Available online at http://scik.org
J. Math. Comput. Sci. 3 (2013), No. 3, 736-754
ISSN: 1927-5307

EXISTENCE AND UNIQUENESS OF COMMON FIXED POINTS
INVOLVING (¢, ) —-CONTRACTIVE CONDITION OF FOUR SELF
MAPPINGS IN CONE METRIC SPACES

MAHMOUD BOUSSELSAL'?* AND ABOUBACRY MAALOUM HMEID?

'ENS-Kouba, Dept. of Mathematics, 16050, Vieux-Kouba, Algiers (Algeria)
2Qassim University, College of Science, Dept. of Maths, P.O. Box: 6644, Bauraida, 51452, (KSA)

Abstract. The object of this paper is to prove the existence and the uniqueness of common fixed points
of four mappings, compatible in pairs, involving (p, ) - contractive condition in cone metric spaces.

These results generalize and extend some existing fixed point results in the literature.
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1. Introduction

Huang and Zhang [8] recently generalized the concept of metric spaces replacing the
set of real numbers by an ordered Banach space defining in this way a cone metric space.
These authors defined convergent and Cauchy sequences in the terms of interior points of
the underlying cone. They later proved some fixed point theorems for different contractive
mappings. Their results have been generalized and extended by different authors see

[1],[2], [3],[4],[5],[7],[8]. Alberd and Guerre-Delabriere [10] introduced the notion of the
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weak contraction. They proved the existence of fixed points for single-valued maps
satisfying weak contractive condition on Hilbert spaces.

2. Preliminaries
The weak contraction was defined as follows
Definition 2.1 A mapping 7 : X — X, where (X,d) is a metric space, is said to be

weakly contractive if

where 2,y € X and ¢ : [0,00) — [0,00) is continuous and nondecreasing function such
that ¢ (¢) =0 if and only if t =0
Definition 2.2 ([8]) Let E be a real Banach space and P be a subset of E. Then P is
called a cone if

(i) P is closed, nonempty and P # {0}

(i) a,b € Rya,b >0, and z,y € P imply azx + by € P.

(iii) z € P and —x € P imply x = 0.

Given a cone P C F, we define a partial ordering “<in ' by z<yify—x € P.

We write x < y to denote z < y and x # y and we write x < y to denote y — z € int
P, where int P stands for the interior of P.

In the following we suppose that F is a Banach space with cone P with int P # ¢ and
< is the partial ordering with respect to P.
Definition 2.3 ([8]) A cone P is called regular if every increasing sequence which is
bounded from above is convergent. A cone P is called regular if and only if every decreas-
ing sequence which is bounded from below is convergent.
Proposition 2.1 ([9]) Let P be a cone in a real Banach space E. If a € P and a < ka
for some k € [0,1), then a =0
Proposition 2.2 ( [9]) Let P be a cone in a real Banach space E.If a € E and a < ¢ for
all ¢ € intP, then a = 0.
Remark 2.1 (see [11]) We have A int P C int P for A > 0 and int P+int P C int P
Definition 2.4 ([8]) Let X be a nonempty set. Suppose that we are given a mapping
d: X x X — F that satisfies:
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(a) 0 < d(z,y) for all z,y € X, and d(z,y) =0 if and only if x =y

(b) d(z,y) = d(y,z) for all z,y € X

(c) d(z,y) < d(z,z) +d(z,y) for all z,y,z € X.

