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Abstract. In this paper we introduce a new labeling called fuzzy grade L-cordial labeling of graphs. The results
of our investigation concerning fuzzy grade L-cordial labeling of star, bistar, path, cycle, complete, wheel and
K> + mK graphs for certain grade are presented.
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1. INTRODUCTION

In this paper we consider a finite, simple and undirected connected graph. The number of ver-
tices of a graph G is called the order of G and it is denoted by p. The number of edges of a graph
G i1s called the size of G and it is denoted by g. The first research paper on graph theory was
published by Leonhard Euler. The concept of graph labeling was introduced by Rosa [14]. At-
tention was focused upon graceful related labeling of certain graphs in [2, 3, 18]. For a detailed
survey on graph labeling, we refer the book of Gallian [6]. Lucky edge labeling of new graphs
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was discussed by Nagarajan and G. Priyadharsini in [11]. The central theme in [10] was the
examination of square difference labeling of some special graphs. The notion of cordial label-
ing was first introduced by Cahit [S]. Abdel et. al [1] carried out a study on certain varieties of
equivalent cordial labeling of graphs. Vector basis (1,1,1,1),(1,1,1,0),(1,1,0,0),(1,0,0,0)-cordial
labeling was discussed in [12] in respect of generalized friendship graph, tadpole graph and
gear graph. Cordial related labeling was studied in [4, 13, 16, 17] by considering various types
of graphs. For the general terminology and standard notations of graphs, we follow Harary [9],
Klir and Folger [8] and Klir and Yuan [7].

In the recent times, new techniques are developed for the labeling of the vertices and edges of
a graph. In this paper we provide a new labeling technique by using a fuzzy grade set. The
concept of fuzzy set was introduced by Zadeh [19] in the year 1965. It finds applications in sev-
eral diversified areas such as decision making, pattern recognition, image processing, anti-skid
braking system, transmission system, etc. A fuzzy set is a pair (X, ) where X is a universal set
and i : X — [0, 1] is a membership function taking values on a closed, real interval. Motivated
by the pioneering work of Zadeh, we introduce a new graph labeling method employing a grade
set of fuzzy set and investigate some graphs such as star, bistar, path, cycle, complete, wheel

and K; +mK for this labeling technique.

2. FUzZzY GRADE L-CORDIAL GRAPHS

Definition 2.1. Let G = (V,E) be a graph. Choose a set L C [0,1]. L is called a grade set.
Define f :V(G) — L. For each edge uv of G, assign the grade f(u)+ f(v) if f(u)+ f(v) <1
and (f(u)+ f(v)) — Lif f(u)+ f(v) > 1. An edge of G with grade greater than or equal to %
is called the satisfactory edge and the number of satisfactory edges is denoted by ‘¥ r;. An edge
with grade less than % is called the unsatisfactory edge and the number of unsatisfactory edges
is denoted by ¥ s,,5. Then f is called a fuzzy grade L-cordial labeling of G if |Vi(f) —V;(f)| < 1,
where i, j € L. Vi(f) denotes the number of vertices with grade x and |¥ s — ¥ y,5| < 1. A graph
G which admits a fuzzy grade L-cordial labeling is called a fuzzy grade L-cordial graph.

Remark 2.2. A unit fraction is of the form % where n is a natural number. Using unit fractions,

we construct an example presented below.
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Example 2.3. A fuzzy grade {1, %, %, %, %}-cora’ial labeling is given in Figure 1.

1/4 1 1/3
15 12
Figure 1

Here Vi(f) =1,V (f) = LVi(f) = LVi(f) = Land V (f) = 1.
On computation, we obtain ¥ sy = 2 and ¥ r,; = 3. Hence the above graph G is a fuzzy grade

L={l, %, %, }1, %}—cordial graph.

3. FuzzY GRADE L = {1,%,%,...,%}

Consider the fuzzy grade L = {1, %, %, e % , where p is the order of G. With respect to the

grade set L, we establish certain results below.
Theorem 3.1. The star K, ,, is a fuzzy grade L-Cordial if and only if n <5.

