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1. INTRODUCTION 

Menger [1] initiated the theory of probabilistic metric (PM) space and the conversion of 

probabilistic notion into geometry was one of the great efforts. Mishra [2] introduced the notion 
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of compatible mappings in Menger space Altumn Turkoglu [3] generated two common fixed 

point theorems of complete PM-space by utilizing the implicit conditions. Schweizer and Sklar 

[4] contributed for the enrichment of PM-space in fixed point theory. Sehgal and Bharucha-Reid 

[5] extended the concept of contraction mapping to the setting of the Menger space. They proved 

a generalization of classical Banach contraction on complete Menger space. V.H. Badshah, 

Suman Jain and Subhash Madloi [12] proved fixed point theorem using semi compatible in 

Menger probabilistic metric space. [Bouhdjera and Gedet Thobe [9] introduced two notions sub 

sequentially continuous and sub- compatibility which are weaker forms than reciprocal- 

continuity. 

 

2. PRELIMINARIES 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟏 [6] A mapping  𝑡: [0, 1] 𝑋 [0, 1]  →  [0, 1] is called continuously 𝑡 − 𝑛𝑜𝑟𝑚 if it 

has the following properties  

(a) 𝑡 𝑖𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑎𝑛𝑑 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 

(b) 𝑡 (𝛾, 1)  =  𝛾, ∀ 𝛾 ∈  [0, 1]  

(c) 𝑡 (𝛾, 𝜔)   ≤  𝑡 (𝛼, 𝜗)  𝑓𝑜𝑟 𝛾  ≤  𝛼  𝑎𝑛𝑑 𝜔 ≤  𝜗 ∀ 𝛾, 𝛼, 𝜗, 𝜔 ∈  [0, 1].               

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧  𝟐. 𝟐[6] A mapping  𝐹 ∶  𝑅  →   𝑅 said to a distribution if it is non-decreasing left 

continuous with  𝑖𝑛𝑓 { 𝐹( 𝑡 ) ∶  𝑡  ∈  𝑅 }  =  0 and Sup { 𝐹( 𝑡 ) ∶  𝑡  ∈  𝑅 }  =  1. We denote L as 

the set of all distribution functions. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧.  𝟐. 𝟑 [6] A 𝑃𝑀- space is jointly ordered pair (𝑋, 𝐹) having a set 𝑋  ≠  ∅  and the 

function  𝐹 ∶  𝑋 ×  𝑋 →   𝐿  where 𝐿 is the collection of all distribution functions and the 

value of F at (𝑢, 𝑣)  ∈  𝑋 ×  𝑋 is represented by 𝐹𝑢,𝑣 the function 𝐹𝑢,𝑣 obeys the following 

conditions 

(𝑃1)    𝐹𝑢,   𝑣 (𝛼) = 1 ∀ 𝛼 > 0 if and only if u = v 

(𝑃2)   𝐹𝑢 ,   𝑣 (0) = 0 

(𝑃3)   𝐹𝑢,   𝑣 (𝛼) =  𝐹𝑣,   𝑢 (𝛼). 

(𝑃4)  If 𝐹𝑢,   𝑣 (𝛼) = 1 and 𝐹𝑣,   𝑤 (𝛽) = 1 → 𝐹𝑢,   𝑤 (𝛼 + 𝛽) = 1 ∀ u, v, w in X, 𝛼, 𝛽 > 0. 
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𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧  𝟐. 𝟒 [6] A Menger space is a triplet (X, F, t) where (X, F) is a probabilistic metric 

space and t-norm with the condition  

𝐹𝑢,   𝑤 (𝛼 + 𝛽) ≥ t ( 𝐹𝑢,   𝑣 (𝛼),  𝐹𝑣,   𝑤 ( 𝛽))  for all x, y, z ∈ X and 𝛼, 𝛽 > 0 . 

Remark 2.5 [11] Every metric space is realized as probabilistic metric space by treating                                

𝐹 ∶  𝑋 ×  𝑋 →   𝐿  defined by  𝐹𝑢,𝑣(𝛼) = H ( 𝛼 − 𝑑(𝑢, 𝑣)) for all u,v  ∈ 𝑋, where H is a Heaviside 

function defined by 

H (𝛼) = {
1, 𝑖𝑓 𝛼 ≥  0,

0, 𝑖𝑓 𝛼 <  0.
 

Example 2.6 Consider  𝑋 = [0, ∞) and d is the metric on X for each 𝑡 ∈  [0, 1]. 

Define 

𝐹𝑢,   𝑣(t) = {
 

𝑡

𝑡+⎸𝛼−𝛽⎹
, 𝑡 > 0

0       , 𝑡 = 0
       ∀  𝛼, 𝛽 in X and  𝑡 >  0. 

