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Abstract. The object of this paper is to discuss the Abstract Cauchy Problem using tensor product technique. We

give two rank solution of the problem when the Banach space is a Hilbert space.
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1. Introduction

One of the most important differential equations in Banach spaces, which is involved in many

sectors of sciences, is the so-called the Abstract Cauchy Problem, and it has the form:

where u is continuously differentiable vector valued function and f is continuous vector
valued function on [ ; I is equal to [0, 1] or [0,c0) , and both « and f have values in a Banach
space X. In Problem (E), A and B are densely defined linear operators on X . If B is not invertible,
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then Problem (E) is called degenerate problem, otherwise it is called non-degenerate. If f = 0,
then Problem (E) is homogenous, otherwise it is called non-homogenous.

Many researchers were and are interested in this Problem and studied it using a variety of
methods. In the mid-seventies of the last century, Carroll,R.W. and Showalter,R.E. , released an
article about degenerate Abstract Cauchy Problem[4]. In 1996, Thaller, B. and Thaller, S. used
the Factorization of degenerate Abstract Cauchy Problem in a Hilbert space[7]. Favini, A. and
Yagi, A. ,(1999), produced an interesting material on the degenerate Abstract Cauchy Problem
by unifying the methods of semigroups and operational approaches to treat the solvability of
such problem[5]. In 2002, the inverse form of Problem (E) was studied by Al Horani, M.
, where some conditions were put on operators A and B to convert Problem (E) to a non-
degenerate problem[1]. In 2004, Al Horani, M. and Favini, A. discussed the inverse problem
when it is of the second order[2]. In 2010, Zigan, A.M., Al Horani, M. and Khalil, R. used tensor
product technique to find a unique solution for the Abstract Cauchy Problem under certain
conditions on the operators A and B [8],[9]. Khalil, R. and Abdullah, L. (2010), used the
same technique and found an atomic solution for certain degenerate and non-degenerate inverse
problems|6].

In this paper we studied the non-homogeneous Abstract Cauchy Problem using the tensor
product technique when the non-homogeneous part of the problem is a two rank function. In
other words f in Problem (E) is equal to f; ® 81 + f> ® &7, where f}, f] are real-valued continu-
ous functions on 7 and 81, 8 are two orthogonal unit vectors in £Z, the Banach space consisting
of the square summable sequences. We did prove the existence of a unique solution for this
type of problems when u has the form u; ® 8| + uy ® 6,, where uy,u, are real-valued contin-
uously differentiable functions on 7, and with some conditions on the operators A and B. Also,
we found an atomic solution for non-degenerate problem of this type of the non-homogeneous

Abstract Cauchy Problem.

Throughout the paper, the homogeneous Abstract Cauchy Problem is
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u(0) = xo

and the nonhomogeneous Abstract Cauchy Problem is

u(0) = xo,

where A and B are densely defined linear operators on the Banach space X , u € C' (1,X),

feC(,X)andxy €X.
2. Two rank solution of two rank non-homogeneous part of the equation

In this section, we study the problem

Where we assume that u () = u; (1) 81 +uy (t) 82, and f(¢) = f1 ()61 + f2(¢) 02 and we

assume A and B are densely defined closed operators on ¢2.

One of our main results is the following:

Theorem 2.1 In Problem (E;), let B =1, and u(t) = u; (¢t) 81 + up (t) 82, with u; (t) and
up (1) are continuously differentiable functions on [0,o0). Assume further that f; (¢) and f5 (¢)
are continuous on [0,0).Then Problem (E;) has a unique solution.

Proof : Since ' (1) = u (t) 1+ u) (1) 82, we get

W) (1) 81+t (1) 82 = uy (1) AS1 +up (1) A8y + 1 (1) 81+ fo (t) e (2.1)
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If [81,0,] is an invariant subspace of A, then the restriction of A to [81, 8] has a matrix

representation;l\: [a,-j} where a;; = <A5j, 5,~> J,7=1,2.