Then d is called a metric on X and (X, d) is called a cone metric space.
For examples of cone metric spaces, we refer the reader to [8].
Definition 2.5 ([8]) Let (X, d) be a cone metric space. Let {z,} be a sequence in X and
x € X. If for any ¢ € E with 0 < ¢ there is a positive integer N, such that for all n > N,
we have d(z,, ) < ¢, then the sequence {z,} is said to be converge to xz and z is called
the limit of {x,}. We write ,}1_{2096” =T Oor T, — T asn — oo.
Definition 2.6 ([7]) Let (X,d) be a cone metric space. Let {z,} be a sequence in X
and z € X. If for any ¢ € F with 0 < ¢ there is a positive integer V. such that for all
n,m > N, we have d(z,, z,,) < ¢, then the sequence {z,} is said to be a Cauchy sequence
in X.
Remark 2.2 Tt follows from the above definition that if {z3,} is a subsequence of a
Cauchy sequence {z,} in a cone metric space (X, d) and z9, — z then x,, — z.
Definition 2.6 ([8]) Let (X, d) be a cone metric space. If every Cauchy sequence in X is
convergent in X, then X is called a complete cone metric space.
Proposition 2.3 Let (X, d) be a cone metric space and P be a cone in a real Banach
space E. If u < v and v < w then u < w. Definition 2.7 ([2]) Let f and g be self maps
of aset X. If w= fz = gz, for some z € X, then w is called a point of coincidence of f
and g.
Definition 2.8 ([13]) Let X be any set. A pair of self maps (f,g) is said to be weakly
compatible if v € X and fu = gu imply gfu = fgu.
Definition 2.9 Let ¢ : P — P be a function.

(1) We say that v is strongly monotone increasing if for z,y € P, x < y <=
U (z) < (y)

(47) 1 is said to be continuous at xy € P if for any sequence {z,} in P, x, — 2o —

¥ (wn) = 1 (o) -



EXISTENCE AND UNIQUENESS OF COMMON FIXED POINTS 739

Proposition 2.3 ([2]) Let (f, g) be a pair of weakly compatible self maps of a set X. if
f and g have a unique point of coincidence w = fx = gx, then w is the unique common
fixed point of f and g¢.

Recently Choudhury and Metiya [4] have proved the following results
Lemma 2.1 ([4]): Let (X,d) be a cone metric space with regular cone P such that
d(z,y) € int P for all z,y € X, with z # y. Let ¢ : int P U {0} — int P U {0} be a
function with the following properties:

(i) ¢ (t) =0 if and only if t =0

(i1) ¢ (t) < t, for t € intP

(i7) either ¢ (t) < d(x,y) or d(z,y) < ¢(t), for t € int PU{0} and =,y € X.

Let {z,} be a sequence in X for which {d(x,,%,+1)} is monotonic decreasing. Then
{d(zp,xn11)} is convergent to either r = 0 or r € intP.
Theorem 2.1 ([5]) Let (X,d) be a cone metric space with regular cone P such that
d(xz,y) € int P for all z,y € X, with x # y. Let f,g: X — X be a mapping satisfying

the inequality

v(d(fz, fy) <v(d(fz,97)) — ¢ (d(fy,gy)) forall z,y € X.

where ¢ : P — P and ¢ : int PU {0} — int P U {0} are continuous functions satisfying
the following properties:

(1) o(t) =0=1(t) if and only if t =0

(17) p (t) < t, for t € intP

(23i) either ¢ (t) < d(z,y) or d(z,y) < p(t), for t € int PU{0} and =,y € X.

If f(X) C g(X) and g(X) is a complete subspace of X, Then f and g have a unique
point of coincidence in X. Moreover , if f and g are weakly compatible, then f and g have
a unique common fixed point in X.

Also they proved the following theorem:
Theorem 2.2 ([5]) : Let (X,d) be a cone metric space with regular cone P such that
d(z,y) € int P for all z,y € X, with x # y. Let f,g: X — X be a mapping satisfying
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the inequality

d(fz,g9r) +d(fy, gy)
2

6 (d(f2, f9)) < 0 ( ) o (d(gr.gy)) for all 2,y € X

where ¢ : P — P and ¢ : int PU{0} — int P U {0} are continuous functions with the
following properties:

(1) o(t) =0=1(t) if and only if t =0

(17) ¢ (t) < t, for t € intP

(137) either ¢ (t) < d(x,y) or d(z,y) < @ (t), for t € int PU{0} and z,y € X. Then T
has a unique fixed point in X.