Then (X, F, t) is a Menger space. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟕 [6] A sequence 〈𝑥𝑛〉 in Menger space ( 𝑋, 𝐹, 𝑡) is said to converge to 𝛽 in X 

if and only if fo;r each 𝜖 > 0 and 𝑡 > 0  there is a positive integer 𝑁(𝜖) ∈  𝑁 ∋

( 𝑋, 𝐹, 𝑡)  𝐹𝑥𝑛,   𝛽(𝜖) >  1 – 𝑡 ∀ 𝑛 ≥  𝑁(𝜖). 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧  𝟐. 𝟖 [6] A 𝑃𝑀- space ( 𝑋, 𝐹, 𝑡) is complete if every Cauchy sequence in X is 

convergent. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟗 [4] Self mappings P and S of a Menger space (𝑋, 𝐹, 𝑡) are called compatible if 

𝐹𝑃𝑆𝑥𝑛,  𝑆𝑃𝑥𝑛
(𝛽) → 1 ∀ 𝛽 > 0 whenever a sequence  〈𝑥𝑛〉  in X  ∋  𝑃𝑥𝑛, 𝑆𝑥𝑛 → 𝑧 for some z 

in X as n →  ∞. 

Example 2.10 Consider  𝑋 = [0, ∞)  and d is the metric on X and for each                              

𝑡 ∈  [0, 1]  Define 

𝐹𝑢,   𝑣(t) = {
 

𝑡

𝑡+⎸𝛼−𝛽⎹
, 𝑡 > 0

0       , 𝑡 = 0
       ∀  𝛼, 𝛽 in X and  𝑡 >  0. 

Define 𝑃, 𝑆 ∶  𝑋 →  𝑋  𝑎𝑠  𝑃(𝑥) = 𝑥2  ∀  𝑥 in X and 𝑆(𝑥) = {
3𝑥, 𝑥 ∈ [0, 8]
81, 𝑥 ∈ [1, ∞)

  

Consider a sequence  𝑥𝑛  = 3 + 
7

𝑛
  →  3  for n ≥ 1. Then 
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𝑃𝑥𝑛 =  𝑃 ( 3 +  
7

𝑛
 )  =  (3 +  

7

𝑛
 )2 →  9 and 

𝑆𝑥𝑛 =  𝑆 ( 3 +  
7

𝑛
 )  =  3 ( 3 +  

7

𝑛
 )  =   9 +   

21

𝑛
  →  9 𝑎𝑠 𝑛 →  ∞. 

Now 𝑃𝑆𝑥𝑛  =  𝑃𝑆 ( 3 +   
7

𝑛
 )  =  𝑃 ( 9 +  

21

𝑛
)  = (9 +  

21

𝑛
 )2 →  81 and 

 𝑆𝑃𝑥𝑛  =  𝑆𝑃 (3 +   
7

𝑛
 )  =  𝑆 (3 +   

7

𝑛
 )2 =  81 → 81 𝑎𝑠 𝑛 →  ∞. 

This gives 𝐹𝑃𝑆𝑥𝑛,𝑆𝑃𝑥𝑛
(𝛽) → 1 𝑓𝑜𝑟 𝑎𝑙𝑙  𝛽 >  0  𝑎𝑠 𝑛 →  ∞.  

Thus, the mappings P, S are compatible. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧  𝟐. 𝟏𝟏 [7] Self mappings P and S of a Menger- space (X, F, t) are termed as weakly 

compatible 𝑖𝑓  𝑆𝑥 = 𝑃𝑥 ⇒  𝑆𝑃𝑥 = 𝑃𝑆𝑥 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑋. 

Example 2.12 Consider  𝑋 = [0, ∞)  and d is the metric on X and for each                              

𝑡 ∈  [0, 1].  Define 

𝐹𝑢,   𝑣(t) = {
 

𝑡

𝑡+⎸𝛼−𝛽⎹
, 𝑡 > 0

0       , 𝑡 = 0
       ∀  𝛼, 𝛽 in X and  𝑡 >  0. 

Define 𝑃, 𝑆 ∶  𝑋 →  𝑋 𝑎𝑠  𝑃(𝑥) = 𝑥2  and 𝑆(𝑥)= x   ∀  𝑥 in X. 

We observe that coincidence points for the pair (P, S) are 0,1 and at x = 0, P(0)=S(0) implies  

𝑃𝑆(0) = 𝑆𝑃(0) at x = 1, P(1) = S(1)  implies 𝑃𝑆(1) = 𝑆𝑃(1). 

Therefore, mappings are weakly compatible. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟏𝟑 [6] Self mappings P and S of a Menger space (X, F, t) are called reciprocally 

continuous if PS𝑥𝑛 → Pz and SP𝑥𝑛 → Sz whenever a sequence  〈𝑥𝑛〉  in X ∋ 𝑃𝑥𝑛,𝑆𝑥𝑛 →

𝑧 for some z in X as n →  ∞. 

