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Abstract. In this paper, we study (m,n)-ideals of an % .<7-semigroup in detail. We characterize (0,2)-ideals of an
£ o/ -semigroup S and prove that A is a (0,2)-ideal of S if and only if A is a left ideal of some left ideal of S. We
also show that an ..o -semigroup S is 0-(0,2)-bisimple if and only if S is right O-simple. Furthermore we study
0-minimal (m,n)-ideals in an .Z .o -semigroup S and prove that if R (L) is a 0-minimal right (left) ideal of S, then
either R"L" = {0} or R™L" is a O-minimal (m,n)-ideal of S for m,n > 3. Finally we discuss (m,n)-ideals in an
(m,n)-regular £ o7 -semigroup S and show that S is (0, 1)-regular if and only if L = SL where L is a (0, 1)-ideal of
S.
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1. Introduction

A left almost semigroup (-Z <7 -semigroup) is a groupoid S satisfying the left invertive law
(ab)c = (cb)a for all a,b,c € S. This left invertive law has been obtained by introducing braces

on the left of ternary commutative law abc = cba. The concept of an £ .o/ -semigroup was
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first given by Kazim and Naseeruddin in 1972 [2]. An .Z.</-semigroup satisfies the medial
law (ab)(cd) = (ac)(bd) for all a,b,c,d € S. Since .Z o/ -semigroups satisfy medial law, they
belong to the class of entropic groupoids which are also called abelian quasigroups [11]. If
an .Z o/ -semigroup S contains a left identity (unitary .Z’.<7-semigroup), then it satisfies the
paramedial law (ab)(cd) = (dc)(ba) and the identity a(bc) = b(ac) for all a,b,c,d € S [6].

An £ o7 -semigroup is a useful algebraic structure, midway between a groupoid and a com-
mutative semigroup. An .Z .o/ -semigroup is non-associative and non-commutative in general,
however, there is a close relationship with semigroup as well as with commutative structures. It
has been investigated in [6] that if an .Z ./ -semigroup contains a right identity, then it becomes
a commutative semigroup. The connection of a commutative inverse semigroup with an £ .7 -
semigroup has been given by Yousafzai et al. in [12] as, a commutative inverse semigroup (.S, .)
becomes an .Z.o7 -semigroup (S, *) under axb = ba~'r~', ¥V a,b,r € S. An £ .o/ -semigroup S
with left identity becomes a semigroup under the binary operation o,” defined as, xo,y = (xe)y
for all x,y € S [13]. An £ .&7-semigroup is the generalization of a semigroup theory [6] and has
vast applications in collaboration with semigroups like other branches of mathematics. Khan
et al. studied an intra-regular class of an .Z .o/ -semigroup in [3] and proved some interest-
ing problems by using different ideals. They proved that the set of all two-sided ideals of
intra-regular .Z .o/ -semigroup forms a semilattice structure. They characterized an intra-regular
£ o/ -semigroup by using left, right, two-sided and bi-ideals. An .Z.o7-semigroup is the gen-
eralization of a semigroup theory [6]. Many interesting results on .Z .o/ -semigroups have been
investigated in [4, 8, 9, 10].

In this paper, we investigate two classes of ideals called the (m,n)-ideals and O-minimal
ideals of an £ .o/ -semigroup and their characterizations. First we study (0,2)-ideals of an
£ o/ -semigroup S and prove that A is a (0,2)-ideal of S if and only if A is a left ideal of some
left ideal of S. Further, we characterize (0,2)-bi-ideals in unitary %<7 -semigroups and proceed
to prove that A is a 0-minimal (0,2)-bi-ideal of a unitary %<7 -semigroup S with zero. Then
either A> = {0} or A is right 0-simple. We also study some interesting results in (m,n)-ideals
and investigate that if A is an (m,n)-ideal of S and B is an (m,n)-ideal of A such that B is

idempotent. Then B is an (m,n)-ideal of S. The concept of (m,n)-regular £ <7 -semigroups
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is indeed an important and interesting part of the paper. In this respect, we prove that if §
is a unitary (m,n)-regular £ <7 -semigroup such that m = n. Then for every R € Rm,0) and

Le £g,), RNL=R"LNRL".
2. Preliminaries and examples

If S is an £ o7 -semigroup with product - : S x § — S, then ab - ¢ and (ab)c both denote the
product (a-b) - c.
If there is an element O of an %<7 -semigroup (S,-) such thatx-0=0-x=xVx € §, we call

0 a zero element of S.