If f(X) C g(X) and g(X) is a complete subspace of X, Then f and ¢ have a unique
point of coincidence in X. Moreover, if f and g are weakly compatible, then f and g have
a unique common fixed point in X.

3. Main Results
Theorem 3.1 Let (X, d) be a cone metric space with regular cone P, such that d(z,y) €
int P forall z,y € X, with z #y. Let A, B,S and T : X — X be four maps satisfying

(1) AX)CT(X) and B(X)CS(X)
and the inequality

(2) P(d(Az, By)) < (0(z,y)) — ¢(0(z,y)) for all z,y € X

where ¢ : P — P and ¢ : int PU {0} — int P U {0} are continuous functions with the
following properties:

() v is strongly monotonic increasing

(17) @ (t) =(t) =0 if and only if t =0

(i13) Y (t1 + t2) < (t1) + 9 (t2) for all t4,t, € P

and

O(z,y) = M(Azx,Sx)+ ud(By,Ty) + 6d(Sx,Ty)
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for some A, p,0 €]0,1[ and A + p+ d < 1. If one of A(X), B(X), T(X) or S(X) is a
complete subspace of X and the pairs (A, S) and (B, T) are weakly compatible, then A,
B, S and T have a unique common fixed point in X.

Proof. Given 2y € X, from (1), we define the sequence {z,} recursively as follows:

Ax?n = T$2n+1 = Yon

(3) foralln € N

B-’E2n+1 = S$2n+2 = Yon+1

First, we claim that if there exists ng € N such that

(4) 0(22n, T2n—1) =0 then Yo, = Yo 1
By taking z = x9, and y = x9,_; in (3), we get
0 = O(zan, Ton—1) = Ad(Axap, Sxay,)
+pud(Broy_1, Txon_1) + 0d(Sxen, Txon_1)
Using (3) again, we obtain
0 = 0(an, T2n-1) = Ad(Yan, Y2n-1)
+ud(Yon—1, Yon—2) + 6d(Yan—1, Yon—2)

then since A > 0, we have

d(y2na y2n—1) = _i (:u + 5) d(y2n—1a y2n—2)) epPn (_P) = {O}

thus
(5) Yon = Yon—1

Now, we claim that if (5) is true, then ya, = y2,+1. By taking x = x, and y = x9,41 in

(3), we get

Q(Z‘Qm $2n+1) = )\d(AﬂUQm SI2n)

+pud(Brop i1, Txont1) + 0d(Sxon, Txoni1)
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Using (3), we obtain
(6) 9($2m 372n+1) = )\d(?hmym—ﬁ
+ud(Yon+1, Yon) + 0d(Yon—1, Yon)

it follows from (6) that

(7) 9($2n, I2n+1) = Md(y2m an+1)

and from (7), since 0 < u < 1, we have

(8) 9($2n, Tont1) < A(Yan, Yont1)

Since 1) is monotone nondecreasing, therefore from (2), we have

V(0(zon, Tont1)) < (d(Y2n, Yont1))
= Y(d(Avz, Brony1))

S w(d(y2na y2n+l>) - @(Md(y%w y2n+1))

Hence by, we get
(pd(Y2n; Yani1)) =0

then from the property of ¢ we get ud(yan, Yon+1) = 0 and we have ya, = ya,41. Continuing

in this way, we can conclude that
9) Yn = Ynir for allrT €N

Thus the sequence {y,} is a Cauchy sequence.