Example 2.14 Consider 𝑋 = 𝑅 , d is the usual distance metric on X for 𝑒𝑎𝑐ℎ 𝑡 ∈  [0, 1]. 

Define 

𝐹𝑢,   𝑣(t) = { 

𝑡

𝑡+⎸𝛼−𝛽⎹
, 𝑡 > 0

0       , 𝑡 = 0
      𝑓𝑜𝑟 𝑎𝑙𝑙 𝛼, 𝛽 𝑖𝑛 𝑋 𝑎𝑛𝑑 𝑡 >  0. 

Define 𝑃, 𝑆 ∶  𝑋 →  𝑋 𝑎𝑠  𝑃 (𝑥) = {
11𝑥, 𝑥 < 11

13, 𝑥 ≥ 11
 

  𝑎𝑛𝑑   𝑆(𝑥) = {
5𝑥 + 6, 𝑥 < 11

11, 𝑥 ≥ 11.
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Consider a sequence 𝑥𝑛 = 1 + 
11

𝑛
  for n ≥ 1 then 

𝑃𝑥𝑛 =  𝑃 (1 +  
11

𝑛
 )  =  11(1 + 

11

𝑛
 )  →  11 and 

 𝑆𝑥𝑛 =  𝑆 (1 +   
11

𝑛
 ) =  5 (1 +   

11

𝑛
 ) + 6 =  11 +   

55

𝑛
  →  11 𝑎𝑠 𝑛 →  ∞. 

Now 𝑃𝑆𝑥𝑛  =  𝑃𝑆 (1 +   
11

𝑛
 )  =  𝑃 (11 +  

55

𝑛
 )  =  13  → 13 =  𝑃 ( 11 ) and 

𝑆𝑃𝑥𝑛  =  𝑆𝑃 (3 +   
1

𝑛
 )  =  𝑆 (11 +   

121

𝑛
 )  =  11  → 11 =  𝑆 ( 11 ). 

Then PS𝑥𝑛 → Pz and SP𝑥𝑛 → Sz as n →  ∞. 

Thus, P and S are reciprocally continuous but not continuous. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟏𝟓 [6] Self mappings P and S of a Menger space (𝑋, 𝐹, 𝑡) are said to semi 

compatible if 𝐹𝑃𝑆𝑥𝑛,𝑆𝑧  (𝛽) → 1 for all 𝛽 > 0  whenever 〈𝑥𝑛〉 in X  ∋  𝑃𝑥𝑛,𝑆𝑥𝑛 → 𝑧 for some 

z in X as n →  ∞. 

Example 2.16 Consider X = [0, 1000), d is the usual distance metric on X for 𝑒𝑎𝑐ℎ 𝑡 ∈

 [0, 1].   

Define 

𝐹𝑢,   𝑣(t) = { 

𝑡

𝑡+⎸𝛼−𝛽⎹
, 𝑡 > 0

0       , 𝑡 = 0
      𝑓𝑜𝑟 𝑎𝑙𝑙 𝛼, 𝛽 𝑖𝑛 𝑋 𝑎𝑛𝑑 𝑡 >  0. 

Define 𝑃, 𝑆 ∶  𝑋 →  𝑋 𝑎𝑠  𝑃 (𝑥) =  𝑥3      ∀  𝑥 in X and 

𝑆(𝑥) = {
2𝑥2, 𝑥 < 8
512, 𝑥 ≥ 8.

   . 

Consider sequence 𝑥𝑛= 2−
1

2𝑛
  for n ≥ 1. Then 

𝑃𝑥𝑛 =  𝑃 (2 −  
1

2𝑛
 )  =  (2 −  

1

2𝑛
 )3 →  8 and 

𝑆𝑥𝑛 =  𝑆 (2 −  
1

2𝑛
 )  =  2 (2 −  

1

2𝑛
 )2  →  8 𝑎𝑠 𝑛 →  ∞. 

Now 𝑃𝑆𝑥𝑛 =  𝑃𝑆 (2 −  
1

2𝑛
 )  =  𝑃 ( 2 ( 2 −

1

2𝑛
 )2  )  =  ( 2 ( 2 −  

1

2𝑛
 )2 )3 → 512 = 𝑆(8) and 

𝑆𝑃𝑥𝑛  =  𝑆𝑃 (2 −  
1

2𝑛
 )  =  𝑆 ((2 −  

1

2𝑛
 )3)  =  2((2 −  

1

2𝑛
 )3 )2  → 128 . 

Then 𝐹𝑃𝑆𝑥𝑛,𝑆𝑧  (𝛽) → 1 and Then 𝐹𝑃𝑆𝑥𝑛,𝑆𝑃𝑥𝑛
(𝛽) 𝑛𝑜𝑡 𝑡𝑒𝑛𝑑𝑠 𝑡𝑜 1 for all 𝛽 as n →  ∞. 
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Hence the mappings P and S are semi compatible but not compatible. 

