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Abstract. In the present paper, the author has studied about the structures which are the products and ratios of
statistically independently distributed positive real scalar random variables.The author has derived the exact density
of a slightly different Type-2 beta density by the Mellin Transform and Hankel Transform of the unknown density
and afterthat the unknown density has been derived in terms of Aleph- functions by taking the inverse Mellin
transform and Inverse Hankel Transform .A more general structure of Type-2 beta density has also been discussed.
Some special cases in terms of | -function are also given.
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1. INTRODUCTION
The | -function introduced by Saxena [4] will be represented and defined in slightly different

manner as follows:

E-mail address: dryashu23@yahoo.in
Received July 16, 2019
726



727
YASHWANT SINGH

(ai 12 )Ln ’(aji i )n+1,Pi

(0381), (B3 i) 1

I(z)—|"‘"R(z)—Iqu[| }:ziﬂije(s)z‘sds (1.1)

Where i =+/-1, z=0and z° =exp[-sin| z|+iarg z] where |z |represents the natural logarithm

of | z]and arg zis not the principal value. Here
Hr(b +B. s)HF(l a,—As)

0()_i{nr(1 b, — )Hr(a +As)}

i j=m+1 j=n+1

(1.2)

For R=1, the | -function reduces to the H -function.

The N - function introduced by Suland et.al. [6] defined and represented in the following form:

{ ‘(aj’aj)l,n’[ri(aji1aji)]n+l,pi:|

N Nm n m,n
[ ] [z] =N (bj,ﬂj D L7 (bji,ﬁji)]m+l,qi

Pi . Gizir pqlrr

1 [0(s)z°ds
where @ =\ -1
Hr(bi —ﬂjs)HF(l—aj +a,9)
0(s)=—F (1.4)
Zr, { H r'(1-b; +:31-5)H I'(a; -« s}
i= =m+1 j=n+1
We shall use the following notation:
A —( ) [z ( jin* )]n+1,pi B = (bi'ﬁj )1,m 7 (bji,ﬂ,—i )]m+1,qi
The Mellin transform of f (x) denoted by M { f (x);s} or F(s)is given by
M { f(x);s} =[x (x)dx (1.5)
0
The Hankel transform of f (x) denoted by H, { f (x); p}or F,(p)is given by
H, {£00; p} = [x3,(pX) f (x)dlx (1.6)
0

A real scalar random variable x is said to have a real type-1 generalized beta distribution,if the
density is of the following form ([1], p.121, eq. (4.8)):
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L(a)L(B) (1.7)

0,elsewhere

[(a+f) X (1-x)#1; 0<x<1,2>0,8>0
f(x)=

where the parameters « and g are real. The following discussion holds even when « and g are
complex quantities. In this case, the conditions become Re(«) >0,Re(fS) >0 where Re(.)means

the real part of (.).
A real scalar random variable x is said to have a real type-2 generalized beta distribution,if the
density is of the following form ([1], p.121, eq. (4.8)):

()T (B) (1.8)

0,elsewhere

[(a+h) x4 14+x)~(#*A); 0<x<00,2>0, 850
f(x)=

Where the parameters « and g are real. The following discussion holds even when « and g are
complex quantities. In this case, the conditions become Re(«) > 0,Re(S) >0 where Re (.)

means the real part of (.).

2. GENERAL STRUCTURES
A real scalar random variable x is said to have a real generalized type-2 generalized beta

distribution,if the density is of the following form:

a+tm

yr[a+tm+ﬂ]/_\ P

Nr J
l_[a+tm]1_(ﬂ)

14

0,elsewhere (2 1)

X4 @1+ A) @A) L F (@ bie,w;p; pxt)

f(x)=

For 0<x<ow,a>0,4>0,A>0,a>0,b>0,c>0,1+ AX" >0.

Where the parameters « and g are real. The following discussion holds even when « and g are
complex quantities. In this case, the conditions become Re(«) > 0,Re(S) >0 where Re (.)
means the real part of (.).

The h™-moment of X, when x has the density in (2.1), is given by

r(oc+tm+hj
E(x“)——ﬂ (2.2)

A;r(aﬂm]
p
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For Re(a+tm+h)>0,45>0.

When « and h are real, the moments can exist for some values of halso such that ¢ +h>0.