From now on, we suppose that
(10) H(ZL‘Zn;an—&-l) >0 allneN

Setting

(11) dn = d(?/nayn-i-l)
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By taking = = x9, and y = 3,41 in (3) again, we get
0(xon, Tont1) = Ad(Aay, Swap)
+ud(Bzonyt, Tronyr) + 0d(STan, Txoni1)
therefore by (3), we obtain
(12) 0(22n, Tont1) = Ad(Yon, Y2n—1)

+,Ud(y2n+17 an) + 5d(y2n—17 an)

= >\d2n—1 + ,ud2n + (SdQn—l
Hence, we have

(13) O(zan, Tont1) < Adap—1 + pdon, + ddon—1

< (A+9)don—1 + pday,
Now, we claim that
(14) dop < dap
Suppose (14) is not true, that is, there exists [ € N such that
(15) dy—1 > dy
then from (15) and from (13), we have
(16) O(zor, wo111) < (A+ 0+ p)dy—1 < dgy
then, from (13),(15), (16) and the property of v, it follows
Y (da) < ¥ (dy-1)

< Y (0(xar, x2-1)) — @ (0(xar, x21-1))

< Y (da-1) — o (0(z2, T21-1))
Using the property of ¢, we obtain ¢ (0(zy, z9—1)) = 0, which implies that

O(zay, x9-1) =0
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which is a contradiction with (10). Continuing in this way, we can conclude that
(17) dpi1 <d, forall neN

Hence the sequence {d,} is a nondecreasing sequence. Since the cone P is regular and
d, > 0, there exists d € P such that d,, — d as n — oo . We shall prove that d = 0. It
follows from (13) and (14) that

(18) 0(22n, Tont1) < (A+0+ @) dop—1 < don1
and
(19) d (Al’Qm Bxanl) = dap—1

Using (2), (18), (19) and the property of ¢, we get

(20) (0 (dQn—1> < (d2n—1) - ¢ (9($2n, $2n—1))

Letting n — oo in (20), using (12) and the continuity of ¢ and 1 we obtain

U(d) <P (d) —o((A+0+p)d)
using the property of ¢, we get (A + 9 4+ p) d = 0. Therefore d = 0 and we have

(21) limd, = lim d (yn, Yns1) =0
n—oo

n—oo

We shall prove that the sequence {y,} is a Cauchy sequence. It is enough to show that
{yan} is a Cauchy sequence. On contrary, suppose that {y2,} is not a Cauchy sequence,
then there exists ¢ € E,c¢ > 0 and monotone increasing sequences of natural numbers

{om, } and {2, } such that ny > my

(22) d <y2mk, y%k> >c

and

(23) d (ygmk, yznk—2> <c
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Combining (22) and (23) and using triangular inequality, we obtain

(24> c S d (y2mk’ ank>
S d (mek7 ank _2> + d <y2nk7 ank_:l) + d (ank_l’ ank>

< c+ d2”k_2 + dan,1

Letting k — oo in (24) and using (21) we get

(25) kli)llg.lod <y27nk7 y?nk> =cC

Now,

(26> d (yka7 y2nk+1> S d (ank+17 yan> + d < y2nk7 y2mk>
and

(27> —d <y2nk+17 y2nk> +d < Yan,, s mek> <d <y2mk7 y2nk+1>

hence, combining (26) and (27), we obtain
(28) —d, +d ( Y, yzmk> < d (yzmk, yk+)
< d, +d ( Yo, s yzmk)

Letting k — oo in (28) and using (25) and (22) we get

c S kll)l;}d <y27nk7 yan+1> S C
Thus
(29> kll_}I(I)lod <y2mk7 y2nk+l) =c
With the same way as in (26), (27) and (28) we get
(30> k;h—g.lod <y2nk7 y2mk+1) =c

and

(31) /}erolod (ank-i-la y2mk+1> =cC
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Now by (2) and (3) we have

(32) @b(d(Aifzmk, B$2nk+1)) = ¢(d(y2mkv ank—i—l))

IN

¢(9(l’zmka $2nk+1)) - 90(9(9€2mk, $2nk+1))

(33) 0(x2mk7 $2nk+1) = X (yzmk7 y2mk—1) + Md (ymk? y2nk_1)
(34) +5d (anka mek—l)

