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Abstract. In this paper, we establish the concept of random, comparable M Ty, contraction and random, comparable
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1. INTRODUCTION

Fuzzy sets were introduced and described using the membership functions by L.A.Zadeh
1965 [1] and has many practical applications. After the pioneering work of Zadeh, there has
been a great effort to obtain fuzzy analogues of classical theories. George and Veeramani|2]
updated Kramsoil and Michalek’s[3] definition of the fuzzy metric space.Several researchers
have defined fuzzy metric space in various ways to utilize this concept. Probabilistic functional
analysis is one of the most important field as it has broad application for the probabilistic model
in applied sciences. Random fixed point theory is the key of probabilistic functional analysis.
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Random fixed point is the extension of the basic fixed point theory endowed with the random
analysis.
The initial results in random fixed point theory was given by Spacek[4] and Hans[5,6] It was
subsequently developed by several authors[7 — 17] that also include fascinating applications of
this theory in different fields. Meir-Keeler approaches have been investigated steadily by many
authors [18 —20).
In this paper, we focus on one of the great generalizations of Banach contraction principle [21]:
the Meir-Keeler contraction endowed with fuzzy metric space. Meir-Keeler[22] contraction is

investigated and observed by many authors; [23 —27].

Definition 1.1. [2] The 3-tuple is called a fuzzy metric space if P is an arbitrary nonempty set,
* a continuous -norm and M a fuzzy set on P? x [0, o) satisfying the following conditions, for

all p,g,r € Pandt,s > 0:

(FMS1)  M(p,q,t) >0,

(FMS2) M(p,q,t) = 1if and only ifp = g;
(FMS3)  M(p,q,t) = M(q,p,1);

(FMS4) M(p,q,t)«M(q,r,s) < M(p,r,t+s);
(FMSS) M(p,q,t) : (0,00) — [0, 1] is continuous.

Example 1.2. Let P = R". Define for p,q € P,t >0
_ min{p,q}+t
M(p,q,t) = Sxiparer

Then (P,.) is a fuzzy metric on P.

Definition 1.3. [2] Let (P,M,x) is a fuzzy metric space:
(1) A sequence {p,} in P is said to convergent to a point p € P, if
lim, e P(py, p,t) =1

forallr > 0.

(2) A sequence {p,} in P is called a Cauchy sequence if

1imn—>°°P<pn+kapn7t) =1

forallr > 0and k > 0.
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(3) A fuzzy metric space in which every Cauchy sequence is convergent is said to be com-

plete.

Definition 1.4. [28] Let y be a function that is defined from non-negative reals into the interval

[0,1) then y is called the MT function if the following are satisfied:

limg_,;+ sup W (s) = inf,~oSupy,_,, W(s) < 1forallz € RT.

Theorem 1.5. [28] For a mapping v : R™ — [0, 1), the following are equivalent.
(1) yisan MT function.

(2) For any non-increasing sequence {8, }nen in R™, we have

0 < sup,cy W(8) < 1.

Remark 1.6. [28] Notice that in the case that y: R™ — [0, 1) is non-increasing or non-decreasing,

then y is a MT function

2. MAIN RESULTS

The mappings ¥ : R(J)r X R(J)r X Rar X Ra“ — R(J)r is called a comparable function, if the following

three axioms are fulfilled:
(1) yis anon-decreasing, continuous function in each coordinate;
(2) y(r,r,r,r) < r,7(0,r,0,r) < rand y(0,0,r,r) < r, forall r > 0;

3) ’}/(}’1,1”2,1’3,1”4) =0if and only ifri=rmn=r3s=rs=0.

Definition 2.1. Let Y be a nonempty subset of a random fuzzy-metric space (P,M,x*),y be a
MT function and 7 : Q X ¥ — Y be a random operator. Then, for p € Q. T (p,.) is called a

random, comparable MT_, contraction if the following condition holds:

M(T(E(p)),Y (&(p)),1) < w(M(S(p),6(p):1)T(E(p),s(p)1),

where

L(L(p),&(p),t) = y(M(E(p),&(p),t),M(E(p),T(E(p)),1),T(E(p), T(E(P)),1),

forall £,& € X.
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Theorem 2.2. Suppose (P,M,x) is a complete random fuzzy-metric space and X C P. If T (p,.) :
Q x Y — Y is a continuous, random, comparable MT—Y contraction, then T possesses a random

fixed point in P.

