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Abstract. Let G be a graph. Letf : V (G) → {0,1,2, . . . ,k − 1} be a map wherek ∈ N andk > 1. For each

edgeuv, assign the label| f (u)− f (v)|. f is calledk-total difference cordial labeling ofG if
∣

∣td f (i)− td f ( j)
∣

∣ ≤ 1,

i, j ∈ {1,2, . . . ,k} wheretd f (x) denotes the total number of vertices and the edges labeled with x. A graph with

admits ak-total difference cordial labeling is calledk-total difference cordial graphs. In this paper we investigate

the 4-total difference cordial labeling behaviour of some graphs likeJn,n ∪K1,n,Jn,n ∪Bn,n,Jn,n ∪Pn etc.
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1. I NTRODUCTION

In this paper we consider here finite, simple and undirected graphs only. The notion ofk-

total difference cordial graph was introduced in [4]. In [4,5], 3-total difference cordial labeling

behaviour of path, complete graph, comb, armed crown, crown, wheel, star etc have been in-

vestigated and also in [6], 4-total difference cordial labeling of path, star, bistar, comb, crown

etc., have been invetigated. In [7], 4-total difference cordial labeling ofPn ∪K1,n, S(Pn∪K1,n),
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Pn ∪Bn,n etc., have been invetigated. In this paper we investigate 4-total difference of cordial

labeling of union some graphs likeJn,n ∪K1,n,Jn,n ∪Bn,n,Jn,n ∪Pn.

2. PRELIMINARIES

Definition 2.1. Let G be a graph. Letf : V (G)→{0,1,2, . . . ,k−1} be a function wherek ∈ N

andk > 1. For each edgeuv, assign the label| f (u)− f (v)|. f is calledk-total difference cordial

labeling ofG if
∣

∣td f (i)− td f ( j)
∣

∣ ≤ 1, i, j ∈ {1,2, . . . ,k} wheretd f (x) denotes the total number

of vertices and the edges labelled withx. A graph with ak-total difference cordial labeling is

calledk-total difference cordial graph.

Definition 2.2. Thecorona of G1 with G2,G1⊙G2 is the graph obtained by taking one copy of

G2 andp1 copies ofG2 and joining theith vertex ofG1 with an edge to every vertex in theith

copy ofG2.

Definition 2.3. TheBistar Bm,n is the graph obtained by joining the two central vertices ofK1,m

andK1,n.

Definition 2.4. Theunion of two graphsG1 andG2 is the graphG1∪G2 with V (G1∪G2) =

V (G1)∪V (G2) andE(G1∪G2) = E(G1)∪E(G2).

Definition 2.5. The jelly fish is the graphJn,n with vertex set tV (Jn,n) = {ui,vi,u,v,x,y}

1≤ i ≤ n and edge setE(Jn,n) = {uui,vvi,ux,uy,vx,vy : 1≤ i ≤ n}.

3. M AIN RESULTS

Theorem 3.1.Jn,n ∪K1,n is 4-total difference cordial for alln.

Proof. Take the vertex set and edge set ofJn,n as in definition 3.4. LetK1,n be the star.

Let w be the central vertex ofK1,n andw1,w2, . . . ,wn be the pendent vertices adjacent tow.

Clearly,
∣

∣V (Jn,n ∪K1,n)
∣

∣+
∣

∣E(Jn,n ∪K1,n)
∣

∣= 6n+10.

Case 1.n ≥ 4.

Fix the labels 1,1 and 1 to the verticesu1,u2 andu3 and also fix the labels 1,1 and 1 to the

verticesv1,v2 andv3. Assign the labels 3,3,3 and 3 to the verticesu,x,y andv. Next assign the

labels 3 and 1 to the verticesu4 andu5. Next consider the two verticesu6 andu7. Assign the
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label 3 and 1 respectively to the verticesu6 andu7. Continue in this pattern until we reach the

vertexun. Note that the vertexun receive the label 3 or 1 ifn is even or odd. Assign the label 3

and 1 to the verticesv4 andv5. Next consider the two verticesv6 andv7. Assign the label 3 and

1 respectively to the verticesv6 andv7. Proceeding in this pattern until we reach the vertexvn.

Clearly the vertexvn receive the label 3 or 1 ifn is even or odd. We now consider the vertices of

the starK1,n. Fix the label 3 to the central vertexw. Next assign the labels 3 and 1 to the vertices

w1 andw2. Next consider the two verticesw3 andw4. Assign the label 3 and 1 respectively to

the verticesw5 andw6. Proceeding like this untill we reach the vertexwn. Note that the vertex

wn receive the label 3 or 1 ifn is even or odd.