Example 1. Let S = {a,b,c,d,e} with a left identity d. Then the following multiplication table

shows that (S,-) is a unitary £ <f -semigroup with a zero element a.

Example 2. Let S = {a,b,c,d}. Then the following multiplication table shows that (S,-) is an

L of -semigroup with a zero element a.
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The above .Z .o/ -semigroup S has commutative powers, that is aa-a = a-aa for alla € §
which is called a locally associative .Z .7 -semigroup [7]. Note that S has no associative powers
for all a € S because (bb-b)b # b(bb-b) for b € S.

Assume that S is an .Z.<7-semigroup. Let us define a' = a and a™ = ((((aa)a)a)...a)a =

m 1

a"a for all a € S where m > 1. It is easy to see that @” = a™ 'a = aa™ ! for alla € S and
m > 3 if S has a left identity. Also, we can show by induction, (ab)™ = a"b™ and a"a" = "™
hold for all a,b € S and m,n > 3.

A subset A of an £ o7 -semigroup S is called a right (left) ideal of S if AS C A (SA C A), and
is called an ideal of § if it is both left and right ideal of S.

A subset A of an % .o7-semigroup S is called an . o7 -subsemigroup of S if A> C A.

The concept of (m,n)-ideals of a semigroup and an . <7 -semigroup was given in [5] and [1]
respectively.

An £ o7 -subsemigroup A of an .%o/ -semigroup S is said to be an (m,n)-ideal of S if A™S -
A" C A where m,n are non-negative integers such that m = n # 0. Here A” or A" are suppressed
if m =0 or n = 0, that is A°S = § or SA? = S. Note that if m = n = 1, then an (m,n)-ideal A of
an .Z o/ -semigroup S is called a bi-ideal of S. If we take m = 0 or n = 0, then an (m,n)-ideal A
of an .Z o7 -semigroup S becomes a left or a right ideal of S.

An (m,n)-ideal A of an £ o/ -semigroup S with zero is said to be 0-minimal if A # {0} and
{0} is the only (m,n)-ideal of S properly contained in A.

An .%o/ -semigroup S with zero is said to be 0-(0,2)-bisimple if S* # {0} and {0} is the only
proper (0,2)-bi-ideal of S.

An & o/ -semigroup S with zero is said to be nilpotent if S' = {0} for some positive integer

Let m, n be non-negative integers and S be an . <7 -semigroup. We say that S is (m,n)-regular
if for every element a € S there exists some x € S such that @ = (a™x)a". Note that a° is defined

as an operator element such that aoy =yand za® = 7 for any y,z € S.
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3. 0O-minimal (0,2)-bi-ideals in unitary . </ -semigroups

If S is a unitary .%o/ -semigroup, then it is easy to see that S> = S, SA> = A%S and A C SA
V A C S. Note that every right ideal of a unitary .2 </ -semigroup S is a left ideal of S but the
converse is not true in general. Example 1 shows that there exists a subset {a,b,e} of S which
is a left ideal of S but not a right ideal of S. It is easy to see that SA and SA? are the left and right

ideals of a unitary .Z.o7-semigroup S. Thus SA? is an ideal of a unitary ../ -semigroup S.

Lemma 1. Let S be a unitary £ < -semigroup. Then A is a (0,2)-ideal of S if and only if A is
an ideal of some left ideal of S.

Proof. LetAbea (0,2)-ideal of S, then SA-A =AA-S=SA>CAandA-SA=S-AA=SS-AA =
SA2 C A. Hence A is an ideal of a left ideal SA of S.

Conversely, assume that A is a left ideal of a left ideal L of S, then
SA>=AA-S=SA-ACSL-ACLACA,
and clearly A is an . o7 -subsemigroup of S, therefore A is a (0,2)-ideal of S. 1

Corollary 1. Let S be a unitary £ of -semigroup. Then A is a (0,2)-ideal of S if and only if A
is a left ideal of some left ideal of S.

Lemma 2. Let S be a unitary £ of -semigroup. Then A is a (0,2)-bi-ideal of S if and only if A

is an ideal of some right ideal of S.

