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Abstract. The seepage flow equation describes the movement of groundwater through porous media like soil and
rock and complexities arise when dealing with non-uniform soil conditions, unsaturated flow, or transient flow
situations. In this paper, we use the Adomian decomposition method to solve fractional derivatives seepage flow
equation in porous media in 1+ N dimension. We give a solution as function series and we prove the convergence
of the given series. Also, we give some properties of the fractional derivatives and the Adomian decomposition
method and highlight the advantages of fractional approaches over classical methods.
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1. INTRODUCTION

The concept of fractional derivatives has been introduced for the first time by Lacroix in
1819 but it gained significant attention in recent years due to its ability to model various physi-
cal and engineering phenomena more accurately than classical integer-order derivatives. These
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fractional order calculus appears in fields of diffusion phenomena, combustion process, vis-
coelasticity and geophysics. In addition, they have applications in electrochemistry, flow of
magnetic particles in blood and the formation of suspension in medicine [2, 21].

Since the fractional calculus extends the traditional differentiation and integration to non-integer
orders, this provides a new tool for describing memory and hereditary properties of materials
and processes, [14]. An important application of fractional derivatives is the study of diffusion,
viscoelasticity and fluid dynamics, [8, 15]. In the flow modeling domain, fractional derivatives
have been employed to enhance the understanding of seepage flow.

Seepage flow equations describe the process of liquid or gas slowly leaking or flowing through

small openings or porous materials. in this paper we will consider the following equation
1 N

(1) S =Y D%
Vo3

which refers to the flow of a fluid through a porous medium. The equation (1) simplifies the
problem by considering a specific interaction between water and the porous medium. And so,
the seepage flow equation is very important in designing dams, levees and other earthen struc-
tures in order to ensure stability and mainly prevent excessive water leakage. In the engineering
domain, the seepage flow equations are used in understanding soil consolidation and settlement.
The traditional models of seepage flow, based on integer-order derivatives, often fail to detect
anomalous transport behaviors in heterogeneous porous media. But by incorporating fractional
derivatives, these models can more better describe complex flow dynamics and help to clarify
long-range interactions, [4, 16]. The seepage flow equations appear in hydrogeology, petroleum
engineering, and environmental sciences [3]. They describe the movement of fluids through
porous media and the influencing groundwater management. They also govern oil recovery and
contaminant transport [24]. It is pointed out, in [25], that the inclusion of fractional derivatives
in the seepage flow equation provides a refined framework for analyzing non-Fickian trans-
port and anomalous diffusion patterns. These lead to more accurate predictions and improve
decision-making in practical applications [25].

The resolution of the seepage flow equation attract many researchers and has evolved through
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two approaches, analytical and numerical. Adding fractional derivatives to seepage flow equa-
tions has been extensively studied in order to find analytical solutions. In [12], the author
develop an approximate analytical solution for fractional derivatives seepage flow in porous
media in 2D using variational iteration method. Later, the same equation in 2D was studied in
[10] and, in [18], in 4D porous media by the Adomian decomposed method (ADM). In addi-
tion, in [26], the authors proposed a nonlinear model of water flux and hydraulic gradient using
fractional derivatives, offering an analytic solution that aligns closely with experimental data
for flow in low-permeability media. These studies collectively underscore the significance of
fractional derivatives in accurately modeling seepage flow across various spatial dimensions.
In this paper, we give an approximating analytical solution of the fractional derivatives seep-
age flow equation in (1 + N)D using (ADM) and highlight its methodology. More precisely, in
section 2 we give some definitions and results of fractional derivatives. Section 3 is devoted to
explain the methodology of the Adomian decomposition method. In section 4, the Analytical

solution of the seepage flow equation in higher dimension is given.

2. PRELIMINARIES

In this section, we give some definitions and properties of the fractional derivatives, for more
details we can refer to [6].

In 1819, Lacroix induce and define the fraction derivative of the function ¢ (&) = &P as

a ~ T(B+1)
D (P(C)—m

where 8 an « are fractional numbers and the function I is given by

ghe

@) r(B) = / Bledr.
0

Later, in 1832, Liouville set

3) D%ePS = p*ePe

as the extension to the natural derivative of the exponential function. When a function f has a

series expansion

F0) = Y ciePt,
=0



4 EA. FAISAL, H.O. ZOMAM, M. DAMMAK
Liouville define
(4) DUf(§) =Y cipelc.
i=0
The equation (4) is called the first formula of Liouville. In addition, he extend it to define the
fractional derivative of order a to the function g(&) = ¢ B, § > 0, for a positive fractional

number B, in the following way. From (2), we have

r(g)¢ P = /0 TeBle gy

Therefore, by setting u =t~ we obtain

) r(B)C P = /0 TP 1ol gy,

Hence,
rppeh - | CuBDY (Y du,
0

Then, from (3) we have

r(B)DeL B = /O CUP ()%

= (—l)a/ WPl gy,
0
As in the equation (5), we get
L(B)D*G P = (-1)*T(B+ )¢ P,

‘We deduce that

© D P = <—1>“—r(ﬁ(g>a) A

The equation (6) is called the second formula of Liouville.
In [5, 7, 12], we find an inverse of the Liouville’s derivatives, the Riemann-Liouville’s fractional
integrate for a function F given by