Case 2.n = 2 and 3.

Table 1 gives a 4-total difference cordial labeling for thiscase.

n u1 u2 u3 u v x y v1 v2 v3 w w1 w2 w3

2 1 1 3 3 3 3 1 1 3 3 1

3 1 1 1 3 3 3 3 1 1 1 3 3 1 3
TABLE 1

The table 2 shows that this vertex labeling is a 4-total difference codial labeling.

Values ofn td f (0) td f (1) td f (2) td f (3)

n is odd 3n+5
2

3n+5
2

3n+5
2

3n+5
2

n is even 3n+6
2

3n+4
2

3n+4
2

3n+6
2

TABLE 2

�

Theorem 3.2.Jn,n ∪Bn,n is 4-total difference cordial for alln.

Proof. Take the vertex set and edge set ofJn,n as in definition 3.4. LetBn,n be the bistar. Letw,z

(1≤ i ≤ n) be the central vertices ofBn,n andwi,zi (1≤ i ≤ n) be the pendent vertices adjacent

to w and z respectively. Clearly,|V (Jn,n ∪Bn,n)|+ |E(Jn,n ∪Bn,n)| = 8n+ 12. Fix the labels

1,1,1 and 1 to the verticesu1,u2,v1 andv2. Next assign the label 3 to verticesu3,u4, . . . ,un
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andv3,v4, . . . ,vn. We now consider the vertices of the bistarBn,n. Fix the labels 3,3 and 3 to

the verticesw,z andw1. Next assign the label 1 to the verticesw2,w3, . . . ,wn andz1,z2, . . . ,zn.

Clearlytd f (0) = td f (1) = 3n = td f (2) = td f (3) = 2n+3. �

Theorem 3.3.Cn ∪K1,n is 4-total difference cordial for alln.

Proof. Let Cn be the cycleu1u2 . . .unu1. Let K1,n be the star. Letv be the central vertex ofK1,n

andv1,v2, . . . ,vn be the pendent vertices adjacent tov. First we consider the cycleCn. Assign

the label 3 to the all cycle verticesu1,u2, . . . ,un. We now consider the starK1,n. Assign the label

3 to the central vertexv. Next assign the label 1 to all the pendent verticesv1,v2, . . . ,vn. Clearly

td f (0) = td f (1) = 3n = td f (2) = td f (3) = n.

�

Theorem 3.4.Jn,n ∪ (Pn⊙K1) is 4-total difference cordial for all values ofn.

Proof. Take the vertex set and edge set as in definition 3.4. LetPn be the pathw1w2 . . .wn

andz1,z2, . . . ,zn be the pendent vertices adjacent tow1,w2, . . . ,wn respectively. First consider

the jelly fishJn,n. Fix the label 3 to the verticesu,v,x andy. Assign the label 1 to vertices

u1,u2, . . . ,un andv1,v2, . . . ,vn. We now consider the combPn ⊙K1. Assign the label 3 to all

the path verticesw1,w3, . . . ,wn.Next we move to pendent verticesz1,z2, . . . ,zn. Fix the label 1

to the verticesz1 andz2.Next assign the label 3 to the remaining pendent verticesz3,z4, . . . ,z5.

Clearlytd f (0) = td f (1) = 3n = td f (2) = td f (3) = 2n+2. �

Example 3.5.A 4-total difference cordial labeling ofJ6,6∪ (P6⊙K1) is shown in Figure 1
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FIGURE 1

Theorem 3.6.Jn,n ∪Pn is 4-total difference cordial for alln.



154 R. PONRAJ, S. YESU DOSS PHILIP, R. KALA

Proof. Take the vertex set and edge set as in definition 3.4. LetPn be the pathw1w2 . . .wn be the

path vertices. Fix the label 3 to the verticesu,v,x andy and the labels 1,1 and 1 to the vertices

u1,u2 andu3. Fix the label 1,1 and 1 to the verticesv1,v2 andv3. Assign the labels 3 and 1 to

the verticesu4 andu5. Next consider the two consecutive verticesu6 andu7. Assign the labels

3 and 1 to the next two verticesu6 andu7. Proceeding like this until we reach the vetexun. The

vertexun receive the label 3 or 1 ifn is odd or even. Assign the labels 3 and 1 to the verticesv4

andv5. Next consider the two consecutive verticesv6 andv7. Assign the labels 3 and 1 to the

verticesv6 andv7. Proceeding like this untill we reach the vetexvn. The vertexvn receive the

label 3 or 1 ifn is odd or even.We now consider the pathPn.

Case 1.n is even.