Proof. Let K , be the star graph. Let V(Kj,) = {u,u; | 1 <i<n} and E(K;,) = {uu; | 1 <
i <n}. Then K , has n+ 1 vertices and n edges.
Case (i): n <5

A fuzzy grade {1 Ll n—}rl}—cordial labeling of K , is given in the following Table 1.

N
nilu|u |uy | uz|ug | us
1)1
JRE
NRNE
s[4 []4]
sl [l
Table 1

Case (ii): n > 6

Suppose f is a fuzzy grade {1, %, %, ceey ﬁ}-cordial labeling for K ,.
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When f(u) =1, we have Wy, = 1 and Wyys = n — 1.

Hence ¥y — W rus| = |2 —n| > 1 since n > 6.

When f(u) = %, we get Wy =nand W,y = 0.

Therefore |‘Pfs — Wiy = |n| > 1.

When f(u) = 3, we obtain Wy, =4 and Wy, =n—4.

So [y —‘Pfus| =|8—n|>1.

When f(u) = %, we have Wy, =2 and Wy =n—2.

Consequently |¥ s — W fus| = [4—n| > 1.

Now

1 n 1 < 1 N m+n < 1

m n 2 mn 2
(1) & 2(m+n) <
From (1), it follows that the sum of any two numbers in the set {1 1 5, ]l)} is always < %
Therefore W,; > n = 3, which is a contradiction. Hence the theorem. O
Theorem 3.2. The Bistar graph B, ,, is fuzzy grade {1, 5, é, o ﬁ}—com’ialfor all n.

Proof. Let B,, be a bistar graph. Let V(B,,) = {u,v,u;,vi | 1 <i <n} and E(B,,) =
{wv,uu;,vv; | 1 <i <n}. Then B, , has 2n + 2 vertices and 2n + 1 edges.

Assign the grade % and ﬁ to the vertices u and v respectively. Next assign the

grade ﬁ’%v“-’n_}rz to the vertices vy,vy,...,v, respectively. Finally assign the grade

111

Y3 Ay +1 to the vertices uy,ua, . .., uy, respectively. Then ¥ sy =n+1 and W ,; = n. There-

fore f is a fuzzy grade {1, é, é, . m}-cordial labeling of By, ;. 0

Theorem 3.3. The path P, is fuzzy grade {1, %, %, - %}—cordial if and only if n < 10.

Proof. Let P, be the path uy,us, ..., u,
Case (i): n <10

A fuzzy grade {1, é, é, 1 ,  }-cordial labeling of P, is given in the following Table 2.
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nolup | uy | us | ug|us | us | uy | ug|ug | uip
1|1
1
2 (14
1 1
31313
1 | 1 |1
411130132
1 |1 ] 1] 1
S| s |g]3]|3
1 |1 (111
61 lls|3]3|3]s
1 (1| 1| 1] 111
7111765323
1| 1] 1 (1 (1] 111
811176253438
1 (1 (1 (11| 1] 1]1
O lllal8|a|3|5]|6]7]3
1 | 11|11 1| 1]17] 1
0/ 1131833 ]5|6|7|9]|10
Table 2

Case (ii): n > 10

Suppose f is a fuzzy grade {1, %, %, e %}—cordial labeling for P,.

It is seen that the maximum number of satisfactory edges contributed from vertex grade % is
2. Subsequently the maximum number of satisfactory edges contributed from vertex grade %
is 2 (since the possible options are %—i— %, %—l—% and %—i— %). As in Theorem 3.1. the sum
of any numbers in the set {%, %, e, %} is always less than % Hence the maximum number
of satisfactory edges is 4. That is Wy, = 4. Next we note that the maximum number of un-
satisfactory edges in the path P, is (n —1) —4 =n—5. That is Wy, = n—35. Therefore
Wrs —Wrus| = 14— (n—5)] = |1 —n| > 1 (since n > 10), which is a contradiction. Hence

the theorem. O

Theorem 3.4. The cycle C, is fuzzy grade {1, %, %, e %}—cordial if and only if n <9.