Proof. Let A be a (0,2)-bi-ideal of S, then SA%-A = A’S-A = AS-A> C SA> CAand A-SA% =
SS-AA%* = A%A-SS = SA-A> C SA? C A. Hence A is an ideal of some right ideal SA” of S.

Conversely, assume that A is an ideal of a right ideal R of S, then
SA2=A.-SA=A. (SS) A=A-(AS)SCA-(RS)RCARCA,
and (AS)A C (RS)A C RA C A, which shows that A is a (0,2)-ideal of S.

Theorem 1. Let S be a unitary £ <of -semigroup. Then the following statements are equivalent.
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i)Aisa (1,2)-ideal of S;
ii) A is a left ideal of some bi-ideal of S;

(

(

(iii) A is a bi-ideal of some ideal of S,

(iv) A is a (0,2)-ideal of some right ideal of S,
(

v) A is a left ideal of some (0,2)-ideal of S.

Proof. (i) == (ii). It is easy to see that SA>- S is a bi-ideal of S. Let A be a (1,2)-ideal of S,

then
(SA?-S)A = (SA%-SS)A = (SS-A%S)A = (S-A2S)A =AS-A
—AS-A% CA,

which shows that A is a left ideal of a bi-ideal SAZ - S of .
(if) = (iii). Let A be a left ideal of a bi-ideal B of S, then

(A-SA%)A = (S-AA?)A C [S(SA-AA)]JA = [S(AA-AS)|A
— [AA-S(AS))A = [{S(AS)-A}A]JA = [(AS-A)A]A
C [(BS-B)AJACBA-ACA,

which shows that A is a bi-ideal of an ideal SAZ of .
(iif) = (iv). Let A be a bi-ideal of an ideal I of S, then

SA%.A% = (A% AA)S = (A-A’A)S C[A- (ADA]S=AA-S
—SA-ACSI-SCI,

which shows that A is a (0,2)-ideal of a right ideal SA? of S.
(iv) = (v). It is easy to see that SA3 is a (0,2)-ideal of S. Let A be a (0,2)-ideal of a right
ideal R of §, then

A-SA3 = A(SS-A%A) = A(AA%-S) C A[(SA-AA)S] = A[(AA-AS)S]
= (AA)[(A-AS)S] = [S-A(AS)]A% = [A-S(AS)]A?
C RS-A? CRA% C A,

which shows that A is a left ideal of a (0,2)-ideal SA® of S.
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(v) = (i). Let A be a left ideal of a (0,2)-ideal O of S, then
AS-A% = (AA-SS)A =SA%.AC SO*-A C OA CA,

which shows that A is a (1,2)-ideal of S.

Lemma 3. Let S be a unitary £ o/ -semigroup and A be an idempotent subset of S. Then A
is a (1,2)-ideal of S if and only if there exist a left ideal L and a right ideal R of S such that
RLCACRNL.

Proof. Assume that A is a (1,2)-ideal of S such that A is idempotent. Setting L = SA and R =
SA2, then

RL = SA®-SA = AS-SA = (SA-SS)A% = (5§ -AS)A?
— [S(AA - SS)]A% = [S(SS-AA)|A? = [S{A(SS-A)}]A?

= [A(S-SA)|A? C AS-A% C A.

It is clear that A C RN L.
Conversely, let R be a right ideal and L be a left ideal of S such that RL C A C RN L, then
AS-A2=AS-AACRS-SLCRLCA.

Assume that S is a unitary .Z.o-semigroup with zero. Then it is easy to see that every left
(right) ideal of S is a (0,2)-ideal of S. Hence if O is a O-minimal (0,2)-ideal of S and A is a left
(right) ideal of S contained in O, then either A = {0} or A = O.

Lemma 4. Let S be a unitary £ of -semigroup with zero. Assume that A is a 0-minimal ideal of
S and O is an L <of -subsemigroup of A. Then O is a (0,2)-ideal of S contained in A if and only
if 0> ={0} or 0 = A.