Definition 2.17 [8] Self mappings P and S of a Menger space (𝑋, 𝐹, 𝑡) are termed as occasionally 

weakly compatible if and only if there exists for some x in X  ∋  𝑃𝑥 =  𝑆𝑥  implies 𝑃𝑆𝑥 =

𝑆𝑃𝑥. 

Clearly occasionally weakly compatible maps are weakly compatible mappings however the 

converse is not true in general.  

We can justify with an example. 

Example 2.18. Consider  𝑋 = [0, 4]  and d is the metric on X and for each                      

𝑡 ∈  [0, 1]   

Define 

𝐹𝑢,   𝑣(t) = {
 

𝑡

𝑡+⎸𝛼−𝛽⎹
, 𝑡 > 0

0       , 𝑡 = 0
       ∀  𝛼, 𝛽 in X & 𝑡 >  0 

Define the mappings P , 𝑆 ∶  𝑋 →  𝑋 𝑎𝑠  𝑃(𝑥) = 𝑥2, x ∈ [0, 4] and   

 𝑆(𝑥) = {
𝑥, 𝑥 ∈ [0, 1]

𝑥 + 2, 𝑥 ∈ [1, 4]
 . 

We observe that coincidence points for the pair (P, S) are 0, 1 and 2. At 𝑥 =  2, 𝑃(2)  =  𝑆(2)  

but 𝑃𝑆(2)  ≠ 𝑆𝑃(2)  at 𝑥 =  0, 𝑃(0) =  𝑆(0) and 𝑃𝑆(0) = 𝑆𝑃(0). 

Which shows that the mappings P, S are occasionally weakly compatible but are not weakly 

compatible. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧  𝟐. 𝟏𝟗[9] Self-mappings P and S of a Menger space (𝑋, 𝐹, 𝑡) are termed as sub 

sequentially continuous if and only if 𝑃𝑥𝑛,𝑆𝑥𝑛 → 𝑧  for some z in X and which satisfy 

𝐹𝑃𝑆𝑥𝑛,𝑝𝑧 (𝛼) →  1 𝑎𝑛𝑑 𝐹𝑆𝑃𝑥𝑛,𝑆𝑧(𝛼) →  1  𝑓𝑜𝑟 𝑎𝑙𝑙 𝛼 >  0  𝑎𝑠 𝑛 →  ∞. 

Remark 2.20.If P and S are continuous or reciprocally continuous mappings then they are sub 

sequentially continuous mappings but not conversely. 

We justify this with an example. 

Example 2.21 Consider X = [0, 19) , d is the usual distance metric on X for 𝑒𝑎𝑐ℎ 𝑡 ∈  [0, 1] .   

Define 
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𝐹𝑢,   𝑣(t) = { 

𝑡

𝑡+⎸𝛼−𝛽⎹
, 𝑡 > 0

0       , 𝑡 = 0
      𝑓𝑜𝑟 𝑎𝑙𝑙 𝛼, 𝛽 𝑖𝑛 𝑋 𝑎𝑛𝑑 𝑡 >  0. 

 Define  𝑃, 𝑆 ∶  𝑋 →  𝑋 𝑎𝑠  𝑃 (𝑥) = {
3 + 𝑥, 𝑥 ≤ 3

𝑥, 𝑥 > 3
          

  𝑎𝑛𝑑   𝑆(𝑥) = {
3 − 𝑥, 𝑥 < 3

2𝑥 − 3  𝑥 ≥ 3
   . 

Consider a sequence  𝑥𝑛 = 3 + 
1

𝑛
  for n ≥ 1 then 

 𝑃𝑥𝑛 =  𝑃 (3 +  
1

𝑛
 )  =  3 + 

1

𝑛
 →  3 and 

 𝑆𝑥𝑛 =  𝑆 (3 +   
1

𝑛
 )  =  2 (3 +   

1

𝑛
 ) − 3 =  3 +   

2

𝑛
  →  3 𝑎𝑠 𝑛 →  ∞. 

 Now 𝑃𝑆𝑥𝑛  =  𝑃𝑆 ( 3 +  
1

𝑛
 )  =  𝑃 (3 +  

2

𝑛
 )  =  3 +  

2

𝑛
 → 3 ≠ 6 =  𝑃 ( 3 ) and 

 𝑆𝑃𝑥𝑛  =  𝑆𝑃 ( 3 +  
1

𝑛
 )  =  𝑆 (3 +   

1

𝑛
 )  =  3 +  

2

𝑛
   → 3 =  3 =  𝑆 ( 3 ). 

Thus, P and S are not reciprocally continuous. 

