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INTERSECTION CURVES OF TWO IMPLICIT SURFACES IN R3
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Abstract. In this paper, we present algorithms for computing the differential geometry properties of
Frenet apparatus (t, n, b, kK, 7') of intersection curves of two implicit surfaces in Rg, for transversal and
tangential intersection using the implicit function theorem. We obtain a classification of the singularities
on the intersection curve. Some examples are given and plotted.
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1. Introduction

The intersection problem is a fundamental process needed in modeling complex shapes
in CAD/CAM system. It is useful in the representation of the design of complex objects,

in computer animation and in NC machining for trimming off the region bounded by
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the self-intersection curves of offset surfaces. It is also essential to Boolean operations
necessary in the creation of boundary representation in solid modeling [1]. The numerical
marching method is the most widely used method for computing intersection curves in
R3. The Marching method involves generation of sequences of points of an intersection
curve in the direction prescribed by the local differential geometry [2,3]. Willmore [4]
described how to obtain the unit tangent, the unit principal normal, the unit binormal,
the curvature and the torsion of the transversal intersection curve of two implicit sur-
faces [5]. Kruppa [6] explained that the tangential direction of the intersection curve at
a tangential intersection point corresponds to the direction from the intersection point
towards the intersection of the Dupin indicatrices of the two surfaces. Hartmann [7]
provided formulas for computing the curvature of the transversal intersection curves for
all types of intersection problems in Fuclidean 2-space. Kriezis et al. [8] determined
the marching direction for tangential intersection curves based on the fact that the de-
terminant of the Hessian matrix of the oriented distance function is zero. Luo et al. [9]
presented a method to trace such tangential intersection curves for parametric-parametric
surfaces employing the marching method. The marching direction is obtained by solv-
ing an undetermined system based on the equilibrium of the differentiation of the two
normal vectors and the projection of the Taylor expansion of the two surfaces onto the
normal vector at the intersection point. Ye and Maekawa [1] presented algorithms for
computing all the differential geometry properties of both transversal and tangentially
intersection curves of two parametric surfaces. They described how to obtain these prop-
erties for two implicit surfaces or parametric-implicit surfaces. They also gave algorithms
to evaluate the higher-order derivative of the intersection curves. Aléssio [10] studied the
differential geometry properties of intersection curves of three implicit surfaces in R* for
transversal intersection, using the implicit function theorem. Our previous work Soliman
et al. [11] presented algorithms for computing differential geometry properties of both
transversal and tangentially intersection curves of implicit and parametric surfaces in R3.

Our previous work Abdel-All et al. [12] presented algorithms for computing differential
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geometry properties of transversal intersection curves of implicit—parametric—parametric
and implicit-implicit-parametric hypersurfaces in R*.

In this paper we present algorithms for computing deferential geometry properties of
both transversal and tangentially intersection curves of two implicit surfaces in R3. The
necessary and sufficient conditions for the intersection curve to be a straight line or a plane
curve or helix or circular helix or circle are given. Finally some examples of transversal

and tangentially intersection are given and plotted.
2. Geometric preliminaries 1319

Let us first introduce some notation and definitions. Bold letters such as a, a will
be used for vectors and vector functions. The scalar product and cross product of two
vectors a and c are expressed as (a, ¢) and a X c respectively. The triple scalar product
of three vectors a, ¢ and d are expressed as det(a, ¢, d) and the length of the vector a is
lal| = \/{a, a). The transpose and the determinant of a square matrix A are expressed

as AT and det A respectively. The notation for the differentiation of a curve a in relation

to the arc length s is o/(s) = %¢, o (s) = %, o’ (s) = % and for a curve 8 with an
- o B 7 28 8 d
arbitrary parameter u, it is B(u) = ﬁ, (u) = ﬁ, (u) = d—u@?, BW = ﬁ.

Let a: I — R3 be a regular curve in R3 with arc-length parametrization,

(2.1) a(s) = (w1(s), 22(s), 23(s)).

Then from elementary differential geometry, we have

(2.2) a'(s) =t,
(2.3) a(s) = kn,
(2.4) K (s) = (@, a"),

where t is the unit tangent vector field and «” is the curvature vector. The factor « is

the curvature and n is the unit principal normal vector. The unit binormal vector b is
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defined as

(2.5) b(s) =t xn.