Proof. Let O be a (0,2)-ideal of S contained in a O-minimal ideal A of S. Then SO*> C O C A.
Since SO? is an ideal of S, therefore by minimality of A, SO?> = {0} or SO? = A. If SO* = A, then
A = S0? C 0O and therefore O = A. Let SO* = {0}, then 0%S = SO? = {0} C O, which shows
that O? is a right ideal of S, and hence an ideal of S contained in A, therefore by minimality of

A, we have 0% = {0} or 0% = A. Now if 0> = A, then O = A.
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Conversely, let 0% = {0}, then SO* = 0?S = {0}S = {0} = O?. Now if O = A, then SO* =
SS-00 = SA-SA C A = O, which shows that O is a (0,2)-ideal of S contained in A. §

Corollary 2. Let S be a unitary £ .o/ -semigroup with zero. Assume that A is a 0-minimal left
ideal of S and O is an £ <f -subsemigroup of A. Then O is a (0,2)-ideal of S contained in A if
and only if 0> = {0} or O = A.

Lemma 5. Let S be a unitary £ o7 -semigroup with zero and O be a 0-minimal (0,2)-ideal of
S. Then O* = {0} or O is a 0-minimal right (left) ideal of S.

Proof. Let O be a 0-minimal (0, 2)-ideal of S, then

S(0%)? =585-0°0* = 0*0*-S = SO*- 0* C 00* C 07,

which shows that O? is a (0,2)-ideal of S contained in O, therefore by minimality of O,
= {0} or 0% = 0. Suppose that 0> = O, then OS = 00 - SS = SO? C O, which shows that

O is aright ideal of S. Let R be a right ideal of S contained in O, then R>S = RR-S C RS-S C R.
Thus R is a (0,2)-ideal of S contained in O, and again by minimality of O, R = {0} or R= 0.

The following Corollary follows from Lemma 4 and Corollary 2.

Corollary 3. Let S be a unitary £ of -semigroup. Then O is a minimal (0,2)-ideal of S if and
only if O is a minimal left ideal of S.

Theorem 2. Let S be a unitary £ <f -semigroup. Then A is a minimal (2,1)-ideal of S if and
only if A is a minimal bi-ideal of S.
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Proof. Let A be a minimal (2, 1)-ideal of S. Then
[(A%S-A)%S](A%S-A) = [{(A%S-A)(A%S-A)}S](A%S - A)
C[{(AS-A)(AS-A)}S|(AS-A)
= [{(AS-AS)(AA)}S](AS-A)
= [(A%S-AA)S](AS-A)
C [(AS-AS)S](AS-A)
= (A%5-S)(AS-A)
C (AS-S)(AS-A) = (AS-AS)(SA)
— A%S-SA =AS-SA% = (SA%-5)A
= (A%S-S)A = (SS-AA)A = A%S A,
and similarly we can show that (A%2S-A)? C A2S-A. Thus A%S-A is a (2,1)-ideal of S con-
tained in A, therefore by minimality of A, A2S-A = A. Now
AS-A = (AS)(A%S-A) = [(A%S-A)S]A = (SA-A%5)A
— [A%(SA-S)]JA CA%S-A =A,
It follows that A is a bi-ideal of S. Suppose that there exists a bi-ideal B of S contained in A,
then B?’S-BC BS-BC B,soBisa (2,1)-ideal of S contained in A, therefore B = A.

Conversely, assume that A is a minimal bi-ideal of S, then it is easy to see that A is a

(2,1)-ideal of S. Let C be a (2,1)-ideal of S contained in A, then
[(C%S-C)S](C%S-C) = (SC-C?8)(C?S-C) = (SC*-CS)(C?S-C)
= [C(SC?-8)](C?S-C) = [(C?S-C)(SC? - 8S)]C
= [(C?5-C)(S-C*S)|C = [(C*s-C)(C?s)|C
= [C?{(C*S-C)S}|C CC*S-C.

This shows that C2S - C is a bi-ideal of S, and by minimality of A, C>S-C = A. Thus A =
C2S-C C C, and therefore A is a minimal (2,1)-ideal of S. &
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Theorem 3. Let A be a 0-minimal (0,2)-bi-ideal of a unitary £ <f -semigroup S with zero. Then

exactly one of the following cases occurs:

(i) A ={0,a}, a*> = 0;
(ii) ¥ a € A\{0}, Sa®> = A.

Proof. Assume that A is a 0-minimal (0,2)-bi-ideal of S. Let a € A\{0}, then Sa®> C A. Also
Sa? is a (0,2)-bi-ideal of S, therefore Sa*> = {0} or Sa®> = A.