However, for a sequence  𝑥𝑛 =  
1

𝑛
  for n ≥ 1, then 

𝑃𝑥𝑛 =  3 +  
1

𝑛
 →  3 and 

𝑆𝑥𝑛 = =  3 −  
1

𝑛
 →  3 𝑎𝑠 𝑛 →  ∞. 

Now 𝑃𝑆𝑥𝑛  =  𝑃 (3 −  
1

𝑛
 )  =  3 +  3 −  

1

𝑛
 )  =  6 − 

1

𝑛
 → 6 = 6 =  𝑃 (3) and 

 𝑆𝑃𝑥𝑛  =  𝑆 (3 +  
1

𝑛
 )  =  2 (3 +  

1

𝑛
 )  − 3 =  3 +  

2

𝑛
  → 3 =  3 =  𝑆(3). 

Therefore, P and S are sub-sequentially continuous but neither continuous nor reciprocally 

continuous. 

Lemma 2.1 [2] “Let ( 𝑋, 𝐹, 𝑡) 𝑏𝑒  𝑎 Menger-space with continuous t-norm if we find a 

constant 𝑞 ∈ (0, 1) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝐹𝑢,𝑣(𝑞𝑡) ≥ 𝐹𝑢,𝑣(𝑡) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢, 𝑣 𝑖𝑛 𝑋 and 𝑡 > 0 then u=v.” 

Lemma 2.2 [2] “ Let ( 𝑋, 𝐹, 𝑡) 𝑏𝑒 𝑎  Menger-space with continuous t-norm                    

t(𝜔,𝜔) ≥ 𝜔  for all 𝜔 ∈ [0, 1], If there exists a constant  𝜃 ∈ (0, 1) such that 𝐹𝑢𝑛,   𝑢𝑛+1
(𝜃𝑡) ≥

𝐹𝑢𝑛−1,  𝑢𝑛
(𝑡), n = 1,2,3… then 〈𝑢𝑛〉 is a Cauchy sequence in X. ’’ 

The following theorem was proved by Preeti Malviya, Vandana Gupta and V.H. Badshah in [6]. 
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Theorem (A) Let P, Q, S and T be self-mappings on a complete Menger space ( X, F, t) with  

continuous t-norm t (c, c) ≥ c for c ∈ (0, 1) satisfying 

 (𝐴1)  𝑃(𝑋) ⊆ 𝑇(𝑋) 𝑎𝑛𝑑 𝑄(𝑋)  ⊆  𝑆(𝑋) 

 (𝐴2)  (𝑄, 𝑇) is weakly compatible 

 (𝐴3)  𝑓𝑜𝑟  𝑎𝑙𝑙 𝛼, 𝛽 𝑖𝑛 𝑋 𝑎𝑛𝑑 ℎ >  1 

            𝐹𝑃𝛼.  𝑄𝛽 (hx) ≥ Min { 𝐹𝑆𝛼.  𝑇𝛽 (x), { 𝐹𝑆𝛼.  𝑃𝛼 (x) . 𝐹𝑄𝛽.  𝑇𝛽 ( x) }, 𝐹𝑃𝛼.  𝑆𝛼 (x) }. 

 (𝐴4)   If (P, S) is semi-compatible pair of reciprocally continuous mappings  

then P, Q, S and T have unique common fixed point. 

Now we improve the above result in the following way. 

 

3. MAIN RESULT 

Theorem 3.1 Let P,Q,S and T be self-mappings on a complete Menger space ( X, F, t) with  

continuous t-norm t (c, c) ≥ c for c ∈ (0, 1) satisfying 

(𝐵1)  𝑃(𝑋)  ⊆ 𝑇(𝑋), 𝑄(𝑋)  ⊆  𝑆(𝑋) 

(𝐵2) (𝑄, 𝑇) is occasionally weakly compatible mappings 

(𝐵3)   𝐹𝑃𝛼.  𝑄𝛽 (hx) ≥ Min { 𝐹𝑆𝛼.  𝑇𝛽 (x),{ 𝐹𝑆𝛼.  𝑃𝛼 (x) . 𝐹𝑄𝛽.  𝑇𝛽 (x) }, 𝐹𝑃𝛼.  𝑆𝛼 (x) } 

       𝑓𝑜𝑟 𝑎𝑙𝑙 𝛼, 𝛽 𝑖𝑛 𝑋 𝑎𝑛𝑑 ℎ >  1. 

(𝐵4 ) If the pair (P, S) is semi compatible and sub sequentially continuous  

then P, Q, S and T have unique common fixed point. 

Proof: 

From  (𝐵1)   we can construct a sequence  〈𝑦𝑛〉  for n ≥ 1 such that 

 〈𝑦2𝑛〉 = P𝑥2𝑛= T𝑥2𝑛+1, 〈𝑦2𝑛+1〉 = Q𝑥2𝑛+1 = S𝑥2𝑛+2.  