Assign the labels 1,3,3 and 1 to the path verticesw1,w2,w3 and w4. Next consider the

four verticesw5,w6,w7 and w8. Assign the labels 1,3,3 and 1 respectively to the vertices

w5,w6,w7 andw8. We now assign the labels 1,3,3 and 1 to the next four consecutive vertices

w9,w10,w11,w12. Next assign the labels 1,3,3 and 1 respectively to the next four consecutive

verticesw13,w14,w15 andw16. Countinue in this pattern until we reach the vertexun. It is easy

to verify that the vertexun receive the label 1 or 3 according asn ≡ 0 (mod 4) and 3 orn ≡ 2

(mod 4) .

Case 2.n is odd.

Assign the labels 1,3,3 to the path verticesw1,w2 and w3. Next consider the four vertices

w4,w5,w6 andw7. Assign the labels 3,1,1 and 3 respectively to the verticesw4,w5,w6 andw7.

We assign the labels 3,1,1 and 3 to the next four consecutive verticesw8,w9,w10,w11. Next

assign the labels 3,1,1 and 3 respectively to the next four consecutive verticesw12,w13,w14 and

w15. Countinue in this pattern until reach the vertexun. It is easy to check that the vertexun

receive the label 1 whenn ≡ 1 (mod 4) and 3 ifn ≡ 3 (mod 4) or n = 3. The Table 3 given

below shows that this labeling method is a 4-total difference cordial labeling. �

Values of n td f (0) td f (1) td f (2) td f (3)

n is even 3n+4
2

3n+4
2

3n+4
2

3n+4
2

n is odd 3n+3
2

3n+3
2

3n+5
2

3n+5
2

TABLE 3
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Theorem 3.7.Cn ∪ (Pn⊙K1) is 4-total difference cordial for all values ofn.

Proof. Let Cn be the cycleu1u2 . . .unu1. Let Pn be the pathv1v2 . . .vn andw1,w2, . . . ,wn be the

pendent vertices adjacent tov1,v2, . . . ,vn respectively. First we consider the cycleCn. Assign

the label 3 to the all cycle verticesu1u2 . . .un. We now consider the combPn⊙K1. Fix the label

1,2,2 to the path verticesv1,v2 andv3. Next we move to pendent verticesw1,w2 andw3. Fix

the labels 3,2 and 1 to the verticesw1,w2 andw3. Next assign the labels 1 and 2 to the vertices

v4 andv5. Next consider the two verticesv6 andv7. Assign the label 1 and 2 respectively to the

verticesv6 andv7. Continue in this pattern untill we reach the vertexvn. Note that the vertexun

receive the label 1 whenn is evenn ≥ 4 and 2 ifn ≥ 3. Assign the label 3 and 2 to the vertices

w4 andw5. Next consider the two verticesw6 andw7. Assign the label 3 and 2 respectively

to the verticesw6 andw7. Continue in this pattern untill we reach the vertexwn. Note that the

vertexwn receive the label 3 or 2 whwnn is evenn ≥ 4 or oddn ≥ 5.

The following table 4 establish that this labeling technique is a 4-total difference cordial

labeling.

Values of n td f (0) td f (1) td f (2) td f (3)

n is odd 3n+1
2

3n−1
2

3n−1
2

3n−1
2

n is even 3n
2

3n−2
2

3n
2

3n
2

TABLE 4

�

Theorem 3.8.Cn ∪Bn,n is 4-total difference cordial for all values ofn.

Proof. Let Cn be the cycleu1u2 . . .unu1. Let Bn,n be the bistar. Letv,w be the central vertex of

Bn,n andvi,wi(1≤ i ≤ n) be the pendent vertices adjacent tov andw. Clearly,|V (Cn ∪Bn,n)|+

|E(Cn ∪Bn,n)| = 6n+3. Assign the label 3 to all the cycle verticesu1u2 . . .un. Fix the labels

1,1 to the verticesv1,v2 andw1,w2. Next assign the labels 3 and 1 to the verticesv3 andv4.

Next consider the two verticesv5 andv6. Assign the label 3 and 1 respectively to the vertices

v5 andv6. Continue in this pattern untill we reach the vertexvn. Note that the vertexvn receive

the label 3 or 1 whenn is odd or even.
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The following table 5 establish that this labeling pattern is a 4-total difference cordial label-

ing.

Values of n td f (0) td f (1) td f (2) td f (3)

n is odd 3n+1
2

3n+1
2

3n+1
2

3n+3
2

n is even 3n
2

3n+2
2

3n+2
2

3n+2
2

TABLE 5

�
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