Let Sa? = {0}. Since a®> € A, we have either a®> = a or a®> = 0 or a® € A\{0,a}. If a* = a,
then a® = a?a = a, which is impossible because a® € a*S = Sa*> = {0}. Let a> € A\{0,a}, we
have

S-{0,a>}{0,a%} = §S - a*a* = Sa* - Sa* = {0} C {0,a*},

and
[{0,a?}81{0,a%} = {0,a*S}{0,a*} = a®S-a® C Sa® = {0} C {0,a*}.

Therefore {0,a%} is a (0,2)-bi-ideal of S contained in A. We observe that {0,a?} # {0}
and {0,a} # A. This is a contradiction to the fact that A is a O-minimal (0,2)-bi-ideal of S.
Therefore a> = 0 and A = {0,a}.

If Sa® # {0}, then Sa*> = A. 1

Corollary 4. Let A be a 0-minimal (0,2)-bi-ideal of a unitary £ <7 -semigroup S with zero such
that A2 # 0. Then A = Sa® for every a € A\{0}.

Lemma 6. Let S be a unitary £ of -semigroup. Then every right ideal of S is a (0,2)-bi-ideal
of S.

Proof. Assume that A is a right ideal of S, then
SA>=AA-SS=AS-ASCAACASCA, AS-ACA,
and clearly A% C A, therefore A is a (0,2)-bi-ideal of S. 1

The converse of Lemma 6 is not true in general. Example 1 shows that there exists a (0,2)-

bi-ideal A = {a,c,e} of S which is not a right ideal of S.
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Theorem 4. Let S be a unitary £ .o/ -semigroup with zero. Then Sa*> = SV a € S\{0} if and
only if S is 0-(0,2)-bisimple if and only if S is right O-simple.

Proof. Assume that Sa®> = S for every a € S\{0}. Let A be a (0,2)-bi-ideal of S such that
A#{0}.Leta € A\{0}, then S = Sa? C SA% C A. Therefore S = A. Since S = Sa®> C S = 52, we
have §? = S # {0}. Thus S is 0-(0,2)-bisimple. The converse statement follows from Corollary
4.

Let R be a right ideal of 0-(0,2)-bisimple S. Then by Lemma 6, R is a (0,2)-bi-ideal of S and
soR={0}orR=S.

Conversely, assume that S is right 0-simple. Let a € S\ {0}, then Sa® = S. Hence S is 0-(0,2)-

bisimple. &

Theorem 5. Let A be a 0-minimal (0,2)-bi-ideal of a unitary £ <f -semigroup S with zero. Then
either A*> = {0} or A is right O-simple.

Proof. Assume that A is O-minimal (0,2)-bi-ideal of S such that A> # {0}. Then by using
Corollary 4, Sa*> = A for every a € A\{0}. Since a®> € A\{0} for every a € A\{0}, we have
a* = (a*)? € A\{0} for every a € A\{0}. Let a € A\ {0}, then

(Ad®)S-Aa* = a’A-S(Ad?) = [(S-Ad®)Ala®> C [(S-A)A]d®
— (AA-SS)a* = SA* - a* C Ad?,
and
S(Aa*)? = S(Ad®-Ad®) = S(a®A - a*A) = S[a*(a®A - A)]
= (aa)[S(a*A-A)] = [(a*A-A)S)d?
C (AA-SS)a* = SA%-a®> C Ad?,

which shows that Aa? is a (0,2)-bi-ideal of S contained in A. Hence Aa”> = {0} or Aa®> = A.
Since a* € Aa® and a* € A\{0}, we get Aa> = A. Thus by using Theorem 4, A is right 0-

simple. 1
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4. (m,n)-ideals in unitary .# </ -semigroups

In this section, we characterize a unitary ../ -semigroup in terms of (m,n)-ideals with the
assumption that m,n > 5. If we take m,n > 2, then all the results of this section can be trivially
followed for a locally associative unitary .Z .7 -semigroup. If S is a unitary .Z .o/ -semigroup,
then it is easy to see that SA™ = A™S and A™A" = A"A™ for m,n > 3 such that A® = ¢ if occurs,

where e is a left identity of S.