2x27

Taking the inner product of d; and 0, to both sides of (1.1), we get

uy (1) (81,61) +us (¢)(82,81) = uy(t)(A81,81) +us(t)(AS2,81)
+f1(2)(81,81) + fo(t) (52,81) cvenrnn. (2.2)

And

) (1) (81,82) +uy (1) (82,82) = ui(r) (AS1,82) +uz (¢) (Ad2, 62)

+f1()(81,02) + f2(t) (82,02) cevennnn. (2.3)

Since {01, >} is an orthonormal set, we get from equations (2.2) and (2.3) :

l/tll (t):ul (t)a11+u2(t)a12+f1 (t) ........... (2.4)

And

/

uy (1) =uy () aoy +up (t)anp + fo (1) e (2.5)

Now, equations (2.4) and (2.5) represent a non-homogeneous system of two linear differen-

tial equations

U'(t)=AU (t) +F(t) ... (2.6)
where U (1) = 1 (1) and F (1) = i)
uy (t) f2(t)

The general solution of system (2.6) U, is the sum of the homogeneous solution and a par-

ticular solution. The details are as follows:

Now, the corresponding homogeneous system of (2.6) is
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For such A we have the following cases:
Case 1: A has distinct real eigenvalues (i.e A| # A,). Then the general solution of system

(2.7) is of the form

Uh (t) = Clelltél +C262’2t§2

where &, and &, are the corresponding eigenvectors of A and A4,, respectively.
Case 2: A has equal eigenvalues (i.e A = A, = 1), then we have the following sub-cases:
Case 2.1: A has two linearly independent eigenvectors & and &,. Then the general solution
of system (1.7) is given by
Un(t) = (1§ +2&5) €

Case 2.2: A has a single linearly independent eigenvector &. Then the general solution of
system (1.7) is given by
Un(t) = (c1& +c2 (tE+ 7)) e

where 1) satisfies equation <A\ — 7LI> N = & and I is the identity matrix.

Case 3: A has complex conjugate eigenvalues, A} =a+iband A, =a—ib. Let &+ &,i
and & — &,i are the corresponding eigenvectors of 4| and A,, respectively, where &, and &,
are vectors.

Then the general solution of system (2.7) is given by
Uy (t) = e [c1 (& cos (bt) — E,sin (b)) +cp (€, sin (bt) + &, cos (bt))]

Now, to get a particular solution, form the matrix ¥ (r) = (e*1"&, : ¢*2'&,) which is known
as the fundamental matrix of the system. It is known that the inverse of ¥’ exists and a particular

solution to system (2.6) is given by the formula:

Furthermore, for any of the above cases the general solution of system (2.6) is of the form
Ug (1) = Un (1) +Up (1)

Where Uy, (¢) is the general solution of the corresponding homogeneous system and U, (¢) is

the particular solution of the system.
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By the initial condition u (0) = x¢, we have

RS [ SE

Since &, and &, are linearly independent eigenvectors, then the matrix (&, : §,) is invertible.

Multiplying (&, : &,)~! to both sides, we get

() 818 = &) 0

Taking the inner product of 61 and &, to both sides, we get

ci = <(§1 : 52)_1)60,6,'>, i=1,2.

So, the Problem has a unique solution.

Now, if [81,05] is not an invariant subspace of A, then AS; = a1101 + a8 +a1301 and
Aby=ap181+axndr+ a6, where 01, 0, are orthogonal with {§1,0,}, and a3, a3 not both
are equal to zero.

So, the Problem becomes

l/tll (t)51 —l—u'z (l‘) 6, = anu (l‘)51 +ajpuy (t) 0o +ajzu; (t) 0,

“+arun (l‘) 01 +axnus (l‘) 0o +axsun (Z‘) 0>+ fi (Z‘) 01 + (l‘) 09...... (1.8)
By equating the coefficients of 01,02, 6; and 6, in both sides, we have
ajzuy (l‘) =0 and ax3un (l‘) =0

So, we have the following cases:

Case (i) : @13 =0 and a3 = 0. This case contradicts the assumption on a3 and a,3.

Case (ii) : If u; (t) =0 and uy (t) = 0, then u (t) = 0, and hence the Problem has the trivial
unique solution.

Case (iii) : If (¢j3=0and uy (t) =0) or (a3 =0and u; (1) =0), then u(t) = u; (t) 6;, for
some i = 1,2.

