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ON SRIVASTAVA - ATTIYA INTEGRAL OPERATORS OF CERTAIN
CLASSES OF ANALYTIC FUNCTIONS
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Abstract. Let S denote the class of functions f analytic in the open unit disc ¢ with normalizations
f(0) =0= f'(0) — 1 satisfying

2f'(2)
f(2)
zf’(z)+1 <a, z€eU.

f(2)
We determine 3 so that whenever J;,(f) € S, then Js11p(f) € S5, for all s € C, b # 0,—-1,-2,....

where J, ;(f) is the Srivastava - Attiya integral operator.
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1. INTRODUCTION

Let A denote the class of functions f(z) = z + a9z® + ....., analytic in the unit disc
U ={z € C||z| <1} and normalized by f(0) =0 = f'(0) — 1. Let P, denote the class of

functions p , analytic in & with p(0) = 1 and

1
‘<a, O<a<l, zeU.
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Obviously P, C P, the class of functions with positive real part.

Let S’ denote the class of functions in A such that

2f'(2)
f(2)

€EP., z€U.

S7 is the well known class &* of starlike functions with respect to the origin. Srivastava

and Attiya [7] defined the operaor J,;,(f) as

Joo(f)(2) = Gsp(2) * f(2), (€U, feA),

where * denotes the Hadamard product or convolution and
Gsp(z) = (1+b)° [gb(z,s,b) — b‘ﬂ , (zel, seC, b#0,-1,-2,....).

Here ¢(z, s,b) is the general Hurwitz - Lerch Zeta function defined by [8]

¢(2,8,0) = Z (kj—b)s’

where s € C, b# 0,—1,—2,...., when z € U, R{s} > 1 when |z| = 1.

Yol F)(2) = f(z
NG = [ a= s
Jualf / I g~ 1f)(e)
(NG = [ e de=100)2)

(7, is real, v > —1)

1N =g [ (06(5)7) so@ =1

(o, is real, o > 0)

where A(f), L(f), L,(f), I7(f) are Alexander [1], Libera [4], Bernardi [2] and Jund [3]

operators respectively.
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In this paper we determine 3 so that whenever J,,(f) € Sj, then Joy1(f) € S;. We

fGe) -1 _
) +1| = }'

R, is the class of f € A such that f’ belong to the Caratheodry class of P of functions.

also consider a similar problem for

fERa:{fEA:

We need the following Lemmas which we will be using in the sequel.
Lemma 1.1. [7] If the function f belongs to A, then

(1.1) 21p(N)(2) = 1+ 0)Jep(f)(2) = blerr(f)(2)

forze€C,se€C, b#0,—1,-2,....

Lemma 1.2. [5] Suppose that the function w(z) is reqular in U with w(0) = 0. Then if
lw(2)| attains its mazimum value on the circle |z| =r < 1 at a point zy € U, we have,
(1) zow'(20) = kw(z0) and

"
(2) R41+ 2 (z) > k where k is real and k > 1.
w' (o)

2. MAIN RESULTS

2 b(1 —
Theorem 2.1. Let = « tatb(l-a)
14 2a+b(1 —a)

ator. If Jsu(f) € 8§, then Joi14(f) € Sk for0<a <1, se€C, b#0,—1,-2,....

) and Jsp be the Srivastava - Attiya oper-

Proof. Let us define a function w(z) by
2o1()(2)

-1
(2.1) w@%:é Jﬁ”f?% , for, 0<a<1
s+1 b + 1
Jst16(f)(2)

and w(z) # 1 for z € U. Then, w(z) is analytic in & and w(0) = 0. It is sufficient to show
that |w(z)| < 1in U. From ( 1.1) we have

21,(f)(2) _ I+ aw(z)

Tons(HE) 1= aw(e)

Logarithmic differentiation yields

DG DG 20m(2)
LG Ta(NE T T (a)
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Taking logarithmic derivative of ( 1.1) we have

2, (1)) 14 aw(z) 202w’ (2)
Jao(F)(2) 1 —aw(z) { (14+aw2)1+b+ (1 —0baw(z)) + 1}

Thus,
I ()(z) 202w (2) 1+ aw(z)
Japo(F)(2) (1 —aw(2)(1+b+ (1 -baw(z)) 1—aw(z)
Let there exist a point zy € U such that max |w(z)| = |w(zo)| = 1, then by Lemma ( 1.2),

2| < |20l
We have zow'(z0) = kw(2p), k> 1.

Then we obtain

/7 ) o)
TG0 | aw(eo) (k+ 146+ (1= baw(z))
WG] [T 0rD T a1 bk
Jsp(f)(20)
and
205 () (20)
(2.2) = ¢(cos ),

) (20

Too(D(0) | o]tk 140)+(1—b)ac?]
) (20 - I1+b+ ae?(1—b+ k)|
(20)

where ¢(t) is a decreasing function of ¢t = cos# in [—1, 1].

Hence from ( 2.2) we get

ZOJ;,b(f)( 0 1
ICTN P (R EET
/ Z & - 57
20’4 (f)(20) 1 2-ba+1+0b
Jsp(f)(20)
a contradiction to the hypothesis that J,,(f)(z) € S*(5). Hence, we have
ZJs+1 o()(2) 1
1 s()(2)
o ZJs+1b( )(2) 1
Jor1p(f)(2)
or Jor15(f)(2) € S, which completes the proof of the theorem. O
Theorem 2.2. Let § — 2 Ii:(f(i ;;)‘) and if J,,(f)(2) € Ry, then Joi1(f)(2) € Ra,

for0<a<1.



ON SRIVASTAVA - ATTIYA INTEGRAL OPERATORS 1191

Proof. Let w(z) be defined by

1)) -
(23) o= Jen(D() +1 |

a
and w(z) # 1 for z € U. Then, w(z) is analytic in & and w(0) = 0. It is sufficient to show
that |w(z)| < 1in Y. From ( 2.3) we have

_ 1+ aw(z)
1—aw(z)

/s—l—l,b(f)(z)

Differentiating we get

Fns(DE) = Tl (z) 4 st DE)

ZJ/S/Jrl b f z
Jop(f)(z) =1 B ,s+1,b(f)<2) —1- b+—(1)()
Jop(f)(z) +1 TP +1+ ZJ;’%(J;)(Z)

= w(z a(l+b+k)— (1+b)a’w(z)
= w(2) {((1 +b)(1 — aw(2))) + akw(z)}

Lemma 1.2 gives the existence of a point zy € U such that |r‘na‘ux| lw(z)| = |w(z0)| = 1.
z|<|z0

Hence zow'(z9) = kw(z0), k > 1. Hence we obtain

Jop(f)(20) — 1
Joo(f)(20) +1

|l +b+k) = (1+b)ae?
(1 +b) 4+ (k— (1+0b)ae

(2.4) Ca{(1+b+k)?2+(1+b)2a? =201 +b)(1+ b+ k) cos 0}
{1402+ (k- (1+0b)2a2 +2a(1+b)(k— 1 —c) cos 6}

= ¢(cosb).
¢(t) is a decreasing function of t = cos# in [—1,1].

Hence from ( 2.4) we get

Jip(F)(z0) —1
Jeo(N)(z0) +1

which is a contradiction to our assumption that Js,(f) € Rg.

o

()

Hence we must have

w(z)| = -

«

ZJ;H,b(f)(Z) —1
Jsr1p(f)(2) +1

<
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or Jer14(f) € Ra which completes the proof of the theorem. 0

Remark 2.3. For s =0, we get the results in [6].
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