The Frenet—Serret formulas along a are given by

(2.6) t'(s) =kn, n'(s)=—rt+7b, b(s)=—7n,

where 7 is the torsion which is given by

(b,a")

R

(2.7) T =

provided that the curvature does not vanish.
Let 3: J — R3 be a regular curve parametrized by a parameter u, with the same

trace as the curve (2.1), i.e

(2.8) Blu) = a(s(u)).
Then from elementary differential geometry, we have
[ Bw)
) s = u)||du, t= — ,
29) / B, ¢ = o2t
01 (), Bw)) Blw) ~ (B(w), Blu)) Blu) 1B % Bl
18(w)|* ’ 1B
det(B(u), B(u), B(u))
2.11 T = k#0
21 1B < Bl 7

3. Transversal intersection curve

Consider two regular implicit surfaces f(z1,x2,23) = 0 and h(x1, x5, 23) = 0. In other

words Vf # 0, Vh # 0, where Vf = (2L 2L 97 ig the gradient vector of f. We

Ox1’ Oxa? Ox3

denote to partial derivatives of both surfaces by

0,
fl:—f’ fll_ 2, fz] 8$26I1 ceey

_ Oh a2h _9%h
h Oz, h” - 8x2’ h axiaxj’
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The unit surface normal vector field of the surface f is given by

v/

(3.1) = ——.
IVl
Suppose that the curve (2.8) is an intersection curve of both surfaces. Then it can be

expressed as

Bu) = als(u)) = (x1(u), z2(u), x3(u)) | f(B(u)) =0, h(B(u)) = 0.

Since B3 can be viewed as a curve on the surface f. Then, we have

(V1(B(). Bu)) =0,
which can be written in a matrix form as the follows

(3.2) VB =0,

T

where Vf = [[,(8(w) fa(Bw) fo(5w)]. B = [#1(u) #a(u) is(u)] . Differentiat-
ing Eq. (3.2) with respect to u yields

V) +d L (V) + bl (VI

Vfﬁ - _( ‘ 81’2 8.733

xla_;l}l(

which can be written as the follows

. .T .

(3.3) VB =—5 Hip,
fu Sz fis

where Hy = | fi5  fao fo3| 1s the Hessian matrix of the function f. Differentiating Eq.
fi3 faz f33

(3.3) with respect to u and using the fact BTHlﬁ = (BTHlﬁ)T = BTHlﬁ, we have

(3.4) VFE = -3 HB— 3 (VHB)B.

Differentiating Eq. (3.4) with respect to u yields

(35) VW = 53 (VH\B)B — 4B H\ 3 — 35 H\p — B (V(VH.B)B)5.

3.1. Tangential direction
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Assume that f and h have continuous first derivatives and if, at least one of the Jacobian

determinants a?i{ :Zi), 8?9(02 2) and % is not zero at a point F, on the curve 3, then

from the implicit function theorem, the surfaces f and h can be solved for two of the

variables in terms of the third. Assume that % # 0, then we can write
(3.6) B(x1) = (1, 2(21), w3(21)) | f(B(21)) = 0, h(B(21)) = 0.

Differentiating Eq. (3.6) with respect to z; yields

(3.7) B(x1) = (1, d2(x1), 23(21)).

Using Egs. (3.2), (3.6) and (3.7) yields

Vi3=0, Vhf=0
which can be written in a matrix form as the follows

(3.8) fi fo Js [1 i $3]T:
hi hy hs

Solving the coefficients &2 and @3 from linear system (3.8) and substituting into (3.7)

yields
. . (Agz, —As3, A1a)
(39) IB(ml) - A23 )
where
hi h;

Then the speed and the arc length of 3 can be obtained respectively, by

VAR + A2+ AL
| Ags| '

(3.11) 1B(z1)]| =

_ "/ (A12)? + (Ars)? + (Ags)?
9 | Ass|

7

(3.12) S

dl’lv
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where z{ is the value of x; at By. The unit tangent vector field of the intersection curve

is given by

‘- 0(Agz, —Aiz, A12) B 1 if Ay >0

(3.13) S i 1L A .
VAL + A} + A, —1 if A3 <O

3.2. Curvature and curvature vector

Differentiating Eq. (3.7) with respect to x; and using Eqs. (3.3) and (3.6), we obtain

(3.14) B(x1) = (0, Za(z1), Z3(21)),

. .T . . .T .
(3.15) VfB=—p Hif, Vhj=—[F Hyp,
where Hy = (h;j). The linear system (3.15) can be written in a matrix form as the follows

fa f3| |22 —BTH15

.. - T .
hy hs| |3 —p Hp
Solving the coefficients s and #3 from above linear system yields