Proof. Given @y(p) € Q x P and defining @;(p) =T (¢o(p)) and @,+1(p) = T(@a(p))
= T""!(@y(p)) for each n € N, since T(p,.) : Q x ¥ — Y is a random, comparable MT—,

contraction, we have

M((Pn(p)v (Pn+1(]9),t) = M(T((pnfl(p))vT((pn(p))vt)
< W(M(Qonfl(p)v (pn(p)vt)'r«(pnfl(p)? (pn(p>7t)>

and

C((@n-1(P), @u(p),1)

) p—
YM((@un-1(P), oa(P),1), M(Pu—1(P), T (@n(P)):1), M(@n(p), T (@ (p))1),
M(Qu_1 (P)7T((Pn(P))at);M(gon(P)vT((Pnfl (P):t) )

= Y((Pu-1(P), @u(P),1), M((@r—1(P), Pu(P), 1), M((Pu(P); Pur1(P),1),

M(@u_1(P),Pur1 (P)é)+M((Pn(p):(Pn (P)) )

If M(@u(p), @ur1(p),t) > M(@u—1(p), Pu(p),t) for some n, then by the conditions of the func-

tion y we have that

1—‘((pn—l (p)a (Pn(p)7t)7(((Pn—l (p)a (Pn(p)7t)7M(((Pn—l (P), (Pn(p)vt)7M(((Pn<p)a On+1 (p),t),
M((pn—l(p)ﬁ(Pn+l(p)’é)"_M((Pn(p)v(Pn(p)vt))

< (M(@u(P), Pu1(P)s1), M(@n(P), Pus1(P)s1), M(@n(P), Pui1(P)s1), M(@n(P), Prs1(P),1))

<M(@u(p), Put1(p),1)-

In a different order pair of y

M(@a(p); Put1(p);1) = M(T(@a(p)), T(@a-1(p)),1)

S W(M(q)n(p)v (pnfl(p)vt))'r((Pn(p)v (Pn71(p),l),
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and

F((pn(p)v (pnfl(p)J) = Y(M((Pn(p)7 q)nfl(p)vt)vM((Pn(p))v T((pn(p)),t),M(¢n,1(p)),
T(@n-1(p)),1),

M((Pn(l’):T((Pnfl (P))at);M(gonfl (P))>T((Pn(p))7t)

< '}/(M<(Pn<p)7 Pn—1 (p),t),M((pn(p), Pn+1 (p)’t)aM((Pn—l (p))7 (Pn(p>)>t))>

M(on (p))7¢n(p))at)+g4(¢n71 (P):@ns1(P):1) ).

If M(0,(p), ®us1(p),t) > M(@u—1(p), @u(p),t) for some n, then by the conditions of the com-

parable function ¥ we have that

L(@u(p), @n—1(p),1) = Y(M(@u(P), Pu—1(P),1), M(@n(P)); Pur1(P), 1), M(@u-1(P), Pu(p),1),

M((Pn(p))7<pn(p)7t)+1‘24(<pn4 (P),Pus1(p),t) )

< '}’(M((Pn<l?)7(Pn-H(P),t);M<(Pn<P)7(Pn-H(P),t);M<(Pn<P)7(Pn-H(P),t);M((Pn(P),(Pn-i-l(l?),t)

< M((Pn(p)7(Pn+l(p)’t)'

Since y is a MT function, we conclude that

M(Qu(p); Pur1(p)t) S W(M(@n—1(p), Pu(p);1))-M(Pu(p), Pus1(p),1))
< M((pn(p)7 (pn+l(p)7t)a

which implies a contradiction. So, we conclude that

M (@, (p), Pur1(p),t) <M(@u—1(p),n(p),t), foreachn € N.

From above argument, then sequence {M(@u(p), @u+1(P);t) }nenugoy is non-increasing in Rj.

