Available online at http://scik.org
J. Semigroup Theory Appl. 2015, 2015:6
ISSN: 2051-2937

ABOUT JENSEN’S INEQUALITY AND CAUCHY’S TYPE MEANS FOR POSITIVE
Co-SEMIGROUPS

GUL I HINA ASLAM*, MATLOOB ANWAR

School of Natural Sciences, National University of Sciences and Technology, Islamabad, Pakistan

Copyright © 2015 Aslam and Anwar. This is an open access article distributed under the Creative Commons Attribution License, which

permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
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1. Introduction and preliminaries

A consequential theory of Cauchy type means has been developed [4, 5, 6, 7, 8, 9], which is
both substantial and elegant. In this paper we shall define new means on the Cy-semigroup of
bounded linear positive operators, defined on a Banach lattice algebra. The intention to gener-
alize the concept of Cauchy’s type means for operator-semigroups, is not very unaccustomed.
As recently in [10], a new theory of power means is introduced on a Cy-group of continuous

linear operators and Cauchy’s type mean are obtained.

*Corresponding author

Received April 2, 2015



2 GUL [ HINA ASLAM, MATLOOB ANWAR

The notion of Banach lattice was introduced to get a common abstract setting. Within this
framework, one can talk about the ordering of elements. Therefore, the phenomena related to
positivity can be generalized. It had mostly been studied in various types to spaces of real-
valued functions, e.g. the space C(K) of continuous functions over a compact topological space
K, the Lebesque space L' (i) or even more generally the space L (1) constructed over measure
space (X, Y, 1) for 1 < p < oo. We shall use without further explanation the terms order relation
(ordering), ordered set, supremum, infimum.

Before moving on, to define Banach lattice, we shall firstly go through the definition of vector

lattice.

Definition 1.1. A (real) vector space V endowed with an ordering >, such that it satisfies

Op:: v<wimplies v+u < w+u for all u,v,w €V,

Oy:: v>0implies Av>0foralveVand A >0,

is known as an ordered vector space ( see [11]).

It can be easily noted that, O expresses the translation invariance and thus implies that
the ordering of an ordered vector space V can be completely determined by the positive part
Vi ={veV:v>0}of V. In other words, v < wif and only if w —v € V..

Moreover, the other property O,, shows that the positive part of V is a convex set and a cone
with vertex 0 (mostly called the positive cone of V).

If for any two elements v,w € V, a supremum sup(v,w) and thus an infumum inf (v, w) can be
defined, an ordered vector space V turns into a vector lattice. It is trivially understood that the
existence of supremum of any two elements in an ordered vector space implies the existence
of supremum of finite number of elements in V. Moreover, v > w implies —v < —w, so the
existence of finite infima therefore implied.

Below are few importantly defined quantities;

sup(v,—v) = |v|, (absolute value of v)
sup(v,0) =v*,  (positive part of v)

sup(—v,0) =v~. (negative part of v)
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Some compatibility axiom between norm and order is required to move from vector lattice to

a Banach lattice. Which is given in the following short way:
(1) V[ <fwl implies |v|| < [lwl.

The norm defined on a vector lattice is called a lattice norm.

Now, we are in position to define a Banach lattice in a formal way.

Definition 1.2.

e A Banach lattice is a Banach space V endowed with an ordering <, such that (V, <) is
a vector lattice with a lattice norm defined on it.

e A Banach lattice with the property that, u,v € V,, implies uv € V., is called Banach
lattice algebra. If the multiplicative identity element e € V, it ultimately turns to unital

Banach lattice algebra.

A linear mapping 7T from an ordered Banach space V into itself is positive (denoted by:
T >0)if T(v) € V4, for all v € V. The set of all positive linear mappings forms a convex
cone in the space L(V) of all linear mappings from V into itself, defining the natural ordering

of L(V). The absolute value of 7, if it exists, is given by
IT|(v) = sup{T (u) : [u] < v}, (vEVy).
Thus 7 : V — V is positive if and only if |T'(v)| < T(|v|) holds for any v € V.