Lemma 7. Let S be a unitary £ o/ -semigroup. If R and L are the right and left ideals of S

respectively, then RL is an (m,n)-ideal of S.
Proof. Let R and L be the right and left ideals of S respectively, then

(RL)"S-(RL)" = (R"L"™ - S)(R"L") = (R"L" - R")(SL")
= (L"R™-R")(SL") = (R"R™-L")(SL")
= (R™R"-L™)(SL") = (R™™"L"™)(SL")
— S(Rm+an _Ln) — S(Lan 'Rm—b—n)

— SS_Lm+an+n — SLm+n -SRm—Hl

— Rm+nS . Lm+nS — SRm+n A SLm+n
and

SR™. St — (5. R™TIR) (S L IL)
= [S(R™"*R-R)|[S(L"™*"*L-L)]
= [S(RR-R™ " 2)][S(LL-L™"~2)]
C (SS-RR™™2)(SS - LL™T2)
C (SR-SR™™=2)(SL-SL"™"~2)

C (Rm+n_ZS-RS)(L-SLm+n_2)
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C (Rm+n—25 . R) (S . LLm+n—2)
— (RS- R™m=2)(spmn—1)
C RRM2. gpmin=l

C SRm-H’l—] 'SLWH_n_l

therefore

(RL)™S - (RL)" C SR™™. s+ C SR gpmn=1 C  CSR-SL

C (SS-R)L = (RS-S)L CRL,

and also

RL-RL=LR-LR = (LR-R)L = (RR-L)L C (RS-S)L C RL.

This shows that RL is an (m,n)-ideal of S. 1

13

Theorem 6. Let S be a unitary £ o7 -semigroup with zero. If S has the property that it contains

no non-zero nilpotent (m,n)-ideals and R (L) is a O-minimal right (left) ideal of S, then either

RL = {0} or RL is a O-minimal (m,n)-ideal of S.

Proof. Assume that R (L) is a O-minimal right (left) ideal of S such that RL # {0}, then by

lemma 7, RL is an (m,n)-ideal of S. Now we show that RL is a O-minimal (m,n)-ideal of S.

Let {0} # M C RL be an (m,n)-ideal of S. Note that since RL C RN L, we have M C RN L.

Hence M C R and M C L. By hypothesis, M" # {0} and M" # {0}. Since {0} # SM™ = M"S,

therefore

{0} #M"SCR"S=R"'R-S=SR-R"' =SR-R" R

—RR™2.RSCRR"2.R=R",
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and
R™ C SR" =SS-RR™ ' =R"'R.5=(R"?R-R)S
= (RR-R™?)S =SR™?.RRC SR™*-R
— (SS-R™3R)R= (RR™3-SS)R = (RS-R"3S)R
C(R-R"3S)R=(R"3-RS)RCR"SR-R=R""1,

therefore {0} # M™S C R™ C R™ 1 C ... CR.1tis easy to see that M™S is a right ideal of S.

Thus M™S = R since R is O-minimal. Also

{0}y #SM"C {0} ASL"=S-L" 'L=0""1.sLcrlL=1L",
and
L"CSL"=S8S- LI ' =1L S = (L"2L-L)S =SL-L"°L
CL-L"?’L=L"%LLCL"’L=1"'C..ClL,

therefore {0} # SM" C L C L"~! C ... C L. It is easy to see that SM" is a left ideal of S.

Thus SM™ = L since L is O-minimal. Therefore
M CRL=M"S-SM" = M"S-SM™ = (SM"™ - S)M"
— (SM™-SS)M" = (S - M"S)M" = (M™ - SS)M"
=M"S-M"CM.
Thus M = RL, which means that RL is a 0-minimal (m,n)-ideal of S. §

Theorem 7. Let S be a unitary £ of -semigroup. If R (L) is a 0-minimal right (left) ideal of S,
then either R"L" = {0} or R"L" is a 0-minimal (m,n)-ideal of S.

