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Abstract. This work focusses on the minimal, second minimal, maximal and second maximal values of three
indices for various unicyclic, bicyclic graphs. Motivated by the works of Ghorbani, this work compares the
extremal values among three indices viz., geometric—arithmetic, sum—connectivity and proposed novel index
(geometric—harmonic) and these indices are computed for star, cycle and path. Relations are established among
the indices for star, cycle, path, tree, complete, unicyclic and bicyclic graphs.
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1. INTRODUCTION

In this paper, the graphs considered are simple and loop free. A graph is a collection of
vertices and edges, where edge is a link between two vertices. The degree of a vertex is the
number of edges incident to that vertex. The path is a sequence of vertices placed adjacent to
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each other and joined using edges. A connected graph is one which has a path from any point to
any other point in the graph. A graph which exactly depicts like a star in which a central node p
is connected to p — 1 pendant edges is a star graph. The degree of the central node will be p — 1
and the degree of the p — 1 edges will be unity.

A complete graph is a graph in which each pair of graph vertices is connected by an edge. The
complete graph with n vertices has n(n — 1)/2 number of edges. A cycle is a connected graph
with all vertices of degree 2. If n vertices are considered in a cycle C,, then there are n edges in
the cycle C, [4].

The graph theory has its use in almost every fields [2, 5, 6, 7, 8, 10, 14] and it plays a significant
role in mathematical chemistry for drawing the information of a chemical compound and also
in the design of drugs. Robust methods and a large database are available for designing drugs.
Survey relating the molecular structure to a particular property using tools of statistics are very
significant. This is often referred to as QSPR and QSAR studies [1, 11, 12, 15, 16, 18]. The
structure in which the atoms are bonded to each other are very important in order to carry out
the study on it. The structure of the compound is a treasure of information of the respective
compound. A two-dimensional descriptor that considers the arrangement of compounds, size,
shape, branching etc, conceals the information in numerical form. Topological indices play a
key role in the applications of the compounds in QSAR and QSPR studies [3, 9, 13, 17, 19, 21].

In this work, we discuss the extremal values of three indices and establish relations among them.

2. PRELIMINARIES

Vukicevic et al., [20] designed a topological index called geometric—arithmetic index is the
ratio of geometric mean of end vertex degrees of an edge uv to arithmetic mean of end vertex

degrees of the edge uv and is defined as

2vd,.d,
d,+d,

GA(G) =)

where (u,v) is an element of E(G).
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Zhou et al., [22] introduced the sum—connectivity index and is defined as

1
HO=L e

where (u,v) is an element of E(G).

Motivated by Vukicevic in designing GA index, an attempt to design a new degree based
index geometric—harmonic index is made and introduced as the ratio of geometric mean of
end vertex degrees of an edge uv to harmonic mean of end vertex degrees of the edge uv. It is

defined as

where (u,v) is an element of E(G).
This index is computed and comparison of all the above defined three indices for unicyclic and

bicyclic graphs are carried out.

3. MAIN RESULTS

Theorem 3.1. Suppose S, be the star graph on n vertices. The degree of the central vertex is

(n—1) and others are pendant vertices. Then the above discussed three indices are given by

3

GA(S,) = @
2(Sq) = <n\;;>
GH(S,) = n(n; 1)%
Proof. The proof is trivial. U

Theorem 3.2. Let K,, be a complete graph with n vertices. Then the indices are respectively

given by
GA(K,) — n(nz— 1)
X (Kn) %f;l)
GH(K,) n(n—1)>3
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Proof. The proof is trivial. U

Theorem 3.3. Consider a path P, with n vertices. Then the indices are respectively given by

GA(P,) = 4;—@ +(n—3).

:(n—2) 2

GH(P,) = 4n+ (3V2—12).
Proof. The proof is trivial. U

Theorem 3.4. Let C,, be a cycle with n vertices and each vertex degree is 2. Then the indices

are respectively given by

GA(C,) =n
X(Cn) = g
GH(C,) =4n

Proof. The proof is trivial. However, an interesting point to note in this particular case is that,

the three indices for a cycle C,, are related as

O

Theorem 3.5. Let G be any connected graph with n vertices. Then the indices take the expres-

sion
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Proof. As the complete graph has n(n — 1)/2 number of edges of degree (n— 1,n— 1), the
topological index will be larger for complete graph compared to any simple graph G.