We prove 〈𝑦𝑛〉 is Cauchy sequence.  

In (𝐵3) take 𝛼 = 𝑥2𝑛+1,  𝛽 =  𝑥2𝑛+2 we get 

𝐹𝑃𝑥2𝑛+1,   𝑄 𝑥2𝑛+2  (hx) ≥ Min {𝐹𝑆 𝑥2𝑛+1 .  𝑇 𝑥2𝑛+2  (x),{ 𝐹𝑆 𝑥2𝑛+1 .  𝑃 𝑥2𝑛+1  (x) . 𝐹𝑄𝑥2𝑛+2  .  𝑇 𝑥2𝑛+2  (x)}, 

𝐹𝑃 𝑥2𝑛+1 .  𝑆 𝑥2𝑛+1  (x)}.  
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This gives 

𝐹𝑦2𝑛+1.  𝑦2𝑛+2
 (hx) ≥  Min {𝐹𝑦2𝑛,  𝑦2𝑛+1

 (x),{ 𝐹𝑦2𝑛,   𝑦2𝑛+1
 (x) . 𝐹𝑦2𝑛+2,  𝑦2𝑛+1

(x)}, 𝐹𝑦2𝑛+1,  𝑦2𝑛
(x)}. 

This results 

𝐹𝑦2𝑛+1.  𝑦2𝑛+2
 (hx)  ≥ 𝐹𝑦2𝑛,𝑦2𝑛+1

 (x) . 

Similarly   

𝐹𝑦2𝑛+2.  𝑦2𝑛+3
 (hx)  ≥ 𝐹𝑦2𝑛+1,𝑦2𝑛+2

 (x). 

In general we have 𝐹𝑦𝑛+1.  𝑦𝑛
 (hx)  ≥ 𝐹𝑦𝑛,  𝑦𝑛−1

 (x) for n = 1, 2, 3….   

By Lemma 2.2 〈𝑦𝑛〉 is cauchy sequence in complete Menger space X so that it converges to some 

z in X. 

Consequently each sub sequence of it converges to z. 

Since the pair (P, S) is semi-compatible then lim
𝑛 →∞

𝐹𝑃𝑆𝑥2𝑛.𝑆𝑍(t) = 1.  

Also the pair (P, S) is sub sequentially continuous then 

lim
𝑛 →∞

𝐹𝑃𝑆𝑥2𝑛.  𝑃𝑍(t) = 1 and lim
𝑛 →∞

𝐹𝑆𝑃𝑥2𝑛.  𝑆𝑍 (t) = 1. 

This implies Pz =Sz. 

Now we claim z = Pz. 

Take 𝛼 = z, 𝛽 = 𝑦𝑛 in (𝐵3) we get 

𝐹𝑃𝑧,   𝑄𝑦𝑛
 (hx) ≥ Min { 𝐹𝑆𝑧 .  𝑇𝑦𝑛

 (x),{ 𝐹𝑆𝑧 .  𝑃𝑧  (x) . 𝐹𝑄𝑦𝑛.  𝑇𝑦𝑛
 (x) }, 𝐹𝑃𝑧 .  𝑆𝑧  (x) } 

 letting n →  ∞  

this gives 

𝐹𝑃𝑧.  𝑧 (hx) ≥ Min { 𝐹𝑃𝑧,𝑧 (x),{ 𝐹𝑃𝑧,   𝑃𝑧  (x) . 𝐹𝑧.  𝑧 ( x) }, 𝐹𝑃𝑧 ,   𝑃𝑧  ( x)  }. 

This results 

𝐹𝑃𝑧,   𝑧 (hx)  ≥ 𝐹𝑃𝑧,   𝑧 (x). 

By Lemma 2.1, we get z = Pz. 

This gives z = Pz = Sz. 

Now z = Pz ∈ 𝑃(𝑋) ⊆ 𝑇(𝑋) by (𝐵1)  implies there exists some u ∈ X such that z = Pz = T u. 
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Now we claim z = Qu. 

Take 𝛼 = z ,  y = u  in (𝐵3) we get 

𝐹𝑃𝑧,   𝑄𝑢 (hx) ≥ Min {𝐹𝑆𝑧 .  𝑇𝑢 (x),{ 𝐹𝑆𝑧 .  𝑃𝑧  (x) . 𝐹𝑄𝑢.  𝑇𝑢 (x) }, 𝐹𝑃𝑧 .  𝑆𝑧  (x)  } 

using z = Pz = Sz = T u 

𝐹𝑧 .  𝑄𝑢 (hx) ≥ Min [𝐹𝑧,   𝑧 (x), {𝐹𝑧 ,   𝑧  (x) . 𝐹𝑄𝑢.  𝑧 (x) }, 𝐹𝑧,   𝑧  (x) }. 