Lemma 1.1. [[11], P-249] A bounded linear operator T on a Banach lattice V is a positive
contraction if and only if ||[(Tv)"|| < ||vT|| forallv € V. O
An operator A on'V satisfies the positive minimum principle if for all v € D(A)y = D(A) NV,
9 V]

() (v,¢) =0 implies (Av,¢) > 0.

Definition 1.3. A (one parameter) Cy-semigroup (or strongly continuous semigroup) of opera-

tors on a Banach space X is a family {Z(¢) },>0 C B(X) such that

(): Z(s)Z(t) = Z(s+1) for all s,t € R™.
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(ii): Z(0)=I, the identity operator on X.

(iii): for each fixed f € X, Z(t) f — f(with respect to the norm on X) ast — 0™,
where B(X) denotes the space of all bounded linear operators defined on a Banach space X.

Definition 1.4. The (infinitesimal) generator of {Z(¢)},>¢ is the densely defined closed linear
operator A : X O D(A) — R(A) C X such that

D(A) ={f:fe€X,lim_y+A;f existsinX }

Af = lim_o+Acf (f € D(A)),
where, fort > 0,

() - 1)f
t

Af = (feX).

O

Let {Z(t) };>0 be the strongly continuous positive semigroup, defined on a Banach lattice V. The

positivity of the semigroup is equivalent to
ZW)fI <ZWIfl, 120, feV,
where for positive contraction semigroups {Z(t)};>0, defined on a Banach lattice V we have;

IZOHTN <IN, forall feV.

The literature presented in [11], guarantees the existence of the strongly continuous positive
semigroups and positive contraction semigroups on Banach lattice V with some conditions im-
posed on the generator of the strongly continuous positive semigroup and the very important
amongst them is, that it must always satisfy (2).

For X be a unital Banach algebra with identity element e. We shall call the strongly continu-

ous semigroup {Z(t) };>¢ defined on X, a normalized semigroup, whenever it satisfies
3) Z(t)(e)=e, forall t>0.

The notion of normalized semigroup is inspired from normalized functionals [13].

Example 1.1. Let ' := {z € C: |z| = 1}, and X = C(T"). The rotation semigroup {Z(t)};>¢ is
defined as, Z(t)f(z) = f(e" -z), f € X. The identity element E € X, s.t. forall z €T, E(z) = z.
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Then Z(t)E(z) = E(e" -7) = e - z. Or we can say that any complex number 7 = €™ is mapped
to ¢t Z(t) satisfies (3) only when t is a multiple of 21. It can easily be verified that
7' ={Z(2xt) }1>0 is a subgroup of Z = {Z(t) };>0, as Z(2nt)Z(2ns) = Z(27(t + s)). Therefore
7' ={Z(2xt) }1>0 is a normalized semigroup. O
For real and continuous functions ¢, on a closed interval K := [k;, k], such that ¢, x are

differentiable in the interior of K and )’ # 0, throughout the interior of K. A very well know

Cauchy mean value theorem guarantees the existence of of a number § € (k;,k), such that

/
Now, if the function % is invertible, then the number { is unique and

1ok~ o(k)
o= () Gar—ae)

The number { is called Cauchy’s mean value of numbers ki, k,. It is possible to define such a

mean for several variables, in terms of divided difference. Which is given by

n—1, _
= (5 (=)

This mean value was first defined and examined by Leach and Sholander [?]. The integral

representation of Cauchy mean is given by

n=ly -1 fp 0" (kau)duy s
6= (%) l(finlin—l(k.u)cht) ’

where E;,_1 := {(uy,u2,....;un) 1 1; > 0,1 <i<n, ,):;.:ll u; < 1}, is (n-1) dimensional simplex,
u=(Up,up,...;uy) up =1— ?;11 ui,du = duyduy...du, and kau =Y " | uk;.

A mean which can be expressed in the similar form as of Cauchy mean, is called Cauchy
type mean. The purpose of our work is to introduce new means of Cauchy type defined on

aCp-semigroup of positive operators.
2. Jensen’s type inequality and corresponding means

The Jensen type inequality for superquadratic function on isotonic linear functionals, is given

in [[13], Theorem 10]. In [1], the corresponding Cauchy type means are defined.
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In the present paper, we shall firstly prove the Jensen’s type inequality for semigroup of pos-
itive linear operators defined on a Banach lattice algebra. Result will be followed by some

generalized mean value theorems, bringing in a new set of Cauchy type means.