The proof is trivial. U

Theorem 3.6. A tree with n vertices with minimal GA index is a star S,. The GA index of S, is

given by
2(n—1)2

GA(S) = =—

where n > 4

Proof. Consider a star n > 4 for which one vertex is of degree (n— 1) and the rest (n— 1)
vertices are pendant vertices. A star S, has (n— 1) edges and end degree vertices are (n — 1)
and 1 respectively. Then using GA index of star graph is

2(n—1)2

GA(S,) = =—

Thus, it is clear that any tree of vertices n > 4 has GA index more than that of a star graph. [

Theorem 3.7. The minimal GA index and minimal sum—connectivity index of a n—vertex con-

nected unicyclic graph is (S, + e) and is given by

2(n=3)(n+1)vVn—1+n(n+1)+4n\/(2n—2)

GA(S,+e) =

n(n+1)
%(Sn'f‘e):%"‘%ﬁ—\/%-

FIGURE 1. The Graph §,, +e.

Proof. Any n—vertex connected unicyclic graph has GA index and sum—connectivity index

more than that of a graph in Fig.1. The graph as shown in Fig.1 has (n —3) edges of (1,n—1),
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1 edge of (2,2) and 2 edges of (2,n— 1) types. Using all these vertices and edges and definition

of GA index and sum—connectivity index, we arrive at the results.

2(n=3)(n+1)vn—1+n(n+ 1)+4n\/2n—2.

GA(Sp+e) = "t 1)
_(n=3) 1 2
X(Snte)= T +2+—\/m.

0

Theorem 3.8. Among all the unicyclic graphs on n vertices, the graph S, + e has the maximal

geometric—harmonic index. The geometric—harmonic index for this graph is

GH(S, +e) = ”(”_33” LS )

Proof. From the Fig.1 considering the total number of edges with its respective end vertices,

the GH index results in

GH(S, +e) = ”(”_33” LW )

O

Theorem 3.9. The minimal GA index among all bicyclic graphs is for the graph depicted in
Fig.2. This is given by

2(n—4)\/(n— 1) +4\/(2n—2) N 2y/(3n—3) 4\/6'

A(G) =
GA(G) " nr) T m+2) s
o |
\l /_/'// ‘ \\\\ [

FIGURE 2. The Graph G.
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Proof. The graph G depicted in Fig.2 has (n—4) edges of (1,n—1), 2 edges of (2,n—1), 1
edge of (3,n— 1) and 2 edges of (2,3) types. Considering the total number of edges with its

respective end vertices, the GA index results in

oa(G) =2V =D | V@n=2) 2Van—3  4V6
" n+1 n+2 5

It is found that GA index is the minimal for the graph G as shown in Fig.2 among n—vertex

connected bicyclic graphs. U

Theorem 3.10. The minimal sum—connectivity index (only for n < 10) among all bicyclic
graphs, is for the graph in Fig.2. It is given by

n—4 2 1 2
NV " Vn+1 +\/n+2+ﬁ'

Proof. From the Fig.2 considering the total number of edges with its respective end vertices,

x(G)

the sum—connectivity index results in
~n—4 . 2 N 1 n 2
vnooV/n+1 Vn+2 VS5

It is found that the sum—connectivity index is the minimal for a graph G as shown in Fig.2

x(G)

among n—vertex connected bicyclic graphs. 0

Theorem 3.11. The maximal geometric—harmonic index in all bicyclic graphs is for the graph

G depicted in the graph Fig.2. The value of the index for the graph G is

_n(n—4)Vn—1+2(n+1)v2n =2+ (n+2)y/3n -3+ 10v/6
5 :

GH(G)

Proof. From the Fig.2 considering the total number of edges with its respective end vertices,

the GH index results in

GH(G) = "= HVn= 1420+ 1)\/2:;—2+ (n+2)v3n—3+10V6

O

Theorem 3.12. The second minimal GA index among all unicyclic graphs is for the graph in

Fig.3. It is given by

2(n—4)v/n-2 N 4/2n -2 o
. :

GA(S,+e+e') = —
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| .
FIGURE 3. The Graph S,, +¢+¢'.

Proof. The graph S, + e+ ¢’ depicted in the Fig.3 has (n —4) edges of (n—2,1), 2 edges of
(2,n—2) and 2 edges of (2,2) types. Considering the total number of edges with its respective

end vertices, the GA index results in

2(n—4)vn—2 4/2n—-2
GA(S, +ete) = 2=Hvn=2 4vVm=2
n—1 n
It is found that the GA index is the second minimal for a graph S, + ¢+ ¢’ as shown in Fig.3
among n—vertex connected unicyclic graphs.

O

Theorem 3.13. The second minimal sum—connectivity index among all unicyclic graphs is for

the graph in Fig.3. It is given by

n—4 L 2 i
n—1 +/n .

Proof. From the Fig.3 considering the total number of edges with its respective end vertices,

xSy +e+eé)=

the sum—connectivity index results in

n—4 2
X(Sptete)= +=+1L

n—1 +/n
It is found that the sum—connectivity index is the second minimal for a graph S, +e + ¢ as

shown in Fig.3 among n—vertex connected unicyclic graphs.