Proof. Let C, be the cycle ujuy...u,u;. The cycles C,, n = 3,5,6,7,8,9 are fuzzy grade
{1, %, %, e, %}—cordial as in Theorem 3.3. It is seen that Cy is fuzzy grade {1, %, %, }l}—cordial

as indicated by Figure 2.
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1 1/3
1/4 1/2
Figure 2

Next assume that n > 9. As in Theorem 3.3, we have Wy =4 and Wy, = n—4.
Therefore |W p— W 5| = [4 — (n—4)| = [8 —n| > 1 (since n > 9), which leads to a contradiction.

Hence the theorem. [
Theorem 3.5. The complete graph K,, is fuzzy grade {1, %, %, e, }l}-com’ial if and only if n < 3.

Proof. Clearly K| is a fuzzy grade {1}-cordial graph, K> is a fuzzy grade {1, %}—cordial graph

by Theorem 3.3. and K3 is a fuzzy grade {1, %, %}—cordial graph by Theorem 3.4. Next assume
that n > 3. The edges with vertex have grade 1 contribute one satisfactory edge. An edge for
which one vertex has grade % and the grade of another vertex is not equal to 1 contributes n — 2
satisfactory edges. An edge with one vertex having grade % and the other vertex having a grade
not equal to 1 or % contributes 3 satisfactory edges, the possible options being % + }P % + % and
% + é. We see that the edges with grades {%, %, ceey %} are unsatisfactory edges. Consequently

wehave Wy, =14+n—-24+3=n+2and Wy, = (g) — (n+2). Therefore

n
Wy —Wpus| = |n+2— (2) + (n—l—Z)‘

nn—1)

— g0/

n-+ > ‘
B dn+8—n?+n
N 2
5n—n*+8 .
== >1 (sincen > 3)
This leads to a contradiction. Hence the theorem. O

1

Theorem 3.6. The graph K, + mK; is fuzzy grade {l,%, %, S/

}-cordial for all m.
Proof. Let V(K,) = {u,v} and V(mK;) = {wi,w2,...,wu}. Assign the grade 3,1 respec-

tively to the vertices u,v and then assign the grade %, le ey m+r2} to the remaining vertices
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Wi1,W2,...,Wy,. On compuation we get m + 1 satisfactory edges and m unsatisfactory edges.

Therefore |¥ry — ¥ r,s| = 1. Hence the theorem. O

Theorem 3.7. The wheel graph W, is a fuzzy grade {1,%7%7...,ﬁ}—c0rdial if and only if

n #+ 3.

Proof. Let W,, = C, + K. Let C, be the cycle ujuy...uyu; and V(K;) = {u}. Since W3 =
C3 + K| ~ Ky, the result is following from Theorem 3.5.

Case (i): n=4,5

111

Clearly W; is a fuzzy grade {1,7, 3, 7 }-cordial from the figure 3 and Ws is a fuzzy grade

{1, %, %, %, %}—cordial graphs from the figure 4.

1/6

1/5 173
172 ‘ 1 1/4

Figure 3 Figure 4

173

Case (ii): n > 6
1 . 1 .
Assume the grade 5 to the vertex u. Next assign the grade P B TEeT Py PO SRUPR respectively

to the remaining vertices uy,uy, ..., u,. Clearly W s, = ¥ ,; = n. Hence the theorem. [

4. FuzzY GRADE L = {1}

Observation 4.1. There do not exist fuzzy grade {1}-cordial graphs other than K (Since ¥ r; =
q and ‘¥ y,5 = 0).

5. Fuzzy GRADE L= {1,3
Observation 5.1. There do not exist fuzzy grade {1, %}-com’ial graphs except Ky and K.

6. Fuzzy GRADEL={1,},1
Theorem 6.1. The star K, is fuzzy grade {1,%,%

{1,2,3,4,5,6,7,9}.

Y-cordial if and only if n €
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Proof. Let Kj ,, be the star graph. Let V(K ,) = {u,u; | 1 <i<n}and E(K;,) = {uu; | 1 <i<

n}. Then Kj , has n+ 1 vertices and n edges. A fuzzy grade {1

ne{1,2,3,4,5,6,7,9} is given in the Table 3.

1

19293

11_cordial labeling of K,

Assume thatn > 7 and n # 9.
Case (i): n=0 (mod 3)
Letn=3t,t>0.