Since y is an MT function, by Theorem 1 we conclude that

0 < sup,ey V(M (@u(p), Pur1(p);1)) < 1.
Let A = suppenW(M(@u(p), @n+1(p),t) < 1; then

0 < y(M(@u(p), Put1(p),t)) <A, forallneN.
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Following from the above arguments and by T being a random, comparable MT contraction, we

conclude that for each n

(M(@n(p); Pn+1(p),1))
< QM(@u-1(p), on(p);1))-M(@u—1(P), Pu(p),1)
< AM(@u-1(p), Pu(p);1).
Therefore, we also conclude that

M(@u(P), Pn+1(p),1)

=M(T @u—1(p), TPu(p),1)

< AM(@u-1(p), ¢u(p),1)

< A2 M(@—2(p), Pu-1(p),1)

<..

< AM(@o(p), ¢1(p),1)-

So we have that lim,, . M(@,(p), @.t+1(p),t) =0, since A < 1, and for n > m,
M(@n(p), Pu(p);1)
< A"+ A" 4L+ A1) M (9o (p), 01(p).1)

< 25 M(9o(p), 91(p),1).

Let 0 < 0 be given. Then we can choose a natural number P such that
22 M(9o(p), @1 (p),t) < 8, forallm > P,
and we also conclude that
M(@m(p),en(p),t) <8, forallm > P.

So {@,(p)} is a Cauchy sequence in Q x P. On account of the fact that (P,M, ) is complete,

there exists a ¢*(p) € Q x P such that ¢, (p) converges to ¢*(p); that is,

limy e @u(p) = @*(p).

Thus, we have
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M(¢*(p),T(9"(p)):1)
< M(@*(p), Pur1(p);t) + M(@ni1(p), T (9" (p))1)
<SM(9*(P), @ut1(p);t) + M(T (@u(p)), T (9" (p))1)
<SM(@*(p), Put1(p),1) + WM (@u(p), T(¢"(p)),1) T(@u(p), " (p),1)
<M(@*(P), @u+1(p),1) +T(@u(p), " (p);1),
and
I(@u(p), @ (p).1)

= Y(M(@u(p), 9" (P),1), M(@a(p), T (@n(p)),1),M(@*(p), T (¢*(p)),1),

M(@a(p),T(9" (P))J);M(fp*(P)vT(fp*(P))J)

<YM (@u(P), 9" (P):1):M(@a(p), T (@n11(P)), 1), M(¢"(P), T (9"(p)) 1),

M((Pn(pLT((P*(P))J)JrM((P*(p),g(w* () )+M(@*(P),@ns1(p)1)) )

Taking n — oo, we have
lim, T(94(). 0" (p).1) = 7(0.0,M(¢" (p). T (9 (p)). 1), *ETEZLL),
In a different order pair of y
L(9*(p), @a(p),1)

=Y(M(@* (), @u(p),1),M(@*(p), T(¢*(p)),1),M(@u(P), T (@u(p)),1),

M((P*(p),T(%(p)),t)JZrM(fpn(p),T@P* (p):t) )

<YM (@*(p), ou(p),1),M(¢*(p),T(¢*(P)):1), M(@u(P); Pus1(P),1)

M(@*(P),Pnt1 (p),t)+M(<Pn(p),2<P* (p),t)+M(@*(p),T(@*(p)):t) )

Taking n — oo, we have

lim, -, (9" (p), @u(p),1) = 7(0.M (9" (p). T (9" (p)).1), 0, MELLLE20DL0)

By the condition of the mapping 7y, we conclude that

M(o*(p),T(9*(p)),t) <M(@*(p),T(9*(p)),t),
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and this is a contradiction unless M(¢*(p), T (¢*(p)),t) = 0.
Therefore, ¢*(p) = T(¢@*(p)), that is ¢*(p) is a random fixed point of 7 in P. O

Example 2.3. Let P=M =R} ,® = [0,1] and ¥ be the sigma algebra of Lebesgue’s measur-
able subset of [0, 1]. We define mappings as ........ by M(p,q,t) = % Then (M,t,%) is
a random fuzzy metric space. Define random operator 7 : ......

T(E(p)) = S22
M(T(E(p)), T(n(p)),1) = M(SEI= =

E(P)+1-p? n(p)+1-p?
_ m(ln é(P)J;lfpz, TI(P)ng*PZ) —|—tmax( 5 3 5 4t
_ l[miﬂ(ﬁ(P)—n(P) f)]
5tmax(&(p)—n(p)+t)
(

and

0(0).y(M(&(p),n(p),1),M(&(p),T((p)):1),M(n(p), T(1n(p)):1)),

M(§(P)7T(Tl(P))J);M(n(P)vT(n(P))J)

E(p)+1-p?