Then equation (1.6) becomes

Lt; (l) 0, = a;1u; (l‘)51 +apu; (l‘) 0> + fi (1)51 + (l‘) 00.eeeeennn (29)
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By taking the inner product of d; to both sides of (1.9), we have
ui (t) = a;ilU; (l‘)—l—fi(l‘) ........... (210)

Equation (2.10) is first order linear differential equation, and has a general solution of the

form
t

i (1) = et / T fi (T)dT+ ¢
0

And by the initial condition u (0) = xp, we have

Then

Taking the inner product of 9; to both sides, we have
C = <X0, 5,>

And hence the Problem has a unique solution. [

Theorem 2.2 Consider Problem (E3) . Let By = B |5, 5, be orthogonally diagonalizable lin-
ear operator with respect to the orthonormal basis {61,60,} and corresponding eigenvalues
A1, 22 such that (A6 ,8;) # 0 for some i, j € {1,2}. Then Problem (E») has a unique solution.

Proof : Let D = diag (A, A7) be the matrix representation of B, with respect to {61,0,}.

Now, if A; # 0 and A, # 0, then B, is invertible and we can use Theorem 2.1, so the problem
has a unique solution.

Assume A1 #0and Ay =0. Letu(r) = vy () 81+ va (¢) O2. Then o/ (1) =V (¢) 01+ V) (¢) O2.

Hence,
Vll (t)391 —I—Vlz (I)Bez =V (t)AGl +v (Z‘)Aez + fi (1)61 +f2 (t) 0,.
Since BO{ = A10; and BO, = 0, we have

AV (1) 01 =1 (1)AB1 4+ vy (1) ABy+ f1 (1) 81+ f2 (1) Egeeee.... (2.11)
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Taking the inner product of 6] and 6, with both sides of (2.11), we get

Ay (t) =vi (1) (A01,01) +v2 () (A02,01) + f1 (1) (61,01) + > (£) (62,01) cevenvee. (2.12)
and
0=w (l‘) <A91, 92> +v (Z‘) <A92, 92> + f1 (Z‘) <51, 92) + 12 (t) <52, 92> ........... (2.13)

Now putting o j; = <A9i,9j> and ﬁﬁ = <5,~,6j> ,i,j = 1,2, then equation (2.13) gives the
following cases:
Case (i) : If oy # 0, then
— (021v1 (1) + Bor 1 (1) + B f2 (1)) (2.14)

wit)=————"—"""""—"—~_...(\.....
(7) po.
Substituting (2.14) in (2.12), we get
V/l (Z‘) = Kjvq (l‘)—l—Kzf] (t)+K3f2 (l‘) ........... (2.15)
_ Q10— 020 _ anB—app _anfp—onp
where K; = =11=2——12221 izlan‘z 2L Ky = 2PN 1201 i‘laz;z 21 and K3 = —2F12~12Pn )‘flanlz 22

Then (2.15) is a first order linear differential equation and it has a general solution of the

form
t

V1 (t):eKlt /eK't(Kzfl (T)+K3f2 (’L’))d’t—l—c ........... (2.16)
0
Substituting (2.16) in (2.14), we get

v (1) = _aizz(“zleKlt(/e_K”(Kzfl(T)+K3fz(f))df+0)
0

FBo1f1 (1) + Bopfa(t)) e (2.17)

From (2.16), (2.17) and the initial condition u (0) = x¢, we can determine constant ¢ uniquely

as follows
u(0) = xo=v1(0)0;+v2(0)06,
= 01— o (omet Boufi (0)+ B2 (0)) 62
By taking the inner product of 6; with both sides, we get

c = (xo,601)
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Thus, Problem (E;) has a unique solution.
Case (ii) : If app = 0, then we have the following sub-cases:

Case (ii.1) : If aj2 # 0 and orp; # 0, then from equations (2.12) and (2.13)

vmo:—a%qggmn+ﬁmﬁ@» ........... (2.18)

And

1
12

(A (1) —ovi (1) = By fi (1) = Brafa (£)) covvenvens (2.19)

1%) (l)

Substituting equation (2.18) in (2.19), we get a unique solution for Problem (E;).

Case (ii.2) : If orj # 0 and otp; = 0, then in this case we have one equation

7L1V/1 (l‘) =01V (l‘) + 012V (l‘) —f—ﬁllf] (l‘) —f—ﬁlzfz (l‘) ........... (2.20)

So, we need another equation to find vy (¢) and v, (7).
Now, by the assumption on A, without loss of generality, we can assume that (A8,,81) # 0.