= >\d2mk_1 + ,udan_l +dd (anka y2mk_1)
Letting k — oo in (33) and using (29), (30) and (31) we obtain

lim e(l’gmk, $2nk+1> =dc
k—o0

Combining (32), (33) and the property of ¢ and 1) we obtain

¥(e) < ¥ (dc) — ¢ (dc)
< ¢ (c) = (dc)
thus ¢ (dc) = 0, since § > 0, then from the property of ¢ , it follows that ¢ = 0, which

is a contradiction with the fact that ¢ > 0. Hence {y2,} is a Cauchy sequence. Letting

n — oo and m — oo In

1 (Y201, Y2m+1) = d (Y2n, Yom) | < lld2nll + lldoml|

we get  lim d (yons1,Yoms1) = 0. Hence {yo,41} is a Cauchy sequence. Thus {y,} is a
,1M—00

Cauchy sequence and we have

(35) lim  d (Y, Ym) = 0.

n,Mm—00

Case 1. S (X) is complete. Since {ya,+1} is a Cauchy sequence in a complete metric

space (S (X),d), therefore there exists u € X such that z = S(u) € S (X). Since {y,} is



EXISTENCE AND UNIQUENESS OF COMMON FIXED POINTS 747

a Cauchy sequence in (X, d) and ys,1 — 2, it follows that ys, — z. Now,

(36) d(Au, Su) < d(Au, Bxoyi1) + d(Bront1,Su)

= d(Au, Brany1) + d(Yani1,5u)
using (3) with z = u and y = x9,,1. we have

(37) H(U, $2n+1> = /\d(AU, SU) + /Ld(BIQn+1, T$2n+1) + 5d(Su, TI2n+1)

(38) = )\d(AU, SU) + ud<y2n+17 y?n) + 5d(sua an)
using (36), (37) and the property of ¢, we get

B(d(Au, Su) < (d(Au, Brssr) + d(yansn, Su)

IN

(0w, 22n11)) + Y (d(Y2nt1,51)) — 0(0(u, T2041))
= w()\d(A’U, SU) + :ud<y2n+17 an) + 5d(SU, y?n)

D(d(Yani1,5u)) = (0(u, Tant1)).

As y9, — Su = z and yo,.1 — Su = z, letting n — oo and since ¢ and v are

continuous, we get
U(d(Au, Su)) < P(d(Au, Su)) — o(Ad(Au, Su))

thus @(Ad(Au, Su)) = 0 and we get Au = Su. Thus Au = Su = z. Therefore z is a point
of coincidence of the pair (A, S). Since (A, S) is weakly compatible, Az = Sz.
Step 2. As A(X) C T(X), there exists v € X such that z = Au = Tv. So

(39) z=Au=Su="Tv
Taking © = u and y = v in (3) we have

0 (u,v)) = Md(Au, Su) + pd(Bv, Tv)

+6d(Su, Tv)
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using (39) we have
0(z,v) = pd(z, Bv)

< d(z,Bv)
using (2) and the property of 1 we get

¥ (d(z, Bv)) <4 (d(z, Bv)) — ¢ (ud(z, Bv))

Hence ¢ (nd(z, Bv)) = 0 and d(z, Bv) = 0, thus z = Bv. As the pair (B,T) is weak
compatible we get Bz = T'z. Taking x = z, y = z in (3) and using Az = Sz, Bz = Tz we
get

0(z,2) = Md(Az, Sz)+ pd(Bz,Tz)+0d(Sz,Tz)
< 6d(Az,Bz)

< d(Az,Bz)
using (2), we obtain
¥ (d(Az, B2)) < v (d(Az, B2)) — p (6d(Az, B2))

Hence ¢ (0d(Az,Bz)) = 0 and d(Az, Bz) = 0, thus Az = Bz and we have Az = Bv
=z =Tz. Thus z is a point of coincidence of the four self maps A, B, S and T

Case 2. T (X) is complete. The proof of this case is similar to case 1.