Definition 2.1. Let V be a Banach lattice algebra. A mapping ¢ : V, — V is superquadratic,

provided that for all v > 0 there exists a constant vector C(v) such that

(4) ¢(u) =@ (v) = ¢(Ju—v[) = C()(u—v)

for all u > 0. We say that the mapping ¢ is subquadratic if —¢ is superquadratic.

Theorem 2.1. Let {Z(t)};>0 be a strongly continuous positive semigroup of operators defined
on Banach lattice algebra V. Then for g € Vi and the continuous superquadratic mapping
¢ : Ve —V, we have;

&)

o0 zteny) < “2 2O (- E0s) etoiar])

[Z(1)g] ’

fev,.

If ¢ is subquadratic then a reversed inequality in (5) holds.

Proof. Since the mapping ¢ is superquadratic, inequality (4) holds for all u,v > 0. As f,g >0
and the operator Z(¢) is positive for all t > 0, we have [Z(t)g]~'[Z(t)(gf)] > 0. Setting u = f
andv = [Z(t)g] ' [Z(¢)(gf)] in (4), we obtain;

o) = o(1Zg " 1Z0)(e]) +C |20 Z) )] [ £ - 208 20 )]
+9 (|7~ 1z 20|

for all + > 0. Multiplying the above inequality by g € V., we get

$0(f) = 80(1Z()g) " 2(1)(ef))) +C|[2()g) 7 (2(1)(aF)] [ — 82 ()8 (2(1)(2)]]
+99(|£ - 12011 2.
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By applying the operator Z(¢) on both sides, we get for all ¢ > 0;

Z0)le0 ()] = 2(0)[elo (12()el ™' 1Z(1)(2f)])
+C|1Z)g 2| [2()(e) — 20 808~ 1Z(1) (8]
+2() |29 (|7 - 20117 20811 )|

The assertion (5) follows directly. ]

Throughout the remaining article, V shall denote the (real) unital Banach lattice algebra with

identity element e, until and unless stated otherwise.

Theorem 2.2. Let {Z(t) };>0 be a normalized strongly continuous positive semigroup of opera-

tors defined on V; then for a continuous superquadratic operator ¢ : V. —V, we have

(©6) PZ() 1 <ZO9N=ZW)9(f =Z) D], feVs.

If the mapping ¢ is subquadratic, then the inequality above is reversed.

Proof. Since {Z(t)};>0 is a normalized semigroup it must satisfy (3). By taking g = e in

Theorem (2.1), we obtain (6). [

Definition 2.2. Let {Z(¢)};>0 be a strongly continuous normalized positive semigroup of op-
erators defined on V; then for a continuous operator ¢ : V.. — V, we define an other operator

A¢, : V_|_ — V;
7 Ny :=ZD)9(N]—91Z(0)f]=2D)e(If —z()fD], feVy.
If ¢ is continuous superquadratic mapping then, Ay > 0.

Below we give an operator analogue of [[2], Lemma 3.1].

Lemma 2.1. Suppose ¢ : V. — V is continuously differentiable and ¢ (0) < 0. If ¢' is superad-

ditive or f — @, f € V4, is increasing, then ¢ is superquadratic.

Lemma 2.2. Let ¢ € C*[V,] and u,U €V be such that

y < ((P](cf))':ﬂb (f}2—¢ (f)

(®) <U, Vf>O0.
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Consider the operators ¢1,¢, : V. — V defined as:

Uf?

uf3
B =500, h=0() "5

3

Then the mappings [ — @ and f — @ are increasing. If also ¢;(0) = 0,i = 1,2, then

these are superquadratic mappings.