1 B311A§3 + B322A%3 + B333A%2

Ty = 5 ),
23 +2(Bs13A12A23 — B31gA13493 — BaagA13A12)
(3.16)
. -1 321114%3 + 322214%3 + 323314%2
T3 = 75 )
Ass +2(Ba13A12A23 — Ba1oA13As3 — BagzA13A12)
where
Ji hi
Tik

The curvature vector and the curvature can be calculated using Egs. (2.10), (3.9) and

(3.14) respectively, as

Aos o, AssAisiy — AgsAryiis, (A, + A3s)is

2 2 2 ’
A12 + A13 + A23 —|—A13A12.f3, (A%g + A%g)xii + A13A12i12

(3.18) kn o= (
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(3.19) k= A2 (Af, + A33)#5 + (Af; + A33) 35 + 2415 A1siniy
. 23 (A%2 + A%g + A%3)3 .

3.3. Torsion and third-order derivative vector

Differentiating Eq. (3.14) with respect to z; and using Eqgs. (3.4) and (3.6) yields

(3.20) B(z1) = (0, '55'2(351)7 Z3(x1)),

ViF =—38 HB—j3 (VELB)B, VhE =—33 Hyi— 3 (VHB)B.

Solving the coefficients 75 and Z'3 from above linear system yields

Ty -1 hs  —fs| |ciids + ciads + ci3
T3 Azs —hy  fo Co1Lg + Co2¥3 + Ca3
Explicitly
Ty = Ay ((facor — hacir) Ea + (fscaz — haciz) i3 + facas — haciz),
(3.22)
Ty = —A2_34<(f2021 — hoci1) o + (facoe — hoc12) T3 + facos — hacys),
where
c11 = 3(A35 fra — A13A%s for + A12A3; fa3),
Co1 = 3(A33h12 — A13A§3h22 + A12A%3h23),
c12 = 3(A3;f13 — A13A%; foz + A1 A3, f33),
oy = 3(A33h13 — A13A%3hos + A1nAdihas),
Ao fi11 — 6A10A13A03 f1o3 — ASs fago + A3, f333
(3.21) c13 = ( L3 A12A%3f113 - A13A§3f112 + A%3A23f122 ) ),

+A%2A23f133 — A13A%2f233 + A12A%3f223

A3shinn — 6A12A13A03 093 — Afzhoss + Afyhass

caz = ( L3 A2 A% hi13 — A13A3sha1a + A3 Asshias ) )-
+ A3, Agzhizs — A13A25ha33 + A12A%3h223
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The torsion can be calculated by using Egs. (2.10), (2.11) and (3.19) as the follows
(B27'3 — d3%5)

1812

Explicitly
B A2y (iigi'y — Fa0)
(AZy + A%3) i3 + (Afz + A33)¥3 + 2A10A13000s

(3.23)

From the foregoing results, we have the following corollaries:

Corollary 3.1. The necessary and sufficient condition for the curve to be a straight line
(k = 0) is given by

Bs11A434 + B Als + Biss A%, = 2(Bs1oA13 453 + BaagA13A12 — BsizA12Azs),
(3.24)

B211A%3 + B222A%3 + B233A%2 = 2(Ba12A13A23 + BaazA13A15 — Bo13A12A;3).

Corollary 3.2. The necessary and sufficient condition for the curve to be a plane curve

(1 =0) is given by

(3.25) ( (ca2fs — c12h3) @3 + (a1 fo — c11h2)¥3 4 (casfs — c13hs) s )= 0

+(casfo — c13h2)Za + (co1f3 + caofo — c11h3 — c12h2) @i

Corollary 3.3. The necessary and sufficient condition for the curve to be a helix (£ =

¢1 =const.) is given by
(AT, + Ay + A%5) P (A + A35)35 + (AT + A%) 35 + 2412 Araiiadia)?
(3.26) (coafs — c12h3)@3 4 (a1 f2 — c11h2) @3 + (cosfz — c13hs)is ¥

= 1Az ( . o
+(casfo — c13h2)Ea + (ca1f3 + coafa — c11hs — c12ho)Tads

Corollary 3.4. The necessary and sufficient condition for the curve to be a circular helix
(k = cg =const., T = ¢3 =const.) is given by

A%((A% + Agzﬁg + (A%e, + A%e,)j:za + 2A12A13j253> = 02(14%2 + A%:s + Ag3)37

(3-27) ( (022f3 - 012h3)f§ + (C2lf2 - C11h2)5t§ + (023f3 - 013h3)f3
+(cazfo — 013h2)f2)2 + (Co1f3 + caafo — c11h3 — c12ho)Ealis
= c3A33((Afy + A33)73 + (AR + A33)5 + 2A15A13niis)