O

Theorem 3.14. The second maximal GH index among all unicyclic graphs is for the graph in

Fig.3. It is given by

(n—4)(n—1)v/n—2+2n/2n—4+16

GH(Sp+e+¢é)= 5
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Proof. From the Fig.3 considering the total number of edges with its respective end vertices,

the GH index results in

(n—=4)(n—1)vV/n—2+42nv2n—4+16
5 :

GH(S,+e+¢) =

It is found that the GH index is the second maximal for a graph S, + e + ¢’ as shown in Fig.3

among n—vertex connected unicyclic graphs. 0

Theorem 3.15. The n—vertex tree with maximal GA index is the path P, in which GA(T) <

GA(P,). The GA index of a path B, is given in the previous results.

FIGURE 4. The Graph H.

Proof. The graph H is a n—vertex bicyclic and connected graph. It has n vertices and n+ 1
edges. The graph in the Fig.4 has 4 edges of (2,3), 1 edge of (3,3) and n —4 edges of (2,2)
types. GA index is the maximal for the graph H among bicyclic graphs. The GA index results
in

816

O

Theorem 3.16. Among all bicyclic graphs on n vertices, the graph H in Fig.4 has the second

maximal sum—connectivity index and it is given by

(H)= > L
X =537 2

Proof. From the Fig.4 considering the total number of edges with its respective end vertices,

the sum—connectivity index results in
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It is found that sum—connectivity index is the second maximal for the graph H as shown in

Fig.4 among connected bicyclic graphs. U

Theorem 3.17. Among all bicyclic graphs on n vertices, the graph H in Fig.4 has minimal GH
index and it is given by

GH(H) = 4n+10V6 — 12.

Proof. From the Fig.4 considering the total number of edges with its respective end vertices,

the GH index results in
GH(H) = 4n+10V6 — 12.
It is found that GH index is the minimal for the graph H as shown in Fig.4 among connected

bicyclic graphs. U

Theorem 3.18. The n—vertex connected tree with second minimal GA index is the graph (S,)’.

The GA index of (S,) is

, 2(m=3)vn—2 22n—4 22
GA(Sy)' = + + .
n—1 n 3
.0

FIGURE 5. The Graph S/,.

Proof. The graph (S,)’ has n vertices and n — 1 edges. The (S,)" has n — 3 edges of (n—2,1),
1 edge of (n—2,2) and 1 edge of (1,2) types. Using GA index for (S,)’, we get the required

result and found to be the second minimal among the trees. 0

Theorem 3.19. The n—vertex connected tree with minimal GH index is the graph (S,)'. The

GH index of (S,)" is

(n® —4n+3)vVn—24+nV2n—4+3y2
5 :

GH(S,) =
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Proof. From the Fig.5 considering the total number of edges with its respective end vertices,

the GH index results in

(N —4n+3)Vn—2+nV2n—4+3V2

GH(S,) = 5

0

Theorem 3.20. Among all bicyclic graphs on n vertices, the graph F in Fig.6 has the second
minimal GA index and is given by

2(n—5)\/n—2+4\/2n—4+2\/3n—6+4\/6+1

GA(F) =
( ) n—1 n n+1 5

FIGURE 6. The Graph F.

Proof. In graph F, n—vertex connected bicyclic graph, there are n+ 1 edges. There are n —5
edges of (1,n—2), 2 edges of (2,n—2), 1 edge of (3,n—2), 2 edges of (2,3) and 1 edge of
(2,2) types in graph F. GA(F) results in the following formula by using above edges and found
to be second minimal among all bicyclic graphs. Hence follows the result.

2(n—5)\/n—2+4\/2n—4+2\/3n—6+4\/6+1

n—1 n n+1 5

GA(F) =
0

Theorem 3.21. Among all bicyclic graphs for n vertices, the graph F in Fig.6 has the second

minimal sum—connectivity index and is given by

oS 2 12 ]
A= = Vil 52
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Proof. From the Fig.6 considering the total number of edges with its respective end vertices,

the sum—connectivity index results in

(F)_n—5+2+1+2+1
X S Vn—1 Vi o Vn+1 V502

0

Theorem 3.22. Among all bicyclic graphs for n < 10 vertices, the graph F in Fig.6 has the

second maximal GH index and is given by

GH(F) = (n* —6n-+5)vn—2+2nv2n—4+ (n+1)v/3n— 6+ 10V/6+8
= : |

Proof. From the Fig.6 considering the total number of edges with its respective end vertices,

the GH index results in

(> —6n+5)vn—2+2nv2n—4+ (n+1)v/3n— 6+ 10v/6+ 8
5 :

GH(F) =

It is found that the GH index is the second maximal for a graph F as shown in Fig.6 among
all bicyclic graphs.
O

Theorem 3.23. The n—vertex tree with maximal GA index, sum—connectivity index and GH

index is the graph Q in Fig.]. It is given by

3 4 4/6 V3
GA(Q)—H—6+%+T+7.
n—=o6 2 2 1
X(Q)— 5 +ﬁ+ﬁ+§.