Taking the inner product of 8 to both sides of equation (2.11), we get
AByvy (1) =vi (1) (A01,81) +va (1) (AB2,81) + fi (1)

If v,, = (A6;,81),i = 1,2, then the above equation becomes
2BV @) =y v () +Yva () + f1 () e (2.21)
From equations (2.20) and (2.21), we have

Vi (1) = hyvy (6) +hafi (8) +h3 fa (1),

— Tou—m®*e g0 YiBii—an and Az = Y12B12
M(ra—e2Bi)"? = Ai(na—0nBiy) 37 Tilrma—anBn)

This is a first order linear differential equation, and has a general solution of the form

where h;

t

vmgzﬂﬂ(/ewmguo+mﬁu»m+c ........... (2.22)
0

By substituting equation (2.22) in (2.21), we determine v; () uniquely.
And again, in equation (2.22), ¢ = (xg, 0) by the initial condition u (0) = xo.
Case (ii.3) : If ajp = 0 and o) # 0, then v (7) determine uniquely by equation

(2.18). And by substituting equation (2.18) in (2.21), we determine v, (¢) uniquely.
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Case (ii.4) : If a;p =0 and ap; = 0, then v; (¢) determine uniquely by substituting
o1 = 0 in equation (2.22). By substituting equation (2.22) in (2.21), we determine v; (7)
uniquely.

Hence, the Problem has a unique solution. [

Now let us consider the case where our function u is of rank one while the non-homogenous
part of the equation (the right hand of the equation) is of rank two. That is to say: u = g®x 1is

an atom, and the right hand is f1 ® 61 + f» ® 0.

Theorem 2.3 Consider Problem (E;) with B=1. Assume u(t) = g(t)x, g € C' (I) be such
that:

(1) There exists some x* € X* and h € C (I) such that (g () x,x*) = h(¢).

(2) (A —1In (%) I> - exists and bounded.

(3) £:(0) £0,i=1,2.

Then Problem (E>) has a unique solution.

Proof : If we use the tensor product notation, then the Problem becomes

§ X+ ERAX=FIR 1+ LR (2.23)

Since an atom x ® y has infinite number of representations Ax ® %y, then without loss of
generality we can assume that g (0) = 1.

Now, equation (3.1) can be written in the form
d X+ gRAX— 1R8I = D82, (2.24)

Since the sum of three atoms is equal to an atom, then ,[ ], we have the following cases:
Case (i) : If ¢’ = Ag, then g () = ce .But since g (0) = 1, then g (1) = €*.

By using condition (1), we get (x,x*) = h(0). So
h(t) = (g(t)x,x*) = <eltx,x*> = M (x,x") = M (0)

We conclude from condition (2),that 4 (0) is different from zero. This implies that A =

In (%) . Hence, g is determined.
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Now, equation (2.4) becomes
M QAx+AX) — f1R81 = fr@ 8. (2.25)

Again the sum of two atoms is equal to an atom, so, [ ], we have the following subcases:

Case (i.1) : If f; = oie™, then equation (2.25) can be written as

M D Ax+Ax—081) = L@ 89, (2.26)

and

From equation (2.28), we get
(AT+A)x = ad) + %52 .................................. (2.29)
Now, using the value of A and condition (2), we get
x= (A +A)"! (a51+%52> .............................. (2.30)

Now, x will be determined completely if & is determined.

A'x and by the initial condition u (0) = xo, we have

Since u(t) =e
1
X0 :X:(AI—{-A)_I (a61—|—552) ........................ (231)
Taking the inner product of 9§ to both sides of equation (3.9), we get

o= <(AI+A)X0,8]>

And hence, x is determined uniquely.

Case (i.2) : If (Ax+Ax) = BJ1, then we have
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So, if B is determined, then x will be determined completely. As in Case (i.1), by the initial

condition u (0) = x¢ and also by taking the inner product of d;, we get
B = ((AI+A)x0,61)

Thus, x is determined uniquely.