)
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Corollary 3.5. The necessary and sufficient condition for the curve to be a circle (k =

¢4 =const., 7 = 0) is given by
A (AT + A3)3 + (AT + A3)i3 + 2410 A1aTa3) = ca(AT, + Afy + A33)°,

(3.28)

(022f3 - C12h3)973§ + (021f2 - C11h2)5é% + (023f3 - C13h3)i’3 ) —0

+(cosfa — c13he) T + (ca1fs + oo fo — c11hs — c12ha)Tads

4. Tangentially Intersection curve

Two surfaces intersect tangentially when whose normal vectors are parallel to each
other. Assume that the surfaces f(z1,xq,x3) = 0 and h(xy, 22, z3) = 0 intersect tangen-

tially at a point P, so that N //N™ at P, i.e.

Vilals) _, Vhals)
[V fe(s))]l [Vh(a(s))||
Which can be written as
= A(a(s s a(s)) = W
(41) Y f(a(s)) = Al0() Th(o(s)), Ala(s)) = £ Gra IS
Then
(4.2) fila(s)) = A(a(s))hi(a(s)).

Thus, the tangential points or tangential curve are determined by solving the following

system of equations

(4.3) J=0, h=0, fi=Ahy, fo=Ahy, [f3=Ahs.

4.1. Tangential direction

Assume that both surfaces are intersected tangentially at a curve 3 which is parame-

trized by the variable xq, say. Then

(4.4) B(x1) = (w1, x2(x1),23(21)) | f =0, h =0, fi = Ah1, fo = Ahy, f3= Ahs.
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Differentiating Eq. (4.4) with respect to z; and using Eqgs. (3.2) and (4.4) yields

(4.5) B(w1) = (1, 32(21), #3(21)), B(w1) = (0,82(21), E3(21)),

(4.6) Vi3=0, Vh3=0.

By projecting ,3 onto the normals of both surfaces, we obtain

(4.7) (B(1), V1(B1)) = A{B(xr), T(B(21)) ).
Using the system (3.15) and Eq. (4.7) yields

3" (H, — AH,)B = 0.
Explicitly

(4.8) ( (fa2 — Ahao)(@2)? + (f33 — Ahas)(@3)? + 2(fog — Ahos)iads )= 0
+2(fi2 — Ah12)d2 + 2(f13 — Ahiz)ds + (fi1 — Ahar)

Using (4.6), we obtain

Nt faig it St

Ty = 7, , Jo# O or iz = T7f37£0-
Assume that fy # 0, and substituting in Eq. (4.8), we get
(4.9) a11(x3)? + 2a1223 + a13 = 0,
where
(4.10)

an = f3(fss — Ahaz) — 2fofs(fas — Ahag) + f5(fa22 — Ahg),
aro = f3(f13 — Ahiz) — fifo(fas — Ahas) — fofa(frz — Ahaz) + fifa(for — Aha),
a1z = f7(for — Ahzz) = 2f1 fo(fiz — Ahna) + f3(fi1 — Ahur).

Solving Eq. (4.9) yields

(4.11)
b1y — - (a11.fr — arafs) + f3v/ady — anc gy — 2 E Vai; — anag
’ a1 f2 ’ an
Thus
(112 ||| = 1+ @22 + 12
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,3(331)H dry, t= &1))

HB(%)

xT

(4.13) S=/

o

From the previous formulas, it is easy to see that there are four distinct cases for the
solution of Eq. (4.9) depending upon the discriminant A = a?, — aj1a13, these cases are

as follows [1]:

Lemma 4.1. The point P is a branch point of the intersection curve (4.4), if A > 0

and there is another intersection branch crossing the curve (4.4) at that point.