_ 8(n—6)+6v2+10v/6+4V3
— 5 :

|
O 06 06 0 0 0 00

FIGURE 7. The Graph Q.

GH(Q)
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Proof. The graph Q has n vertices and n — 1 edges. There are n — 6 edges of (2,2), 2 edges
of (1,2), 2 edges of (2,3) and 1 edge of (1,3) types in graph Q. The number of edges are
considered and GA index, sum—connectivity index and GH index are found to be maximal for

the graph Q. It is obtained as

4 4/6 V3
GA(Q)ZH—6+%+T 7
x<Q>=”;6+%+%+;
GH(Q) = S(n—6)+6\/§2+10\@+4ﬁ_

O

Theorem 3.24. The n—vertex connected unicyclic graph with second maximal GA and

sum—connectivity index is graph R, depicted in Fig.8. It is given by

2v2  6V6

GA(R) :n—4+—\/_+i.
3 5
n—4 1 3

R)=—+—=+—F=.
MR =+ AT
The GA index of graph R and C, are related by

GA(R) = GA(C,) —0.11779.
The sum—connectivity index of graph R and C,, are related by

2(R) = x(C,) —0.0810.

\

\
/,0000..0—0

]

FIGURE 8. The Graph R.

Proof. The graph R in Fig.8 has n vertices and n edges. The edges found in graph R are n —4 of
(2,2), 10of (1,2) and 3 of (2,3) types. Using this data, the results are as follows. It is found that
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among the n—vertex connected unicyclic graphs, graph R has the second maximal GA index
and sum—connectivity index. It is clear by the relation that GA index of graph R reduces by a
quantity of 0.11779 compared to the GA index of C, among all unicyclic graphs. It is clear by
the relation that sum—connectivity index of graph R reduces by a quantity of 0.0810 compared

to the sum—connectivity index of C, among all unicyclic graphs.
GA(R) = GA(C,) — 0.11779.

2(R) = x(C,) —0.0810.

0

Theorem 3.25. The n—vertex connected unicyclic graph with second minimal GH index is
graph R, depicted in Fig.8. It is given by

:8(n—4)—|—3\/§—|—15\/6

GH(R) :

The GH index of graph R and C, are related by

GH(R) = GH(C,) +4.4923.

Proof. The graph R in Fig.8 has n vertices and n edges. The edges found in graph R are n — 4 of
(2,2), 1 of (1,2) and 3 of (2,3) types. Using this data, the results are as follows. It is found that
among the n—vertex connected unicyclic graphs, graph R has the second minimal GH index
and it is clear by the relation that GH index of graph R increases by a quantity 4.4923 compared

to the GH index of C,, among all unicyclic graphs. 0J

Theorem 3.26. Among the bicyclic graphs on n vertices, the graph S in Fig.9 has the second
maximal GA index and the sum—connectivity index is maximal and the GH index is second

minimal(n > 12) for the bicyclic graph S and are given by

12/6

GA(S) =n—5+—
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The relation of GA index for the graphs S and H is given by

GA(S) = GA(H) — 0.040408.

FIGURE 9. The Graph S.

Proof. The graph § is a bicyclic n—vertex connected graph with n+ 1 edges. There are n — 5
edges of (2,2) and 6 edges of (2,3) types. The GA index follows as above. It is found to be the
second maximal among bicyclic graphs. The GA index of the graph S is second maximal when
compared to the GA index of the graph H as GA index of the graph S reduces by a quantity
0.040408 to that of GA index of the graph H. The sum—connectivity index is found to be
maximal among all bicyclic graphs considered in this study. The GH index is minimal for the
bicyclic graph S up to n <9 and it is second minimal as n > 12. Hence,

12V6

5
n—>5 6

8(n—5)+30v6
5 .

GA(S) = GA(H) — 0.040408.

GA(S)=n—5+

GH(S) =

4. CONCLUSION

In this study the extremal values of unicyclic and bicyclic graphs using three indices viz.,
geometric-arithmetic(GA), sum-connectivity()), geometric-harmonic(GH) are computed. A
novel topological index known as geometric-harmonic index is introduced and relations are
established among the indices for star, cycle, path, tree, complete, unicyclic and bicyclic graphs

using other two indices considered under the study.
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