rie ) fte.3+50as) <Ky [
Then for each # €]0, b] fixed the set
A7 [ RU=3)7(5+T0ds v € By},
is bounded in X. By (Hp), we can see that A~7 : X — X, is compact. Consquently
{ /OIR(t —5)f(s,z5s+ys)ds :x € By}
is relatively compact set in X. Then there exists a compact set I" in X such that

1
/ AR(t — ) (5,% + 5,)ds € T forx € B,
0

.

15
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On the other hand, by Banach-Steinhaus theorem, we have

H (R(g) _I) /OrlAaR(Tl —3)f(s,zs+ys)ds|| —0ase— 0.

By the continuity of (R(z));>0) in the operator-norm toplogy, the dominated convergence
theorem, we conclude that the right hand side of the above inequality 3.2 tends to zero and
independent of z as € — 0. Thus .# maps Zg into an equicontinuous family of functions.

The equicontinuities for the cases 7; < 7o <0 and 7; < 0 < 1, are obvious.

So from the above step 1 to step 4 and the Ascoli-Arzela theorem, we can conclude that 7 :
Zg — Zg is completely continuous. Hence by the Schauder fixed point theorem, .#” has at least
one fixed point z in B,. Then x = z+y is a fixed point of F in B, and thus Eq.(1.1) is controllable

onJ.

4. APPLICATION

For illustration, we propose to study the existence of solutions for the following model

(0 92 ! 92
Ez(t,x) = ﬁz(t,x) —/0 b(t—s)ﬁz(s,x)ds—FCu(t)

0 d
+te‘|f|/ g(e,az(t—i—e,x))de forr > 0andx € [0, 7
4.1) -

z(t,0) = z(¢t,m) =0fort >0

\ 2(0,x) = @(0)(x) for 6 €] —o0,0] and x € [0, 7],

where g : R~ x R — R is lipschitzian with respect to the second argument and b : RT — R is
an appropriate functions. To rewrite equation (4.1) in the abstract form, we introduce the space

X = L*(]0, 7];R) vanishing at 0 and 7, equipped with the L? norm that is to say for all x € X,

x| 2 = (/075 |X(S)|2ds>é.

Let A : X — X be defined by

D(A) = H*(0,7) NH} (0, 7)

Ay =—y".
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Then the spectrum o (A) of A equals to the point spectrum 6,,(A) and is given by
G(A)=0,(A)={-n*: n>1}

and the associated eigenfunctions (e,),>] are given by

en(s) = \/%sin(ns), s € [0, m].

Then the operator is computed by
=
Ay =) n*(y,en)en, y € D(A).
n=1
1 g 1. .
Foreachy € D(A2)={yeX: Z n(y,ey)e, € X}, the operator A2 is given by

n=1
T
Aty =Y n(y.en)en, y € D(A).
n=1
Lemma 4.1. [18] Ify € D(A%), then y is absolutely continuous, y' € X and
1
Iyl =1yl = llAzy]-

It is well known that —A is the generator of a compact analytic semigroup semigroup
(T(1))i>0 on X which is given by

o0
T(t)x = Z e_"zt(x, en)en, x€X.

n=1

1
Here we choose o = 5 Let ¥ > 0, we define the phase space

B=Cy={pcC(]—,0;;X): lim "®@(0)existin X},

0——co

with the norm
l@lly =€ sup||@(6)]], for @ € Cy
6<0

This space satisfies axioms (A1), (Az) and (A3z). The norm in % 1 is given by

16 7 16 (9 ?
9, = supabo(8)] =" sup | [ (5-(0)(0)() dx.
2 6<0 o<0 y JO 10X
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Let h(t) = ¢' fort € R™ and define ||¢||, by

0
\!w\\@haz/ h(s) sup |@(6)|ds.