Case (ii) : If Ax = px, then equation (2.24) becomes as follows

g OXFUIRX— iR = RO, (2.33)

In equation (2.33), if we take the inner product of x* with both sides and use condition (1),

then we get
W (t)+uh(t) = f1(t)(51,x)+ f () (82,x%) ........ (2.34)
Since equation (3.34) is true for all z,then u can be determined by the following:

1

h(0) (fl (0) (81,x") 4+ f2(0) (62,x%) -y (0))

u =
Now, equation (2.33) becomes
(& +1g) @x— IR = LB 8pevervrennne. (2.35)

We now have the sum of two atoms is equal to an atom. So, we have the following subcases:
t
Case (ii.1): If g+ ug=—v,fi,theng(t) =e * | [ —y,f1 (7)e*"dT+c| . And since g (0) =
0
1,thenc=1.

Now, g will be determined completely, if ¢ is determined.

Since g'+ ug = —7, fi, then g'(¢) + ug(t) = —v, f1(t). Hence

(&) +ug)x = (=Y 1(E)Xeeriiiiinn. (2.36)

So, if we take the inner product of x* to both sides of equation (3.36), we get

(g (1) x,x*) + (ug (1) x,x*) = (—=y fi (1) x,x") ... (2.37)

Using condition (1) in equation (2.37), we have

W 1)+ 1h(t) = =1 fi (6) G6x™) e (2.38)
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If we use condition (3), we find that
v = _h’ (0) +uh(0)
: f1(0)7(0)
So, from equation (2.35), x is determined uniquely in the formula

_[0)81+£(0)8
g (0)+p

Case(ii.2) : If x = 7,681, then equation (2.35) becomes

(V2(8 +18) —f1) @81 =2 @82, (2.39)

Taking the inner product of 8 to both sides of equation (2.39), we get

V(¢ +ug)—fi=0

And then

Va(g (1) + 1g(t)) — f1(£) = Ouvrrrerers (2.40)

Multiplying equation (2.40) by < x,x* >, we get

Y (©) + 1h(t)) — fi(E)h(0) = 0. (2.41)

And since equation (2.41) is true for all ¢, then

~ fi(t)h(0)
27 10) + uh(0)
Then

__AWHO)
X= < Ol
h1(0) + uh(0)
From equation (2.40), g will be determined uniquely by the form
' t
g([) o e:u[[/fl_()e“'tdt +C]
b 72

Where ¢ = 1, since g(0) = 1.

13
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Now, assume that x = a; 8 +ap 82 + a30, where 6 is orthogonal with {51,8,}.
Then, by the initial condition u (0) = xo, a; = (xo,0;) ,and a3 = (x¢,0), where i = 1,2.

Applying the linear operator A on x, we get
Ax=a1A81 +arAd, +a3A0
So, assume that o j; = <A5i,5j>, o3 = (A0;,0),03 = <A6,5j> and o33 = (A6, 0) where

ij=1,2.

The Problem becomes
g' (Z‘) (a151 +ard, —|—a39) +g (l‘) (a1A51 +arAd, +a3A9) = fi (t) 01 + (t) 0o (2.42)

Now, to find g we have the following cases:
Case(1) : If a; # 0, then taking the inner product of d; to both sides of equation (2.42), we

have

a1g (1) + (a1a11 +arain +azas) g (1) = fi (1)

then g (1) = e k1! [}ek”fl (t)dt+ c} , where k| = “‘a”+“2::12+a3a‘3 and ¢ = 1, since g (0) =
1. ’

Case(2) : If a; = 0, then we have the following sub-cases:

Case(2.1) : If ay # 0, then taking the inner product of §, to both sides of equation (2.42),
we have

arg’ (1) + (azomn +a3003) g (t) = f2 (1)

then g (1) = e k! uekﬂfz (1) dr+c] , Where ky = 920221392 apd ¢ = 1.

Case(2.2) : If ap = 0, then we have the following sub-cases:

Case(2.2.1) : If a3 # 0, then taking the inner product of 0 to both sides of equation (2.42),
we have

azg (t) +azazg(t) =0

033t

then g (t) = ce %% where ¢ = 1, since g (0) = 1.
Case(2.2.2) : If a3 = 0, then x = 0 and this implies that u (1) = 0.

Thus, for all the above cases Problem (E5) has a unique solution. [J
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