Case 3. A(X) is complete. {ya, = Ax,} is a Cauchy sequence in A (X) which is
complete. Hence yo, — 2z = Aw for some w € X. As A(X) C T(X) there exists p € X
such that z = Aw = Tp. It follows from case 2 that Az = Bz = Tz = Sz. Thus also in
this case, the maps A, B, S and T have a common point of coincidence.

Case 4. B (X) is complete. The proof of this case is similar to case 3.

Step 3. We have z = Bz = Sz. Let Au = Su be another point of coincidence of the
pair (A4,S). Now

d(z,Au) < d(z, Bxony1) + d(Bxoyi1, Au)

< d(z,y2n+1) + d(Y2nt1, Au)
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Taking * = u and y = x9,,; in (3) we get

0 (u, xop+1) = M(Au, Su) + pd(Bxani1, Txoni1) + 0d(Su, Txopi1)

d(z,Au) < d(z,y2n+1) + Md(Au, Su) + pd(Bxani1, TTon11)
+d(Su, Twopy1)
< d(2,Y2n41) + pday + 6d(Au, yani1)
letting n — oo, we get
d(z,Au) < 0d(Au,z2)
< d(Au,2)
using (2) and the property of ¢ we get

which implies that ¢ (0d(z, Au)) = 0 and d(z, Au) = 0, so z = Au. Hence the point of
coincidence of (A, S) is unique. As the pair (A, .S) is weakly compatible by proposition
14, z is the unique common fixed point of A, S. Hence z = Az = Bz =Tz = Sz is the

unique common fixed point of A, B,T and S.

Taking T'= S in Theorem 20 we have the following corollary for three self mappings.
Corollary 3.1 Let (X, d) be a cone metric space with regular cone P, such that d(z,y) €
int P for all z,y € X, with x # y. Let A, B and T : X — X be self mappings on X
satisfying
(40) AX)UB(X)CS(X)

and the inequality

(41) P(d(Az, By)) < ¢(0(x,y)) — ¢(0(z,y)) for all z,y € X

where o, : int PU{0} — int PU{0} are continuous and monotone increasing functions

with:
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(1) ¢(t) =(t) =0if and only if £ =0
(1) ¢ (T +t2) < ¥ (t1) + 4 (L2)

where
O(z,y) = Nd(Az,Sz)+ pd(By, Sy) + dd(Sz, Sy)

for some A, i, 0 €]0, 1] with A+ p+ 9 < 1. If one of S(X) or A (X)U B(X) is a complete
subspace of X and the pairs (A, S) and (B, S) are weakly compatible, then A, B and S
have a unique common fixed point in X.

Proof. The case in which A (X) U B (X) is complete follows from the cases in which
A(X) or B(X) is complete. For these we have y,, = Axs, — 2z € A(X) and ys, =
Az, — z € B(X) are discussed above in Cases 3 and 4 respectively.

Taking B = A and T'= S in Theorem 20 we obtain

Corollary 3.2 Let (X, d) be a cone metric space with regular cone P, such that d(z,y) €
int P forall z,y € X, with x # y. Let Aand S : X — X be self mappings on X satisfying

(42) A(X)CS(X)
and the inequality

(43) Y(d(Az, Ay)) < (0(z,y)) — 0(0(x,y)) for all 2,y € X

where ¢, : int PU{0} — int PU{0} are continuous and monotone increasing functions
with

(i) ¢ (t) =¢(t) =0if and only if t =0

(4) ¥ (t1 +t2) <9 (t1) + ¢ (t2) where

O(z,y) = M(Az,Sz)+ pd(Ay, Sy) + 0d(Sz, Sy)

for some A, p1, 9 €]0, 1[ with A+ p+d < 1. If one of S(X) or A (X) is a complete subspace
of X and the pairs (A, 5) is weakly compatible, then A and S have a unique common
fixed point in X.

4 Application.
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In this section we define a concept of integral with respect to a cone see ([12]) and

introduce the Branciari’s result in cone metric spaces.