Lemma 4.2. The surfaces f and h intersect at the point P and at its neighborhood,

if A =0 and a?, + a3, + a5 # 0. (Tangential intersection curve)
Lemma 4.3.The point P is an isolated contact point of the surfaces f and h, if A < 0.
Lemma 4.4 The surfaces f and h have contact of at least second order at the point
P, if a;; = a2 = a3 = 0. (Higher-order contact point)

4.2. Curvature and curvature vector

By projecting B(:cl) onto unit normal vectors of both surfaces, we obtain
(4.14) VB =A(VhE).
Using Eqgs. (3.3), (3.4) and (4.14) yields

(4.15) Vhi =~ Haf,

(4.16) 33 (Hy — AHy)B = 3" (VHy — A VH))3)3.
Egs (4.15) and (4.16) can be written as the follows

T
3((fiz — A hi2) + @2(faz — A hao) + x3(f23 — A hag))  fo To

3((fis — A huz) + @2(fos — A hag) + x3(fss — A has))  fs T3

B (VHy— A VH,)B)3
—3' Hyp3
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Thus
(4.17) Ty _ 1 fs —=3((f13 — Ahag) + @2(fo3 — Ahas) + x3(fs3 — Ahss))
T3 Q —fo 3((fiz — Ahia) + Ba(foe — Ahae) + 33"3(f23 — Ahgs))
B ((VH2.—T A?Hl)ﬁ)ﬁ a0,
-5 Hap
where
(4.18) O — 3det (fi2 — Ahia) + Zo(f22 — Ahgg) + $'3(f23 — Ahgs) 3he ‘
(f13 — Ahaz) + o( foz — Ahgs) + x3(f33 — Ahss) %h3

Then the curvature and curvature vector are given by

(aity + dais, (1 + i2)iy — dodsiy, (1 + 42)is — dodsis)

e (1+ 3 + 33)?

(4.19)

o (1+ @3)23 + (1 + 43)i3 — 2d0i3iads
(1+ 43 4 i3)3 '

4.3. Torsion and third-order derivative vector

By Projecting 8% (1) onto unit normal vectors of both surfaces, we have
(4.20) V3% = AVHBW.
Using Egs. (3.4), (3.5) and (4.20) yields
cee T . T . .
Vhp = =35 HyB - (VHp)B,

.T 0
A" (Hy — AH,)
Vh

55" (V(Hy — AH)B)E + 35" (Hs — AHﬂB}

.T .
=38 Hyf
T3

+

BT (V(V(Hy — AHL))3)B)B
—3 (VHyp3)3

164
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Explicitly

(4.21) )

[m] 1| hs A((fis = Ahsg) + (fas — Ahzs) + (foz — Ahza))ia
| —h2 4((f12 — Aha2) + ((f33 — Ahaz) + (fos — Ahag)) a2

> |

w 5

(3B (V(Hy — AH)A)B + 35 (Hy — AH)S + 3 (V(V (Hy — AH)B)3)
I ~35' Hafp — ' (VHaB)p 7
where
(4.22) p=4 ((fi2 — Ahia) + (fo2 — Aha2)ha + (faz — Ahas))hsis

—((f13 — Ahis) + (fas — Ahaz) + (fs3 — Ahgs))haids

The torsion can be calculated by substituting in

ToX'3 — T3T o
4.23 T = o I —
( ) (14 22)72 + (1 + 22)i2 — 2@9i3d0i3

5. Examples

Example 5.1. Consider the intersection of the two implicit surfaces (ellipsoids) !

2 2 2
T ) L3
, =——4+—+4+—=—-1=0,
(5.1) J(1, 22, 73) 062 082 1
h<x17 x27$3) = 71 + 2 + s —1 0.

0.452  0.82  1.252
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Branch point.

y
A Intersection curves.
i

Fig. 1. Transversal and tangential intersection.

Transversal intersection: Since % # 0, x3 # 0, then we can solve (5.1) for the

variables x9, x5 in terms of x;. Using Eqgs (3.9) and (5.1), we obtain

4096, 4375x1)
7291y T 72913 7

(5.2) B=1,

The speed and unit tangent vector of the intersection curve can be calculated using Eqs

(3.12) and (3.13) as the follows

. /182.332222 + 5.06222% + 159.827322
S =

5.3 5
(—2.25.'132373, 12.64%1%3, —1350$1$2) i zoze < 0
(5.0 o ) /182330703 + 5.062343 + 159 820743 2
’ - (2‘25I2{E3, —12.641'1.’,6'3, 1350{E1l’2) . ’
if xow3 >0

V/182.332222 + 5.062222 + 159.822222

The curvature vector and the curvature of the intersection curve can be calculated by

using Eqs(3.16), (3.18) and (3.19) as the follows

A . . .
KN = (A%2 + A%i + A%S)Q(A23A13Z'2, (A%Q —|— A§3)$2, A13A12$2),
5.5 -
(59) [,
(AZy + A3y + A33)%
N 64.22 4+ 359.59423
(5-6) B=1(0- 11.391a3 0).
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Using Eqgs. (3.22) and (3.23) yields

e 27A13[f2 .
Thus
(5.8) 7=0.