—oo s<6<0

We define the functions f by
f(t,0)(&) :tet|/_ig(9,z(t+9,‘g’))d9 for & €[0,7] and 7 € [0,b].
and let B: D(A) — X be defined by
B(t)(y) = b(t)Ay fort >0

Fort > 0and & € [0, x], let us pose v(¢) = z(¢,&). Then
d 92

ey 9 o _
V(t)—a§Z(l,§), 8522(t7§) AV(Z)
and
tb o b( YAV( d
— B(t — .
/0 (r— )8§2Z / t—5)Av(s / (t—s)v(s)ds
Let us pose v(t) = z(t,x). Then equation (4.1) takes the following abstract form
:; ) = —Av(t +/ (t—s)v(s)ds+Cu(t)+ f(t,v;) fort > 0
4.2)
Vo=@ € ﬂ%

Now we assume the following hypothesis
(H4) The scalar function b(.) € L7 (0,0) satisfying b(1) = 1 +b*(A) #0 and Ab~' (1) € A
for A € A. Further b*(A) — 0 as |A| — +oo, for A € A and (b*(A))~! = o(|A|").

(Hs) there exists a function k € L' (R~,RT) such that for § <0 and x,y € R

1g(8,x) —g(0,y)] <k(0)|x—y|.

(Hg) e 2k € L2(R7).
Let C:U — X,U C [0, oo be linear operator defined for all x € X by

4 S
Cv(r) :/ e 2v(s)ds, fort € [0,D].
0
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Then using Holder inequality, we can see that [Cv(t)| < ||v[|;2(jo )& )» Which implies that B is a

bounded linear operator. Let the operator W : L?(J,U) — X be defined by
b
Wu :/ R(b —5)Cv(s)ds.
0
Assuming that W satisfies (H,). By Holder inegality and Lemma 4.1, we have
2 o [° d 2
IFeo = [ ke [ k@) 5 g(0)E)dePas
0 —o0 X
oo [T [° —ou6 2ue O 2
= te k(0)e HY 0(0)(&)do| d&
0 —oo ox
n 0 0
g2 [ / (o) eae) ([ 64“9‘;C(p(9)(<§)|2d9)d§
- - _ d
1 (6 4”9d9 2|t|/ / 4”9‘$(P(9)(§)|2d9)d§
/ kz(e)e*‘”‘ed@ tzefzm/ /_wez‘wez“e‘i(p(e)(&)‘sz)dé

/k2 —4“9d9)te2|f| ﬂsupe_zﬂe‘aax(p(e)(é)|2</ie_2“9d9)d§

0 6<0

T d
2 —4u9 2 -2l —2u6 2
2.“ / k=( d@)te zlépoe /0‘78x(p(9)(§)}d5

B 2 —4u0 2 =2t mil2
([ #e de)r g,

IN

IN

IN

IN

IN

IA

< g, then we have

sup [|£(z, @)l <|B(1)lg,

lell<q

WEre

N\'—

B(t) = [;ﬂ( K2(6)e —‘W’deﬂ ~* for € [0,b].

So f satisfies (H3)-(i) and (H3)-(ii)) with [,(¢) = |B(¢)|q. Moreover
P 14(1)

liminf | ——=dt = ||B]|;1 = 0 < Hoo.
q

q—+ J0

From (Hy) there exists an analytic resolvent operator for equation (4.2).
Theorem 4.2. Assume that (Hy)-(Hg) hold. If
(1 +MRbb)KaKb(7 <1,

then equation (4.2) is controllable on J.
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CONCLUSION

In this paper, we have shown the controllability of some partial functional integrodifferential
equation with infinite delay in Banach spaces by using Schauder’s fixed-point theorem . We
achieved this by assuming that the linear part generates a compact analytic semigroup and that
the delayed part is continuous with the respect to the fractional power of the generator.

The next challenge is to study the controllability of stochastic partial functional integrodiffer-
ential equation in the o- norm. It is well known that the stochastic modeling is crucial for many

fields such as physics, engineering, economics, and social sciences.
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