Proof. Assume that R (L) is a O-minimal right (left) ideal of S such that R™L" # {0}, then
R™ # {0} and L" # {0}. Hence {0} # R™ C R and {0} # L" C L, which shows that R" = R
and L" = L since R (L) is a O-minimal right (left) ideal of S. Thus by lemma 7, R"L" = RL is
an (m,n)-ideal of S. Now we show that R”L" is a 0-minimal (m,n)-ideal of S. Let {0} # M C
R"L" = RL C RNLbe an (m,n)-ideal of S. Hence {0} # SM? = MM -SS = MS-MS C RS-RS C
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Rand {0} # SM C SL C L. Thus R = SM? = MM -SS = SM -M C SM and SM = L since R (L)

is a O-minimal right (left) ideal of S. Therefore

M CR"L" C (SM)"™(SM)" = S"M™ - S"M" = §S - M"M"

=M"M"-S=SM"-M"=M"S-M"CM,

Thus M = R™L", which shows that R"L" is a 0-minimal (m,n)-ideal of S. 1

Theorem 8. Let S be a unitary £ <f -semigroup with zero. Assume that A is an (m,n)-ideal of

S and B is an (m,n)-ideal of A such that B is idempotent. Then B is an (m,n)-ideal of S.

Proof. 1t is trivial that B is an .Z .o/ -subsemigroup S. Secondly, since A”S-A" C A and B"A -
B" C B, then

B"S-B" = (B"B"-S)(B"B") = (B"B")(S- B"B")
= [(S-B™B™)B"|B" = [(B" - B"B™)(SS)|B"
= [(B™-B"B™)(SS)|B" = [S(B"B™ - B™)|B"
= [S(B"B™-B"'B)|B" = [S(BB" "' - B"B")|B"
= [S(B™-B"B")|B" = [B"(SS-B"B")|B"
= [B"(B"B™-SS)|B" = [B"(SB™ - B")|B"
= [B"{(SS-B™"'B)B"}|B" = [B"(B"S - B")|B"

C [B"(A™S-A")B" C B"A-B" C B,

which shows that B is an (m,n)-ideal of S. §

Lemma 8. Let (a)
S.

mp) = a"S-a", then <a>(m7n) is an (m,n)-ideal of a unitary £ o7 -semigroup
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Proof. Assume that S is a unitary .Z <7 -semigroup and m, n are non-negative integers, then
(@) (mm) S (@) () = [(@"S ") S| ("S- ") = (a" - d"S)[S(a"S - a")]
= [{S(a"S-a")}(a"S)]a" = [a"[{S(a"S -a") } S]] "

Cd"S-d'= (a)(

m,n)

2
and similarly we can show that <(a)(m7n)) C (@) - 1

Theorem 9. Let S be a unitary £ of -semigroup and <a>(m7n) be an (m,n)-ideal of S. Then the

following statements hold:

() (@) s =a"s:
(i1) S ({a) 0.
(i) (@) S ({@hon) = @),

n
)) = Sa”;
m

Proof. (i). As (a) ; o) = aS, we have

(<a>(170))m5 = (aS)"S = (aS)" ' (aS) - S = S(a$) - (aS)" !
= (aS)(aS)""" = (aS)[(aS)"*(as)]
= (aS)" %(aS-aS) = (aS)™ *(a®S)
= ... = (aS)"" "=V (a"71S) [if m is odd]
= ... = (a"7'8)(aS)" "=V [if m is even)

=d"Ss.
Analogously, we can prove (ii) and (iii) is simple. §

Corollary 5. Let S be a unitary £ of -semigroup and let (a) (mn) be an (m,n)-ideal of S. Then

the following statements hold:

() (@) S =Sam
(ii) <a>(071))":ans;
(i) ({a)1.0))" S (@) o))" = (Sam)(@'s).
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Let £(0,4), R(m,0) and A, ) denote the sets of (0,n)-ideals, (m,0)-ideals and (m,n)-ideals

of an .Z o/ -semigroup S respectively.
Theorem 10. If S is a unitary £ of -semigroup, then the following statements hold:

(i) S'is (0,1)-regular if and only if V L € £ 1), L = SL;

ii) S is (2,0)-regular if and only if ¥ R € R5 o), R = R2S such that every R is semiprime;
(2,0)

iii) S is (0,2)-regular if and only if ¥V U € U gy, U = U?S such that every U is semiprime.
(02)

Proof. (i). Let S be (0,1)-regular, then for a € S there exists x € S such that a = xa. Since L
is (0,1)-ideal, therefore SL C L. Let a € L, then a = xa € SL C L. Hence L = SL. Converse is
simple.