) ) n(p)+1-p?
mmé(p)+51 p 777(17)21 ) 4t max(———

(

> 1 +1}

sM(&(p),n(p).t)
and then T is continuous, random, comparable MT —, contraction.
Take the measurable mapping p : Q — P as &(p) = {1 —1?}; then, for every p € Q,
1— 2 1— 2 1— 2
T(§(p) = 2P = S = 1= 2 =& (p).

(1— p?) is a random fixed point of 7.

Theorem 2.4. Suppose (P,M,x) is a complete random fuzzy-metric space and Y C P. IfY (1, .) :
Q x Y x Y — Y is a continuous, random, comparable MT—, contraction, then T possesses a

random fixed point in P.

Proof. Given ¢(p) € Q x P x P and defining ¢1(p) = T(¢o(p)) and @u11(p) = T(@u(p)) =
T (@o(p)) for each n € N, since T(p,.) : @ x T x ¥ — Y is a random, comparable MT—,

contraction, we have
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M(@n(p), Pur1(p),1) = M(T(Pu-1(P)), T (@n(p)),1)
< W(M((Pn—l(p)a (pn(p)7t))'r((¢n—l (P); (pn(p)7t))

and

F(((Pn—l (p)v (Pn(P),t) =

YM((@n—1(P) u(P),1)); M((@—1(P), T (@n(P)),1): M(@a(p), T ((P)) 1),
M9t (P) T (P M (03(P) (@rr (P)))

= }/(((pn—l (p)7 (Pn(p)vt)7M(((Pﬂ—1 (p)a (Pn(p),l‘),M(((Pn(p), (Pn—H (p)at)7
M(¢n—l(p)7(P11+l(p)é)+M((Pn(P)7(Pn(P)7t))

If M(@u(p), @ur1(p),t) > M(@u_1(p), Pu(p),t) for some n, then by the conditions of the func-

tion y we have that

L(@0—1(P), ou(P), ) Y((@n-1(P), @u(P):1), M((@n-1(P), Pu(P):1), M((Pn(P), Pu+1(P).1),
M((Pnfl(P)a(PnJrl(P)-é)‘i‘M((Pn(P)v(Pn(P)J))

< (M(@u(P); Pus1(P)s 1), M(@u (D) @ur1(P) 1), M(@u(P), Put1(P),1), M(@n(P), Pnt1(p),1))

< M((pn(p)7 (Pn+l(p)7t)'
In a different order pair of y
M(@a(p); @ur1(p);1) = M(T(9u(p)), T(Pn-1(p)),1))

< W(M((Pn(p)v (pn—l(p)vt))'r(q)n(p)v (Pn_l(P),l),

and

C(@u(p), @n-1(p),1) = Y(M(@n(P), @u—1(P),1), M(0n(P)), T (9n(P)),1),
M((Pn—l(p))7 T((Pn—l(p))ﬂt)7

M(94(p)), T (@n1 (p))7f)2+M(<Pn—1 (P),T(¢n(p)):t) )

< Y(M((Pn(p)7 (pn—l(p)vt)7M((Pn(p)> (er—l(p)vt)?M((Pn—l (p)7 (Pn(p>7t))7

M(‘Pn(ﬁ),(Pn(P)J)‘i‘Ag((Pn—l (p)7(Pn+1 (p)J) )
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If M(@n(p), @ut1(p),t) > M(@u—1(p), Pu(p),t) for some n, then by the conditions of the com-

parable function y we have that

L(@u(p), @n—1(p),1) = Y(M(@u(P), @u—1(P),1), M(@n(P)); Pur1(P), 1), M(Pu—1(P)), Pu(P):1),

M((Pn(P),(Pn(P),t)‘i‘A/[z((Pn_] (p))’(pn-‘rl (p),l) )

<YM (@u(P), P 1(P),1), M(9u(P), Qus1(P):1), M(@u(P); Pui1(P): 1), M(Qu(P), @rr1(p),1))

< M((pn(p), (pn+1(p),l).