The Mellin transform of f (x) is obtained from (2.2) as:

F[Ot-i—tm-i-s—lj
M {00} = L

NG F(a+tm}
B

For Re(a+tm+s—-1)>0,s=v+2r+2>0,4>0.

(2.3)

The unknown density f (x) is obtained in terms of X -function by taking the inverse Mellin

transform of (2.3). That is

1

f (X) = A—ﬁNJ(;g.:ri:R |:X _;jrtm—l 1 ] (24)
r[a ;th [ B ’Ej

The Hankel transform of f (x) is obtained from (2.2) as:

F(O[-th-i-s—lJ
H () =3,(p) p

(2.5)

For Re(e¢+tm+s-1)>0,s=v+2r+2>0,5>0.
The unknown density f (x) is obtained in terms of X -function by taking the inverse Hankel

transform of (2.5). That is

1

s 1
f<X>=Jv<p>ﬁN%inR[Aﬂx (‘;;m_l 1}] (2.6)
F(] BB
4

Consider a set of real scalar random variables x,..., X, , mutually independently distributed,
where x;has the density in (2.1) with the parameters «;, 5;, A;; ] =1,...,k and consider the

product

U=XX,...X, (2.7)
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In the standard terminology in statistical literature, the h™ moment of u, when u has the density

in (2.1), is given by

{aj+tm+h}
rl im0t
() Em— 29

For Re(a; +tm+h)>0, 3, >0; j=1...,k
Then the Mellin transform of g(u) of u is obtained from the property of the statistical

independent and is given by

M[gW)]=M[x"].M[x*] (2.9)
(aj +tm+s—1]
k T ﬁ
M [g(u)]:gl — ’ (2.10)
1= A'le—‘{aj-'_tmj
B

For Re(aj +tm+s-1) >0,,Bj >0,s=v+2r+2>0
The unknown density f (x) is obtained in terms of X -function by taking the inverse Mellin

transform of (2.10). That is

1
K B S

k
gu) =TT ——— N | TTA%u| rj=1...k (2.11)
= a +tm T
T J
( B; J

i=1 aj+tm-1 1
J ( B /71]
Then the Hankel transform of g(u) of u is obtained from the property of the statistical

independent and is given by:
HIgW)]1=H[xJ,(px)]H [%,3,(px;)]..H [, (px)] (2.12)
[aj +tm+s—1J
k ﬁj
H{g(W)}=3,(p) 11—
1= Aﬂ"lﬂ(a’- +tm]

i

(2.13)

For Re(a; +tm+s-1)>0, 5, >0,s=v+2r+2>0
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The unknown density f (x) is obtained in terms of X -function by taking the inverse Hankel

transform of (2.13). That is

1

k AFJ k i o .
g(u):Jv(p)l'_Il—NEf:Ti:R _r_[AﬂJu sy i=lek ] (214)
I= a;+tm = [7'/3_ ’FJ
B

If we consider more general structures in the same category. For example, consider the structure
ulzxflxiz...xlfk,éj >0,j=1..,k (2.15)
Where X,,..., X, are mutually independently distributed as in (2.1).

Then the Mellin transform of g(u,) of u, is given as

M[g(u)]=M[ x| .M x+C ] (2.16)
F(a" +tm;5j (s—l)]
M [g(u)]=T] J' (2.17)

S(s-1
= Aﬁ'(ﬂj)r[aﬁth

j
For Re(a; +tm+s-1)>0,s=v+2r+2,5; >0.
The unknown density g(u,) is obtained in terms of X -function by taking the inverse Mellin

transform of (2.17). That is

S
J
J;

k AP <o k 5| .
g(”1)=}}1w“o,ksn:re A%y, (aj+tm_5j JJ_],le,...,k (2.18)
r J
B,

B B
For Re(a; +tm+s-1)>0,s=v+2r+2,6; >0.

The Hankel transform of g(u,) of u, is obtained from the property of the statistical independent
and is given by:

HIg(u)]=H[x3,(p*) [H [ X523, (px?) |- H [ %33, (px) | (2.19)
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F[aj +tm+, (s—l)]
k 4
H {g(ul)} = ‘]v(p)l__ll 51.(5,1)
1= ATF aj+tm
i

For Re(oej +tm+s—1)>0,s:v+2r+2>0,5j >0.