Thus, the intersection curve ( is a plane curve as shown in Fig 1.

Tangentially intersection: Solving the system (4.3) for the surfaces (5.1), we find
that the surfaces are intersecting tangentially at the points P(0,+£0.8,0). Using (4.3),
(4.10) and (5.1) at P;(0,0.8,0) yields

4375

9
A=1, a11:§; az =0, a13:—@.

Then A > 0 this means that the point P; is a branch point. The unit tangent vector
of the intersection curve at P; can be calculated by using Eqs (4.11) and (4.13) as the

follows

27 0 i25\/7
44/319° 7 44/319

(5.9) t=( ).
The curvature vector, the curvature and the torsion of the intersection curve at P; can

be calculated by using Eqs. (4.17), (4.19), (4.23) and (5.1) as the follows

320 320

5.10 _ o 320 _ 320
(5.10) =0, =37:0) £ =375

Thus, the intersection point P; is a flat point as shown in Fig 1.

Example 5.2. Consider the intersection of two implicit surfaces

(5.11) f(z1, 29, 23) = (22 + 23 + 22 + 3)? — 16(2? + 23) = 0,

h(Il,(L’Q,.f:g) = .I% +l’% +.7)§ —1=0.



INTERSECTION CURVES OF TWO IMPLICIT SURFACES IN R? 168

Tangential curve.

Fig. 2. Tangential intersection

At 25 = 0, we have N // N™® Using Eqs. (4.10) and (5.11), we obtain A = 0, this
means that the surfaces are intersect tangentially at a curve. Then from Eq. (4.11), we

obtain

(5.12) B=(1,-=

Using Eqgs. (4.12) and (4.13) yields

(5.13) SoVritad (1, —0,0)

RV e
Using Eq. (4.18), we have © = 0, then Eq. (4.16) vanish on the intersection curve. From

Eq. (4.15), we have
T3 + a3

2
Ty

.772.’:15'2 + &’3‘%3 = —

On the intersection curve we have x3 = 0. Thus

(5.14) 8= (0,——.0).

The curvature vector and curvature of the intersection curve can be calculated using Eqs
(4.19), (5.12) and (5.14) as the follows
—(r1,25,0) 1 — (1, 2,0)
515 /ﬂ}n:—, K/:—’ n— ———-".
(515) @+ T dra | Jara
Using Egs. (4.21), (5.12) and (5.14), we get
—35151

(5.16) 8= (0,—=.0).
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The torsion of the intersection curve can be calculated by using Eqs (4.23), (5.12), (5.14)
and (5.16), thus

Then the tangential intersection curve is a plane curve as shown in Fig 2.

Example 5.3. Consider the intersection of the two implicit surfaces

(5.17) flan, @y, as) = o} + a3+ 23— 1 =0,

h(a:l,xg,:cg) = X9 — 1=0.

Isolated point.
/

Fig. 3. Tangential intersection.

At the point P(0,1,0), we have N) // N™® By using Eqs. (4.8) and (5.17) yielding

A < 0. Then the point P is an isolated tangential contact point as shown in Fig. 3.

Example 5.4. Consider the intersection of the two implicit surfaces

(5.18)
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Intersection curves.

- !
/

.'"I

¥

Fig. 4. Transversal intersection. Fig. 5. Transversal intersection.

The point of the intersection curve is p = (4/ 5, \/g ,—2) € S/ N S" In this point, we have

The unit tangent vector can be calculated using Eqs. (3.10) and (3.13), as

(5.19) SNy

The curvature vector and curvature can be calculated using Eqgs (3.16) and (3.17), as

271 737 1231
= (o2, -2l 10,
(5.20) wn(p) = (3376522 71956 ¥ 10 1286

k(p) = 6.5028 x 1072

The torsion can be calculated using Eqgs. (3.21), (3.22) and (3.23), as
(5.21) 7(p) = —0.51528.

The intersection curves are shown in Fig. 5.
5. Conclusion

Algorithms for computing the differential geometry properties of intersection curves of
two implicit surfaces in R? are given for transversal and tangential intersection. This
paper also includes the necessary and sufficient conditions for the curve to be a straight
line or a planer curve or helix or circular helix or circle. The types of singularities on the
intersection curve are characterized. The questions of how to exploit and extend these
algorithms to compute the differential geometry properties of self-intersection curves of

an implicit surface in R? can be topics of future research.
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