Definition 4.1 ([12]) Suppose that P is a normal cone in E. We define

(44) [a,b] = {x € E:x=tb+ (1 —t)a, for some a,b € E and t € [0, 1]

la,b] = {x € E:x=tb+ (1 —t)a, for some a,b € F and t €0,1]

Definition 4.2 ([12]) The set {a = xo, x1, 22, - x, = b} is called a partition for [a, b] if
and only if the sets {[x;_1 z;|}, are pairwise disjoint and [a, b] = {[z;—1 2]}, U {b}.
Definition 4.3 ([12]) For each partition @) of [a,b] and each increasing function ¢ :

la,b] — P, we define cone lower summation and cone upper summation as

n—1

(45) Li™(6,Q) = Y i) o = zinl]
1=0

n—1

UP™(6,Q) = Y d(wier) |2 — wi|

=0
respectively.
Definition 4.4 ([12]) Suppose that P is a normal cone in E.¢ : [a,b] — P is called

an integrable function on [a,b] with respect to cone P or to simplicity, Cone integrable

function, if and only if for all partition @ of [a, 0]

(46) lim L& (¢, Q) = S = lim US"(¢, Q)
n—oo n—oo
where S€°™ must be unique.

We denote the common value S by

b b
(47) / ¢(x)d,(x) or to simplicity by / od,,.

We denote the set of all cone integrable function ¢ : [a,b] — P by L'(X, P).
Lemma 4.1 ([12]) 1— If [a, b] C [a, c], then fab fdp < [¥ fdp, for f € L*(X, P).
2— f;(af—i—ﬂg)dp = af; fd, —|—ﬁf;gdp, for f,g € L'(X, P) and o, 8 € R.
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Definition 4.5 ([12]) The function ¢ : P — E is called sub-additive cone integrable

function if and only if for a,b € P

/Oa+b s < /Oa s+ /Ob "

Example 4.1 Let £ = X =R, d(z,y) = |z —y|,P = [0,00), and ¢(t) = #t for all t > 0.

Then for all a,b € P, [’ t5dt = In(a+b+1), [} {5dt =In(a+1), [; {5dt = In(b+1).

Since ab > 0, then a +b+ 1 < a+ b+ 1+ ab. Therefore
In(a+b+1) <Iln(a+1) +1In(b+1)

This shows that ¢ is an example of sub-additive cone integrable function.

Set Y = {f: P — P, fis a non-vanishing map and a sub-additive cone integrable in
each [a,b] C P such that for each V e > 0, [; fd, > 0}.
Theorem 4.1 Let (X, d) be a cone metric space with regular cone P, such that d(x,y) €
int P forall z,y € X, with z #y. Let A, B,S and T : X — X be four maps satisfying

(48) AX)CT(X) and B(X)CS(X)

and the inequality
¥(d(Ax,By)) P(O0(z,y)) e(0(z.y))
(49) / Xd, < / xd, — / xd, for all z,y € X and for y € Y
0 0 0

where ¢ : P — P and ¢ : int PU{0} — int P U {0} are continuous functions with the
following properties:

() v increasing

(i1) ¢ (t) =9(t) =0 if and only if £ =0

(i13) Y (t1 +t2) < (t1) + 9 (t2) for all t1,t, € P

and
O(z,y) = M(Az,Sz)+ pd(By,Ty) + 0d(Sz, Ty)

for some A, p,0 €]0,1[ and A + p+ d < 1. If one of A(X), B(X), T(X) or S(X) is a
complete subspace of X and the pairs (A, .S) and (B,T) are weakly compatible, then A,

B, S and T have a unique common fixed point in X.
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Proof. Setting A (z) = [ xd,, then (49) gives

A (p(d(Az, By))) < A((0(x,y))) — A(e(0(2,y)) )

which further can be written

[y (d(Az, By) < T1(0(z,y)) — Ta((6(2, y))

where I'y = Ao and I'y = A o p. Hence by Theorem 20, we have the desired result.
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