Subcase (i): f(u) =1

ni|ui|uy Uy | U3 | Uq | Us | Ug | U7 | UY | U9

1)1

2115 |%

315053

MEIREEA AR

ST ]503]5]5

6|15 5| 1]5|5]|53

JEEnnAnne

nnnannnnne
Table 3

When Vi (f) =t, V% (f)=tand V% (f) =t,then ¥y, =2t and W, =1. Therefore | ¥ rs — W5 =

|t| > 1.
Subcase (ii): f(u) = 1

When V| (f) =t, V% (f)=tand V% (f) =t,then Wy, =2t and W, =1. Therefore |¥ rs — Wy, =

|t| > 1.

Case (ii): n=1 (mod 3)
Letn=3t+1,1>2.
Subcase (i): f(u) =1

When V,(f) =1, V%(f):t-l-l andV%(f):t—i—l,then‘Pfs:t—l-i-t—i-l:Zt and Wy, =141,

Therefore |Wps —Wrus| =2t —(t+1)[ =t —1] > L.

When Vi(f) =t+1, V%(f) =t and V%(f) =t+1, then Wyy =1+t =2t and Wy, =1+ 1.

Therefore |Wps —Wyu| =2t —(t+1)[ =t —1] > 1.
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When Vi (f) :H—I,V%(f) =t+1 andV%(f) =t, then Wy, =t+t+1=2t+1and Ppus =1.
Therefore |Wps —Wrus| =2t +1—(t)| = |t +1] > 1.
Subcase (ii): f(u) = 3
WhenVl(f):t—f—l,V%(f):H—landV%(f):t, thenWpo=14+1+1—1=2tand Yyp,s =1 +1.
Therefore Wy —Weys| =2t — (1 4+ 1)| = [t — 1] > 1.
When Vi(f) =t+1, V%(f) =t and V%(f) =rt+1, then Wyy =1+1 =2t and Wy, =1+ 1.
Therefore Wy —Wyys| =2t — (1 +1)| = [t — 1] > 1.
When V| (f) =1, V%(f) =t+1 andV%(f) =t+1,thenWp,=t+t+1=2t+1land ¥y, =1—1.
Therefore [Wps —Wirys| = 2t +1—(t —1)| = |t +2| > 1.
Case (iii): =2 (mod 3)
When f(u) = 5, then clearly ¥, = n and W,; = 0. Therefore |¥ s — W fys| = || > 1.

Hence the theorem. O

Theorem 6.2. The complete graph K, is fuzzy grade {1, %, %}—com’ial if and only if n < 3.

11

Proof. Let K, be the complete graph. It is seen that K1, K and K3 are fuzzy grade {1, 5,5 }-

cordial graphs as evidenced from Figures 5, 6 and 7 respectively.

1
° —9
1 1 172 172 1/3
Figure 5 Figure 6 Figure 7

Now let us deal with the situation of n > 3. We have to consider three cases as described below.
Case (i): n=0 (mod 3)

Letn=3t,t>1.

Assign the grades 1, % and % to ¢ vertices each. Then W s = (;) + (é) + (;) +12 412 = @ +

2t2. Hence we obtain Wiy = 2.

312 — 3¢+ 212
|\va_\me| — >
52 —3t

— 5 1
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Case (ii): n=1 (mod 3)

Letn=3t+1,t > 1. In this case the following types are occurring.

Type (I): When Vi (f) =1, V%(f) =t andV%(f) =t+1.

Then Wy = ( ) + (Hgl) + (5) 241t 1) =t(t— 1)+ 25 (tH) +2¢% +t. Therefore Wiy = 12+t

262 — 2t + 12 41 + 22
2

|‘Pfs _leusl =

502 —¢
2

Type(II):Whenvl(f):t+1,V%(f):tandV%(f):
Then Wys = () + (3 + () + 2+t + 1) =1(t — 1)+ 122 41 S0 Wy =1 +1.

> 1

262 — 2t + 12 41 + 242

|les_leus| - D)

512 —¢
2

Type (III): When V| (f) =1, V%(f) =t+1and V%(f) =
Then Wy, = () + () + (5 + 241+ 241 =1(r — 1)+

> 1

Hl) +2¢% 4+ 2¢. Hence Wiy = 2.