This gives 

 𝐹𝑧 .𝑄𝑢 (hx)  ≥ 𝐹𝑧 .𝑄𝑢 (x).  

By Lemma 2.1, we get, z = Qu 

this gives 𝑧 =    𝑄𝑢 =  𝑇𝑢. 

Again since the pair (Q, T) is occasionally weakly compatible such that 𝑄𝑢 =  𝑇𝑢 implies 

𝑄𝑇𝑢 =  𝑇𝑄𝑢. 

This results  𝑄𝑧 =  𝑇𝑧. 

Now we claim z = Qz. 

Take 𝛼 = z ,  y = z  in (𝐵3) we get 

𝐹𝑃𝑧,   𝑄𝑧 (hx) ≥ 𝑀𝑖𝑛 { 𝐹𝑆𝑧 .  𝑇𝑧 (x),{ 𝐹𝑆𝑧 .  𝑃𝑧  (x) . 𝐹𝑄𝑧.  𝑇𝑧 (x) }, 𝐹𝑃𝑧,   𝑆𝑧  (x)}   

using z = Pz = Sz and Qz = Tz 

𝐹𝑧,   𝑄𝑧 (hx) ≥ 𝑀𝑖𝑛 { 𝑭𝑧 ,   𝑧 (𝑥), { 𝐹 𝑧 ,   𝑧  (𝑥) . 𝐹𝑄𝑧,.  𝑄𝑧 (x) }, 𝐹 𝑧,   𝑧  (𝑥)  } 

this gives 

𝐹 𝑧 .  𝑄𝑧 (hx)  ≥ 𝐹𝑧 .  𝑧 (𝑥). 

By Lemma 2.1 we get 𝑧 =  𝑄𝑧. 

This implies 𝑧 =  𝑃𝑧 =  𝑆𝑧 =   𝑄𝑧 =  𝑇𝑧. 

This gives 𝑧 is a common fixed point for the mappings P, Q, S and T. 

Uniqueness: 

If possible 𝑧1 is another fixed point then 𝑧1= P𝑧1 = S𝑧1 = Q𝑧1 = T𝑧1. 

Put 𝛼 = z, 𝛽 = 𝑧1 in (𝐵3) we have 

𝐹𝑃𝑧,   𝑄𝑧1
 (hx) ≥ Min { 𝐹𝑆𝑧,   𝑇𝑧 (x),{ 𝐹𝑆𝑧,   𝑃𝑧  (x) . 𝐹𝑄𝑧1.  𝑇𝑧1

 (x) }, 𝐹𝑃𝑧 .  𝑆𝑧  (x) } 

this gives 
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𝐹𝑧 .  𝑧1
 (hx) ≥ 𝑀𝑖𝑛 { 𝐹𝑧 .  𝑧1

 (𝑥), { 𝐹 𝑧 .𝑧  (𝑥) . 𝐹𝑧1.  𝑧1
 (𝑥) },  𝐹𝑧 ,   𝑧  (𝑥)  } 

this results 

𝐹𝑧.  𝑧1
 (hx) ≥  𝐹𝑧.   𝑧1

 (x). 

By Lemma 2.1 we get 𝑧 =  𝑧1. 

Therefore, z is the unique common fixed point for the four mappings P, Q, S and T. 

We provide a supporting example to justify our theorem. 

Example 3.2. Consider X = [1, 5] d is distance metric on X  𝑒𝑎𝑐ℎ 𝑡 ∈  [0, 1] 

Define  𝐹𝑢,𝑣(t) = {

𝑡

𝑡+⎸𝛼−𝛽⎹
, 𝑡 > 0

0       , 𝑡 = 0
      𝑓𝑜𝑟 𝑎𝑙𝑙 𝛼, 𝛽 𝑖𝑛  𝑋 , 𝑡 >  0. 

Define  𝑃, 𝑄, 𝑆 𝑎𝑛𝑑 𝑇 ∶  𝑋 →  𝑋 𝑎𝑠   

 𝑃 (𝑥) = 𝑄 (𝑥) = {

𝑥,      0 ≤ 𝑥 <  
3

2

3,       
3

2
≤ 𝑥 ≤ 3

   0,        3 < 𝑥 ≤ 5   

  𝑎𝑛𝑑  

   𝑆(𝑥) = 𝑇(𝑥) = {

3 − 𝑥,      0 ≤ 𝑥 <  
3

2

3,       
3

2
≤ 𝑥 ≤ 3

 5 − 𝑥,        3 < 𝑥 ≤ 5   

. 