Proof. By using the inequality (6), it can be easily seen that the mappings f — M and

f— @ are increasing. Moreover, if ¢;(0) = 0,i = 1,2, Lemma (2.1) implies these to be

superquadratic. 0J

Theorem 2.3. Let {Z(t)},>0 be a positive normalized Cy-semigroup of operators defined on V

and ¢7, € CY(Vy) and ¢(0) = 0, then the following inequality holds

O no= T -z - 20120y se v

Proof. Suppose that u = mingcy, ( qyj(ff ) ) and U = maxfev+(¢lj(cf )) exists. Taking ¢; instead of

¢ in (6), we get for f € V. ;

Z0)[0(£) - 912(0)f1 - Z()[6(1f ~ 20} 1)) < 5 {20 )~ 1200 fF - 201 - 2(0) 1]

Similarly, by taking ¢, instead of ¢ in (6), we get for f € V,;

ﬂﬂWUﬂ—Mﬂﬂﬂ—ZWWﬂf—ﬂﬂﬂﬂZg{ﬂﬂvﬂ—ﬂOﬁf—ZUMf—ﬂﬂﬂG-

Since, ¢ = f° is superquadratic and Z(¢) € {Z(t)},>0 is the positive operator, therefore

Z@)fF) =20 =ZONf ~Z(O)f) 20, fEVs.
By combining the above two inequalities and using (8), we obtain that, there exists & € V., such
that the assertion (9) holds.

Theorem 2.4. Let {Z(t) };>0 be a positive normalized Cy-semigroup of operators defined on V

and &, ¥ € CY(V) such that, ¢(0) = y(0) = 0, we have

o r
Ao _ E0"(E)—0'(E)
Ay EYE) —v(E)

10) =K(), eV,
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provided the denominators do not vanish. If K is invertible, we have the following new mean;

an E=K" (ﬁj) Ay #0.

Proof. Lets consider a function Q = c;¢ — c, ¥, where
C1 ZAW, (69} =A¢.

Then for f € V;
Q [ A
=c1——c—€eC (V.

One may calculate that Ag = 0 and using Lemma (2.2) with ¢ =  we obtain;

[c1(697(8)—9(8)) —c2(EW" (&) —W'(E))] {Z(t)[f3] ~[z()fP —Z(t)[lf—Z(t)fH} =0,feV;.

Since ¢ = f3 is superquadratic and {Z(t)};>¢ is semigroup of positive operators, therefore we

may conclude that

2 §0"(0)=0&) Moy

ci SY(S)-vI(E) Ay
providing the denominator do not vanish. This completes the proof. U

We shall denote the set of all invertible strictly monotone continuous operators, defined from

V to itself, by Gy (V).

Definition 2.3. For a positive normalized Cy-semigroup {Z(¢) },>0, defined on a Banach lattice

V and F € Gy (V), we define the generalized mean:

(12) Mp(Z,f,1) :=F HZ@W)F(f)}, feX.

For the sake of simplicity, the set of all elements of Gy, whose second order derivative (in

Gateaux’s sense) exits, shall be denoted by C2Gy (V).

Theorem 2.5. Let {Z(t) };>0 be a positive normalized Cy-semigroup defined on V and H,F,K €
C2Gu(V). Let for f € v, 20 KF ) o €\(v) with Ho F~1(0) =0 =K o F~(0), then

for f eViandt >0y
H(My(Z.f,1)) — H(Mp(Z. f,1)) — H(Mp(F ' |F[Z(1) f] - FMFp(Z. f,1)|. f,1))
K(MH(Z7f7t)) ( (Z f? ))_K(MK<F IIF[Z(T)f] FMF(Z’fJ)‘af?t))

{H"(n)F'(n)—H'(n)F"(n) —H'(n)[F'(n)]?
{K"(n)F'(n) —K'(n)F"(n)—K'(n)

(13) = F(T'))

F(n
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holds for some € V., provided the denominator do not vanish.