(2.20)

The unknown density g(u,) is obtained in terms of X -function by taking the inverse Hankel

transform of (2.20). That is

1 5,

k A’ ko= | ]
g(u)=J,(P)IT———< N6}« gAﬁJul TR O | (2.21)
= o +tm = [7' J—'J
g,

Bi B
For Re(a; +tm+s-1)>0,s=v+2r+2>0,6, >0.

A More General Structure

We can consider more general structures. Let

w= e Xpen X (2.22)
Xesprees X

Where X,, ..., X, , mutually independently distributed real random variables having the density in
(2.1) with x;having parameters «;, 5;, A;; j =1,....k.

Then the Mellin transform of g(w) is given by

M[g(w)]=M [xf‘l]..M [xf‘1] M [xr‘fj‘l)]...M [xk‘(s‘”] (2.23)
(aj +tm+s—1j
) If————
M[gW)]=T1———im1 d
1= /—\ﬁjl—{aj +tm] 1= AE
B,
F(aj +tm—(s—1)J
1 ﬂ‘ (2.24)
j=r+l A/71

For Re(a; +tm+(s—1))>0,s=v+2r+2>0
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The unknown density g(w) is obtained in terms of & -function by taking the inverse Mellin

transform of (2.24). That is

1

5 E

W=T—A e AW et
g - j:lw 0,r:7;:R i (WL] =4
r|- 5B,
B

]

v 1 [17aj+tm+1 i}
Now s | I A WL 52,

j=r+1 T

j=r+l..k (2.25)

Then the Hankel transform of g(w) is given as:

H[g(W)]=H[xJ,(px)]..H[x.J,(px.)]

Hx43, (o) |- H %2, (50 | (2.26)
(a.+tm+s—1J
) ol e I
k 1 r i
H{gW)}=3,(p) 11— n =
)= AFJF aj+tm 1= A’BT
B
r[aj+tm—(s—1)J
k .
ey i’ (2.27)
j=r+ AﬁT

For Re(a; +tm+(s—1))>0,s=v+2r+2>0

The unknown density g(w) is obtained in terms of N -function by taking the inverse Hankel

transform of (2.27). That is

k B L
o) =3, (DT —2 it I AW =L
j=1 a. +tm REUE j=1 (aﬁ—tm— ’i]
r|- By B
B;

l—aj +tm+1 1

1
Kk - ,
RO N R 229

j=r+1 T
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We can consider more general structures in the same category. For example, consider the

structure
51 6r
¢
W, =X (2.29)
Xy XK
r+1 17 7k

where X,,..., X, , mutually independently distributed real random variables having the density in
(2.1) with x;having parameters «;, f;; j =1,...,k.

Then the Mellin transform of g(w,) is given by

M[g(w)]=M [xfl(s’l)]...M [xf*‘s’l)] M [xr’fﬁ(s’”]...M [xk‘ﬁk(s‘l)] (2.30)
F(aj +tm;§j (s—l)J
k 1 r .
M[g(w)]=T1—; I x
1= ATjF a;+tm 1= AFJ
B;
F(aj +tm—5j(s—1)]
k p.
I (2:31)
AP

For Re(a; +tm+(s—1))>0,s=v+2r+2>0,6; >0.

The unknown density g(Ww,) is obtained in terms of X -function by taking the inverse Mellin

transform of (2.31). That is

S;
J
S

K AP o r ﬂ—’ o )
g(Wl) = 1__I 7 N zQO:I’:Ti:R 1__I A JWl o +tm=5; 5; ; J :1""’ r
L m AT im0
Bi B
B
) -5 [1,afﬁm+§ifl]
Nkt el TLAMw | A=k (2.32)

j=r+l

For Re(a; +tm+(s—1))>0,s=v+2r+2>0,6; >0.

Then the Hankel transform of g(w,) is given as:

HIgW)T=H [ %}, (px*) |..H [ x7J, (px™) |
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H %53, (i) |- H %23, (x| (2.33)
1_[ozj+tm+5j(s—1)]
k 1 r p.
H{g(wl)}:‘]v(p)ltll -6, 1iIl 5],:
1= ATjF aj+tm = Ajj
B
r(ocj+tm—§j(s—1)
k .
1 ﬂ; (2.34)

AP

For Re(a; +tm+(s—-1))>0,0;, >0,s=v+2r+2>0

The unknown density g(w,) is obtained in terms of & -function by taking the inverse Hankel

transform of (2.34). That is

O
i
S

k B r —
g(w)=1J (p)HA— N0 LI TIA w | cj=1..r
v j=1 o. +tm rERY L [aj+tm—5j i]
I ! Bi ’ﬂj
B
k ! [l,mi]
N el TLAMw A A =41k (2.35)

j=r+1

For Re(a; +tm+(s-1))>0,0; >0,s=v+2r+2>0.