Now 𝑃(𝑋) = 𝑄(𝑋) = [0,
3

2
 ] 𝑈 [3] and 𝑆 (𝑋) = 𝑇 (𝑋) = [0, 3] so that 

 𝑃(𝑋) ⊆ 𝑇(𝑋), 𝑄(𝑋)  ⊆  𝑆(𝑋). 

Consider a sequence  𝑥𝑛 =  
3

2
  +  

1

𝑛
  for n ≥ 1 then 

𝑃𝑥𝑛 = 𝑃 ( 
3

2
+  

1

𝑛
) = 3 →  3 and 

𝑆𝑥𝑛 = 𝑆 ( 
3

2
+ 

1

𝑛
) = 3 →  3 as n →  ∞. 

𝑃𝑆𝑥𝑛  =  𝑃𝑆 ( 
3

2
+ 

1

𝑛
)  =  𝑃 (3)  =  3 → 3,   𝑃 ( 3) =  3 and also 

 𝑆𝑃𝑥𝑛  =  𝑆𝑃 ( 
3

2
+  

1

𝑛
)  =  𝑆 (3)  =  3  →  3,   𝑆 ( 3 )  =  3 as n →  ∞. 

Since 𝑃𝑆𝑥𝑛  → 3, 𝑆 ( 3 ) =  3.   

This gives the pair (𝑃, 𝑆) is semi compatible, and the pair (𝑃, 𝑆) is sub sequentially continuous 

since 𝑃𝑆𝑥𝑛 → 𝑃𝑧, 𝑆𝑃𝑥𝑛 →  𝑆𝑧. 



2514 

SATYANNA AND SRINIVAS 

Further consider a sequence  𝑥𝑛 =  
3

2
 − 

1

𝑛
  for n ≥ 1 then 

 𝑃𝑥𝑛 = 𝑃 ( 
3

2
 −  

1

𝑛
) = ( 

3

2
 −  

1

𝑛
)   →  

3

2
 and 

 𝑆𝑥𝑛 = 𝑆 ( 
3

2
 −  

1

𝑛
) = (3 − [ 

3

2
 −   

1

𝑛
]) = ( 

3

2
+   

1

𝑛
)   →  

3

2
  as n →  ∞. 

Now 𝑃𝑆𝑥𝑛  =  𝑃𝑆 (
3

2
 −   

1

𝑛
)  =  𝑃 (

3

2
+   

1

𝑛
)  =  3 → 3,   𝑃 ( 

3

2
 )  =  3 and also 

 𝑆𝑃𝑥𝑛  =  𝑆𝑃 (
3

2
 −  

1

𝑛
)  =  𝑆 (

3

2
 −  

1

𝑛
)  = (3 − [ 

3

2
 −  

1

𝑛
]) = ( 

3

2
+   

1

𝑛
)  →  

3

2
 , 𝑆 ( 

3

2
 )  =  3 

as n →  ∞. 

Since 𝑃𝑆𝑥𝑛  → 3, 𝑆𝑃𝑥𝑛  →  
3

2
  as n →  ∞ so that (𝑃, 𝑆) is not compatible. 

Again since 𝑃𝑆𝑥𝑛 → 𝑃𝑧  but 𝑆𝑃𝑥𝑛𝑑𝑜𝑒𝑠𝑛𝑜𝑡 𝑡𝑒𝑛𝑑𝑠 𝑡𝑜 𝑆𝑧  as n →  ∞  so that (𝑃, 𝑆)  is not 

reciprocally continuous. 

Since x = 5 is coincidence point for the pair (𝑃, 𝑆) giving that  

𝑃 ( 5)  =  0 =  𝑆 ( 5 ) results 𝑃𝑆(5) =  𝑃 (0) =  0 𝑎𝑛𝑑 𝑆𝑃(5) = 𝑆 (0) = 3 so that 

𝑃𝑆(5) ≠ 𝑆𝑃(5). 

Thus, the mappings are not weakly compatible.  

Further 𝑎𝑡 𝑥 =  3  𝑃( 3 ) = 𝑆( 3 ), this implies 𝑆𝑃(3) =  𝑃𝑆(3). 

Therefore, the pair (𝑃, 𝑆) is occasionally weakly compatible. 

Thus the pairs (𝑃, 𝑆), (𝑄, 𝑇) are semi compatible and sub sequentially continuous mappings and             

𝑃 ( 3 ) = 𝑆( 3 ) = 𝑄 ( 3 ) = 𝑇( 3 ) =  3.  

Thus, 3 is the unique common fixed point for the mappings P, Q, S and T. 

 

CONCLUSION 

We proved Theorem (3.1) by using the concepts of 

(a) occasionally weakly compatible mappings instead of weakly compatible mappings and 

(b) sub sequentially continuous mappings instead of reciprocally continuous mappings. 

These are obviously weaker conditions compared to those conditions of Theorem (A). Thus, we 

assert that our result is an improvisation of Theorem (A). 
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