1

¢
IF(0) = frg |, (€0 F(0ar

Next, we use the fact that for ¢ > 0 and A > —1, we have

oard F()'+l) Ata
™ I"6 _F(/l+oc+1)C
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3. THE ADOMIAN DECOMPOSITION METHOD

The Adomian method was introduced for the first time, in [1], to solve Burgers’ equation
in (14 1) dimension. In this section, we will explain the methodology of the method in order
to investigate it in the next section and solve the seepage flow fractional partial differential
equation in (1 + n) dimension, n > 1. We can refer to [9, 19, 20, 23] to more details.

For a partial differential equation of the form

(8) N (u) = f,

we first decompose it in the form

9 L(u)+ A ) = f,

where .7 is the linear part of the operator .#". We suppose the .Z # 0. Let [ a term of the linear
operator .Z, the lower order derivative term for example, and denote /~! its inverse. So, the

equation (9) can be written as
(10) lu)+H(u)=f.

By using the initial and the boundary conditions of the given problem (8), the equation (10) is

simplified under the form

(11) u=nh—1"Y(H(u)).

Now, if we set

(12) u(8) =Y w(0),

the equation (11) gives

(13 Lul6) = A0 1" (H(L mlc).

If we have from the initial conditions that uo({) = (), we can determine the components

{ug }x>1 by the formula

(14) we=—1""(H(u_))
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4. ANALYTICAL SOLUTION OF THE SEEPAGE FLOW EQUATION

In this paragraph, we will solve the following fractional seepage flow equation

1du N 9%
15
() vor Lo
where v is a positive parameter, o € (0,1) and u = u(t,x) = u(t,x1,...,xy) a reel function

depending on (14 N) variables. If x = (x1,x2,...,xx5), we denote

x = (X1,X2,...,Xy) such that xj = xj for all j #iand X; = 0. We want to find a solution of the

equation (15) satisfying

N
(16) u(0,x) =1+ €
j=1
N o~
(17) u(t,x;) =e' + Z e'
j=1
N
(18) uo(t,x) :et—|—1+2exf'.
j=2
04
Let us choose [ = ij‘l =~ The equation (15) is equivalent to
1 n
(19) I(u) = ;Dtu —Y Dfu
i=2

The inverse of the operator / is given by (7) and so,

a 1 4 (04

u=uo+I (;Dtu — ZDxi”> .
i=2

Now, we set

X) - Z I/lk(t,X)

k=0

and for k > 0,

1

upt1(1,x) :Ix < Dyuy(t,x) ZDauk (t x))
i=2

More precisely,

N
up(t,x) =e +1+ Z e,
j=2

1
up(t,x) :le( Dyup(t,x) ZDau() (¢ x))

=2
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and so
o 1 t < X
uy (t,x) = I (—e — Ze ’>
v o =
Therefore, from (7) we get
1 x] t x? - X;
up(t,x) = — — ehi.
11,%) vIi(a+ )¢ T(atl) l_zé
I'ax+1

Now, since I{x{ = ﬁ 20 \we have

I x¢ X
t — IOC (_ 1 r_ 1
w6 =1 (S R a1 " Tla+1) &

1 x2(x x2(x n
— _ 1 e — 1 ZeXi~
vI(2a+1) FRa+1) 45

By recurrence, we have

n
1,x) =— ! o
) =3 Fka 11 Tka+ 1) Ze

We get
N
u(t,x):1+et+Zexf
j=2
0o xkOC 1 N
(20) +Y e (=Y e)
k;ll“(kowrl) v J:ZZ
That is,
I & xke
) =1+ (14 L)
ult,x) =1+ +vk;l"(koc+1)
(=] XIIC(X N
Q1) +< —) &
k;r(kaﬂ) J;

We remark that by taking o = 1, we find the exact solution

1 N
u(t,x) =1+ ;(v —1+eM)e + Z et
=2
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5. CONCLUSION

In this paper, we investigate the Adomian decomposition method (ADM) to solve the frac-
tional seepage flow partial differential equation in (1 4+ N) dimension, N > 1. This method
is very efficient and powerful analytical technique to solve linear and nonlinear differential
and fractional differential equations. The (ADM) is particularly useful for handling equations
where traditional numerical methods may be complex or inefficient. This method consists to
decompose the solution of a differential equation into an infinite series and determines each
term of the series without requiring linearization or perturbation. We can think to use it to inte-
gral equations and make some comparison with other numerical methods as transform Method
and variational iteration method [22] or use the (ADM) method for different type of fractional
differential equations as in [11] guiding with the important applications and uses of fractional

differential equations in real engineering field, [13].
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