22 — 2t +12 1+ 262 + 4t
2

|les _lpfus| =

512 4+ 3¢

1
> >

Case (iii): =2 (mod 3)

Letn =3t+2,t > 1. In this case the following three types occur.

Type (I): When Vi (f) =1, V%(f) =t+1and V%(f) =tr+1.

Then Wy, = 2("5Y) + (1) + 22+ 1+ 1+ 1)2 = 1(t + 1) + 1 4 224 3¢+ 1. Hence we obtain
Wrys =12+ 1.

2t2+2t+t2—t+2t2+4t+2'
2

|52+ 5042
N 2

Type (II): When V| (f) =t+1, Vi (f)=tand V,(f)=1+1.

§
Then ¥y, = () +2(3") +2t2+2t and W s = (t+1)%
5 ng—z‘ 1.

1

Therefore W g — W rys| =
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Type (II): When Vi(f) =141, Vi (f) =t+1and V, (f) =1
Then Wy, =2("5') + (5) + (¢ + 1) +12+1 and Wy, = 1> +1.
Therefore |W s — W pus| =

5t +251+2) -1

Hence the theorem. L]

Theorem 6.3. The path P, is fuzzy grade {1, 1 2 3} -cordial for all n.

Proof. Let P, be the path uju, ...u,. We note that P;, P> and P are fuzzy grade {1, 373 } cordial
of graphs as depicted in Figures 8, 9 and 10 respectively.
1 MY Y

Figure 8 Figure 9 Figure 10
Now assume that n > 3. The following three cases arise.
Case (i): n=0 (mod 4)
Assign the grade 1 to the vertices up,us, .. unyy. Next assign the grade % to the vertices
U, Ug, .o UL and the last vertex u,.
Subcase (i): n =0 (mod 3)
Assign the grade 1 to the vertices Wy yo i3, ..., unyn_n. Next assign the grade % to the
vertices unn_n Uy n_nyo,...,Unon_on_o. Then we have assign the grade % to the vertices

Uniof 281, U842 2%, . Up—].
Subcase (ii): n =1 (mod 3)

Assign the grade 1 to the vertices Un g2, UL 43, U Next assign the grade % to the

nyn=1_n.
2T73 73

vertices U

. 1 .
TS RN I TR VA VE RS IRE Then assign the grade 5 to the vertices

Up ot pmyla gncl pnypse- s Un—1.

Subcase (iii): =2 (mod 3)

As in subcase (i1) we get a fuzzy grade {1, 35 3} -cordial labeling of P,.

Case (ii): n=1 (mod 4)

As in case (1), assign the grade to the vertices uy,us,...,u,—1. Finally assign the grade to the
vertex u,,.

Case (iii): n=2 (mod 4)

As in case (1), assign the grade to the vertices uy,us,...,u,_1. Finally assign the grade % to the
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vertex u,,.

Case (iv): n=3 (mod 4)

As in case (i), assign the grade to the vertices uy,us, ..., u,—1. Finally assign the grade 1 to the

vertex u,. Hence the theorem. L]

Corollary 6.4. The cycle C, is fuzzy grade {1, %7 %}-com’ial foralln > 3.

Proof. Let C, be the cycle ujuy...u,u;. The vertex labeling given in Theorem 6.1 is also a

fuzzy grade {1, %, %}—cordial labeling of C,,, n > 3. O

7. CONCLUSION

In this paper, we have introduced the concept of a new labeling called a fuzzy grade L-
cordial labeling. We have presented our results on the fuzzy grade L-cordial labeling behaviour
of certain standard graphs such as star, bistar, path, cycle, wheel, complete graph and K, +mK;
graph. Concerning a graph of order p, we have described our study for some grades namely
{1, %, %, e %}, {1}, {1, %} and {1, %, %} The introduction of a new technique of graph labeling
brings out certain significant mathematical properties involved in the concerned situation. Our

study leads to the open problem of the investigation of several other families of graphs for the

existence of fuzzy grade L-cordial labeling.
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