(ii). Let S be (2,0)-regular and R be (2,0)-ideal of S, then it is easy to see that R = R%S. Now

for a € S there exists x € S such that a = a’x. Let a® € R, then
a=a’x€RS=R?S-S=SS-R*=R>S=R,

which shows that every (2,0)-ideal is semiprime.
Conversely, let R = R%S for every R € R(2,0)- Since Sa® is a (2,0)-ideal of S such that

a* € Sa?, therefore a € Sa?. Thus
a € Sa* = (Sa*)’S = (Sa* - Sa®)S = (a*S - a*S)S = [a*(a>S - S)]S
= (a*-Sa*)S = (S-Sa*)a* C Sa* = a®S,

which implies that S is (2,0)-regular.

Analogously, we can prove (iii). B
Lemma 9. If S is a unitary £ o7 -semigroup, then the following statements hold:

(i) If S is (0,n)-regular, thenV L € £q ), L = SL";
(i) If S is (m,0)-regular, then ¥ R € R, ), R = R™S;
(iii) If S is (m,n)-regular; then V U € 2, ), U = (U™S)U".

Proof. 1t is simple. 1

Corollary 6. If S is a unitary £ o -semigroup, then the following statements hold:



18 WAQAR KHAN, FAISAL YOUSAFZAI, WENBIN GUO, MADAD KHAN
(i) If S is (0,n)-regular, thenV L € £q ), L= L"S;
(i) If S is (m,0)-regular, then ¥ R € R, ), R = SR™;
(iii) If S is (m,n)-regular; then ¥ U € U, ), U = U""S = SU™ ™.

Theorem 11. Let S be a unitary (m,n)-regular £ <f -semigroup such that m = n. Then for every
R e f}}t(mm and L € Q(()’n), RNL=R"LNRL".
Proof. 1t is simple. 1

Theorem 12. Let S be a unitary (m,n)-regular £ <7 -semigroup. If M (N) is a O-minimal (m,0)-
ideal ((0,n)-ideal) of S such that MN C M NN, then either MN = {0} or MN is a O-minimal
(m,n)-ideal of S.

Proof. Let M (N) be a O-minimal (m,0)-ideal ((0,n)-ideal) of S. Let O = MN, then clearly

0? C O. Moreover
O"S-0"=(MN)"S-(MN)" = (M"N"™)S-M"N" C (M"S)S-SN"
=SM"™.SN" =M"S-SN" C MN = O,

which shows that O is an (m,n)-ideal of S. Let {0} # P C O be a non-zero (m,n)-ideal of S.

Since S is (m,n)-regular, therefore by using Lemma 9, we have
{0} #P=P"S-P"=(P"-SS)P" = (S-P"S)P" = (P"-P"S)(SS)
= (P"S)(P"S-S)=P"S-SP" = P"S-SP".
Hence P"S # {0} and SP" # {0}. Further P C O = MN C M NN implies that P C M and

P C N. Therefore {0} # P™S C M™S C M which shows that P"'S = M since M is O-minimal.

Likewise, we can show that SP" = N. Thus we have
PCO=MN=P"S-SP"=P"S-SP" = (SP"-SS)P"
=(S-P"S)P"=P"S-P"CP
This means that P = MN and hence MN is O-minimal. g

Theorem 13. Let S be a unitary (m,n)-regular £ <7 -semigroup. If M (N) is a O-minimal (m,0)-
ideal ((0,n)-ideal) of S, then either MNN = {0} or M NN is a 0-minimal (m,n)-ideal of S.
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Proof. Once we prove that M NN is an (m,n)-ideal of S, the rest of the proof is same as in
Theorem 11. Let O = M NN, then it is easy to see that 0% C 0. Moreover O"S-0" C M™S-N" C
MN"™ C SN™ C N. But, we also have

0"S-0" CM"S-N" = (M"-SS)N" = (S-M"S)N" = (N" - M"S)S
= (M™ - N"S)(SS) = (M"S)(N"S-S) = M"S - SN"
= M"S-N"S =N"(M"S-S) =N"-SM" =N"-M"S
= M"-N"S=M"-SN" C M"N CM"SC M.

Thus O™S- 0" C MNN = O and therefore O is an (m,n)-ideal of S.. 1
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