Since y is a MT function, we conclude that

M(@u(p), On11(P),1) < Y(M(@u-1(P), Pun(P),1))-M(Pn(P), Put1(p);1)
< M(@u(p); Pus1(p);1),
which implies a contradiction. So, we conclude that
M(@u(P), @ns1(p),t) < M(Pu-1(p), Pu(p),1). for eachn € N.

From above argument, then sequence {M (9, (p), @n+1(P),?)}nenuioy is non-increasing in Ry .

Since y is an MT function, by Theorem 1 we conclude that

0 S SupneN ‘V(M((Pn(P),(PnH(P)J)) < 1.
Let A = suppen WY (M(@u(p), @ur1(p),t)) < 1; then
0 < y(M(@u(p), Pusr1(p),t)) < A, foralln e N.

Following from the above arguments and by T being a random, comparable MT contraction, we

conclude that for each n
(M(@u(P); Pnt1(p):1))
S Y(M(@u-1(p); ou(p),1))-M(@n-1(p), Pu(p)1)
S AM(@u-1(p), @a(p),1)-

Therefore, we also conclude that

M((Py;(]?), (PnJrl(p)?l)
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=M(T@—1(p): T Pu(p),t)
< AM(@u-1(p), oa(p)1)
< A2 M(Pu-2(p) Pu1(p),1)

<..

< A"M(@o(p), @1(1),1).
So we have that lim,, . M(@,(p), @.+1(p),t) =0, since A < 1, and for n > m,
M(@u(p), Pu(p)1)
< (A AL A M (@o(p), @1(1),1)
< £ -M(9o(p), 91(p),1)-
Let 0 < § be given. Then we can choose a natural number M such that
22 M(9o(p), @1(p),t) < &, forall m > M,

and we also conclude that

M(om(p),Pu(p),t) < 9, forallm> M.

So {@,(p)} is a Cauchy sequence in Q x P x P. On account of the fact that (P, M, ) is complete,

there exists a ¢*(p) € Q x P x P such that @,(p) converges to ¢*(p); that is,
limy e 9 (p) = 0" ().
Thus, we have
M(¢*(p),T(¢*(p)),1)
<SM(@*(P), @ui1(p),1) + M(@ui1(p), T (9™ (p)),1)
<SM(9*(P), @ut1(p),1) + M(T (@u(p)), T (9" (p))1)
<M (@*(p), Pur1(p),1) + WM (@u(p), T(¢"(p)),1) T(@u(p), " (p),1)

< M(¢*<p)7¢n+l<p)7t) +F(§Dn(p),([)*(p),l),

and
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= Y(M(@a(p), 7 (1):1), M(@a(p), T (¢u(p))1).M(9"(p), T (¢"(p)) 1),

M(@u(p),T (0" (p))J)vZLM((P*(p)7T(<P*(p))J)

<YM (@u(p), 9" (P),1),M(0u(P), T (@Pnt1(p)),1),M(@*(p), T(@*(p)),1),

M(@a(p),T (9" (p).1)+M (@ (p)72T(<P*(p))J)+M(<P*(p)~,<Pn+1 (p):1) )

Taking n — oo, we have

limy e (9 (p). @ (). 1) = Y(0,0,M(¢" (p), T (9" (p)). 1), MHELLZLPILY),

In a different order pair of y

L(@*(p), @u(p),t)

= Y(M(@*(p), ou(p),1),M (0" (), T(9"(p)),1), M(@u(p), T (@u(p)),1),

M((p*(p),T((pn(p)),l)-é—M((pn(p),T((P*(p))J) )

<YM (@*(p), Pu(p),1),M(@*(p),T(¢*(P)),1), M(@n(P), Pnt1(P),1)

M(@™(p).Pn+1(P) 1) +M (P (p),zw* (p).1)+M(9"(p),T(9"(p)).1) )

Taking n — oo, we have

lim, e (9" (p), @(p),1) = Y0, M(9* (), T(9*(p)),1)),0, 2L T PIL))

By the condition of the mapping 7y, we conclude that

M(o*(p),T(9*(p)),t) <M(9*(p),T(¢*(p)),t),

and this is a contradiction unless M (¢*(p),T(¢*(p)),t) = 0.
Therefore, ¢*(p) = T(¢*(p)), that is ¢*(p) is a random fixed point of T in P. O
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