3. SPeECIAL CASES

If we take 7; =1in (2.4), the unknown density f(x) is obtained in terms of I -function. That is
1
B 1

f(x)=A—I1‘0 [Aﬂx

0LR _;tm—l 1 (3-1)
r(“ ;fmj [/)’ﬂﬂ

For R=1, the | -function reduces to the H -function.

If we take 7; =1in (2.6), the unknown density f(x) is obtained in terms of | -function. That is
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(st 1 (32)
(T‘E] ]

For R=1, the | -function reduces to the H -function.

1

AE 1
f(X):Jv(p)—Hmléfﬂ A”x
)

If we take 7; =1in (2.11), the unknown density g(u) is obtained in terms of I -function. That is

1

k AP
g(u) = H I(l;,’kO:R
= (a. +tm]
1’* J

]

1
k J—
Ayl— il
AA u[wm—u]”‘l""'k (33)
Bi B

For R=1, the | -function reduces to the H -function.

If we take 7; =1in (2.14), the unknown density g(u) is obtained in terms of | -function. That is

1

k AFJ k ﬁ’i .
g(U)=J3,(P) I ————= 5| TTAU| = - j=1..k (3.4)
= (a;ﬂm] B [0‘1”“— 1]
T

B B

i
For R=1, the | -function reduces to the H -function.
If we take 7; =1in (2.18), the unknown density g(u,) is obtained in terms of | -function. That is
9
(u)—ﬁA—ﬁJlkv0 IEIA’T;u i=1...,Kk (3.5)
gy, =i o tm) R | | [aﬁtm_ﬁjygjj,J— - .
r|—! Bi B
B

For R=1, the | -function reduces to the H -function.

S

If we take 7; =1in (2.21), the unknown density g(u,) is obtained in terms of | -function. That is

5] X
K AFJ o |k % o
g(Ul)_JV(P)HmM;R ElA U, [aj+tm_§J ﬁ} (3.6)
I

6 B
j
For R=1, the | -function reduces to the H -function.

If we take 7; =1in (2.25), the unknown density g(w) is obtained in terms of I -function. That is
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X A o | 0 a7 :
— ’ j e . —
g(w)—ll':I1 (“;Hmj o rr J1‘:IlA W[aj+tmllJ,j 1,...,r
r

B B

v 1 [1_aj+tm+l i]
ae| I AW P Bl j=ral

3.7)

For R=1, the | -function reduces to the H -function.

If we take 7; =1in (2.28), the unknown density g(w) is obtained in terms of | -function . That is
1

K AP A
w)=J (p) TT——J17° | TT A% w| cj=1..r
g(w)=J,(p) = {a-+tmj OrR| 3 [ajﬂm,l’i] J
) Bi B

B,

1 (
k — )
rea| 1L MW 0

l—aj +tm+1 i]
j=r+1 T ’

j=r+1..k (3.8)

For R=1, the | -function reduces to the H -function.

If we take 7; =1in (2.32), the unknown density g(w;) is obtained in terms of I -function. That is
% s

k AP )
g(Wl) = }_*Il Loy

]
Bi — e
,W 0,r:iR Jl_:IlA IWl [W(Sj]yj—l,...,r
r J ﬁi Y,Bj
B,

=J [l a;j+tm+6; 0

k — —

0,k—r B Bj Bi

L orl IT AT W | b
e j=r+l

rj=r+1..,k (3.9

For R=1, the | -function reduces to the H -function.

If we take 7, =1in (2.35), the unknown density g(w;) is obtained in terms of I -function. That is

% 9
g(w) =3, (p)IT—2 100 [ T AW | j=t.r
) =P [ajthmj i Ll PESY
j



738
ON THE APPLICATIONS OF ALEPH () -FUNCTION

_é‘J

]
10T 1T AP w | J;j:r+1,...,k (3.10)

k—r,0:R jor+1 1 170,]4.5]&
B B

For R=1, the | -function reduces to the H -function.
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