Available online at http://scik.org
J. Math. Comput. Sci. 2 (2012), No. 3, 725-733
ISSN: 1927-5307

A STUDY ON HILBERT’S INTEGRAL INEQUALITY AND ITS
APPLICATIONS

W. T. SULAIMAN *

Department of Computer Engineering, College of Engineering, University of Mosul, Mosul, Iraq

Abstract. In this paper, we presented as follows

Let f, g, h, k > 0, h is homogeneous and symmetric of degree X\ and F(x,y) =1 — k(z) + k(y) > 0.
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provided the integrals on the RHS do exists.
Some other special cases are also deduced.
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1. Introduction

Iff,gZO,% %—1 0<ffp ) dr < o0, O<fgq )dx < oo, then

ijx+y ddy fsm /p) /f” /g"<x>dw (1)

where the constant factor m is the best possible. Many mathematicians presented
generalizations or new kinds of Hardy-Hilbert’s inequality (1). Hardy inequality is very
important in analysis theory and applications, it has been absorbing much interest of
analysis see ([1], [2]) .

Very recently P. X. Ying and G. Mingzhe (see [3]) proved the following new kind

Theorem 1.1. Let f(x) be a real function. If 0 < ffz )dx < oo, then

szx—i-y dudy 2<7T2 pr(:v)dx 2_ /W(ﬂf)fp(if)dx . (2)

0

where w (z) = - .

2. Lemmas

The following lemma are needed for our aim

Lemma 2.1. Let S (x,y) be symmetric. Then
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where F (z,y) =1—k(z)+ k(y).
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Proof.
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Lemma 2.2[3].
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Lemma 2.3[4]. Let 0 < a < 1, s is a non-negative integer. Then

/ ftt (ln %) dt = (2s)!(§(2s+1,a) +£(25+1,1 - a)), ©)

where & (s, ) = Z a+k)é,.

The object of this paper is to present the following general result

3. Main results
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Theorem 3.1. Let f, g, h, k > 0, h is homogeneous and symmetric of degree \ and
F(z,y) =1—k(z)+ k(y) > 0. Then

4

(] bl )
< (<07x1 A (x) ) (7 (Ck(z ' 2 (2) dx) 2)
(o] (j " ))

where

[t ) [ k(at) e It
o= [y cw= [y
0 0

provided the integrals on the RHS do exists.
Proof.
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Therefore

M? = (C/:L’l’\ f2(x) dx) - (/ (Ck(z) — C(z)) 2" f2() dx) ,

0 0

N? = (C/xl)‘gQ(x) dx) - (/ (Ck(x) — C(z)) ' ¢*(x) dx) :

0
Applying Lemma 2.1 to have
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and

4

4. Applications

Corollary 4.1. Let f,h,k > 0, h is homogeneous and symmetric of degree X\ and
F(z,y) =1—k(z)+ k(y) > 0. Then
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provided the integrals on the RHS do exists.
Proof. The proof follows from theorem 3.1 by putting g = f.
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Corollary 4.2. Let f h,k > 0, h is homogeneous and symmetric of degree A\ and
F(z,y) =1—k(z)+ k(y) > 0. Then
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where
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0 0
provided the integrals on the RHS do exists.
Proof. The proof follows from corollary 4.1 by putting h (z,y) = (x + y))‘ .
Corollary 4.3. Let f,h,k > 0, h is homogeneous and symmetric of degree \ and

F(z,y) =1—k(z)+ k(y) > 0. Then

// :c)‘ . dxdy
0 0

[e.e]

< / P 7 Ch(z) - C(a)) e fAz)da | | (9)

0

where

1o )" [ ke(t) o I ¢

= dt C = ——dt

/ a0 €W / Mt
0 0

provided the integrals on the RHS do exists.
Proof. The proof follows from corollary 4.1 by putting h (z,y) = 2* + .
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Corollary 4.4 [3]. Let f,g > 0. Then

[ [

< 7 7951’\ *(z) dw 2 - ]Ow (z) f* (z) dx 2
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provided the integrals on the RHS do exists.
Proof. The proof follows from theorem 3.1 via Lemma 2.2, by putting

h(z,y)=x+y, a=-1/2, X=1, p=0, k(x)=1/(1+x),

as follows
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Corollary 4.5. Let f,g >0, 0 < a <1, s is a non-negative integer, Then
2
\m f(y) 7 7
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0 0
where
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provided the integrals on the RHS do exists.
Proof. The proof follows from Theorem 3.1 via Lemma 2.3 by putting

h(f,y):l‘+y, a=a-—1, M:287 k(x):]-v)‘zl
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