Proof. By choosing the operators ¢ and y in Theorem 2.4, such that
90=HoF~', y=KoF ™' and Z(t)f=F[Z(1)f], fEV,,

where H,F,K € C>Gy;(V). We find that there exists & € V,, such that

H(MH(va )) ( (Zf7 )) H(M, ( I‘F[ ()f]_FMF(vaat)|7fat))
K(Mu(Z,f.1)) —K(MF(Z, f.1)) — K(Mk(F ' F[Z(t) f] = FMF(Z, f1)], f 1))
S{H"(FIOF'(F~18) —H'(F I F"(F~'8) —H'(F'§)[F'(F )P}
{KNFIEF (F1E) —K(FIEF(F1E) —K(F )P (F1E)P}

/\

~—~

Therefore, by setting F~1 (&) = 1, we find that there exists 1 € X, such that the assertion (13)
follows directly. O

The above theorem accredit us to define new means. Set

F(n){H"(n)F'(n)—H'(n)F"(n) —H'(n)[F'(n)]*}
FM{K"(n)F'(n) —K'(n)F"(n) —K'(n)[F'(n)]*}’

L(n) =
and when F € G(V);

HMy(Z,f1)) —HMF(Z, f,t)) — H(Mu(F _IIF[Z(t)f]—FMF(Z,fJ)\af,l))>
K(MH(Zaf7t))_K( (Z f7 )) (MK( 1|F[Z(t)f]_FMF<Z7fvt>|7fvt))

n=17(

Remark 2.1. For (V, ||.||) a Banach lattice algebra, it follows from Theorem 2.5 that

- KMH(Zf7 )) ( (Zf7 )) (MK( ‘1|F[Z(t)f] FMFZf, |f, -

Where m and M are respectively, the minimum and maximum values of

H m{H"(n)F'(n) —H'(n)F"(n) —H'(n)[F'(n)]*}
Fm){K"(m)F'(n) —K'(n)F"(n)—K'(n)[F'(n)]*}

H nev.

O

Definition 2.4. [12] Let V be a Banach algebra with unit e. For f € V, we define a function
log(f) fromV to V;

log(f) =— i le=

for [|(e —x)|| < 1. 0
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In correspondence with the usual definition of generalized power means for isotonic func-

tionals [1], we shall define the generalized power means for semigroup of operators, as follows.

Definition 2.5. Let X be a Banach space and {Z(¢) };cr the Cy-semigroup of linear operators on
X. For f € X and r € R, the genralized power mean is defined as;

/

CO1a) R—

(14) MGr(vaat):

| explz(n)l1og(£)]l, r=0.

Now, we shall prove an important result which is going to lead us, to define the Cauchy’s

type means on Cp-semigroup of operators.

Corollary 2.1. Let all the conditions of Theorem 2.5 are satisfied. For r,s,l € Ry such that
r# 1,1 # 2s, we have

@ =

a5 MEZSD MG 210 - ME (DT =My 2S00 =29

MG, (Z, f,1) = MG (Z, f.) = MG, ([Z(2) ) = Mg, (2, f0)] 5 for) - HE=28)

e |—

The assertion (15) holds for some n, provided that the denominators do not vanish.

Proof. For r,s,/ € Ry and f € V., if we set

Hf)=f" F()=r. K(f)=f

in Theorem (2.5), the assertion in (15) follows directly.
Ultimately, we shall define means of the Cauchy’s type on Cy-semigroup of positive linear

operators defined on Banach lattice algebra V.

Definition 2.6. Let 5,/ € Ry and {Z(¢) };>0 C B(V) be a normalized Cy-semigroup of positive
linear operators on a unital Banach lattice algebra V. Then

(16)

‘JﬁIG’s(Z,f,t) _ (l(l_zs) M&,(Zaf7t) _Més(zafJ) _Mér<‘[z(r>f]s_MSGS(ZJCJ)’

r(r=25) ML (Z, f.t) = ML (Z, 1) = ML, (|[Z(0) ] = M, (Z, f.1)|

@ = @ =

7f7 t) ) ﬁ
Y f? t)
is a mean of the Cauchy’s type. This definition is true for all r # [ # s # 0 and other cases can

be taken as limiting cases, as in [8].
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3. Conclusion

Firstly, we have proved a Jensen’s type inequality for a normalized semigroup of positive lin-
ear operators and a superquadratic mapping, defined on a Banach lattice algebra. A systematic
procedure has been used to prove the corresponding mean value theorems, which lead us to a
new set of means. These means are Cauchy’s type means for the mentioned operators. By fol-
lowing the similar procedure, many functional inequalities can be generalized for the operator

semigroups and corresponding means can be obtained.
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