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Abstract. In this study, we will characterize the Arf numerical semigroup that is computed in a quotient of an Arf
numerical semigroup by an positive integer. We will also obtain the one half of this special Arf numerical semigroup
and give some results about this numerical semigroup.
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1. Introduction

Let N be the set non-negative integers. A numerical semigroup S is a subset of N
which contains the zero, is closed under addition and generates Z as a group where Z denotes

the set of the integer. From this definition, we can deduce that S admits a unique minimal

P
system of generators {n1 <..< np} , if we obtain the set S ={Z:ai n:a,..a, EN} and no proper
i=1

subset of {n1 <..< np} is a system of generators of S [1].

N\S is finite, and the largest integer not belonging to S is known as the Frobenius

number of S, usually denoted by F(S). We define n(S) = #({0,1,..., F (S)} A S), where #(A)

denotes the cardinality of any set A . It is also well known that
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S =<n,Ny, N, Ny >= {O, S1,S,5S554445 S, F(S)+1,—>...}, where "—" means that every integer

greater than F (S)+1 belongsto S, n= n(S) and s, <s,,, for i=12,...,n.[3].

i+1

S
Let S be a numerical semigroups and p be a positive integer. Then — = {X eN:pxe S}

is also a numerical semigroup, called as the quotient of S by p . We say that % is the half of

the numerical semigroup S [2].

A numerical semigroup S is an Arf numerical semigroup if for every X,y,z€ S such
that X>y>17z, we have that x+y—-zeS [4].

In this paper, our principal aim is to characterize the Arf numerical semigroup that is one

half of an Arf numerical semigroup and give relations between S and % .

2. Main Results

Our first goal in this section is to show that quotient of an Arf numerical semigroup by

an positive integer is Arf numerical semigroup. In addition, we will obtain Arf numerical

semigroup % and find the numbers F [%] and n[%j Lastly, we will give also the relations

between S and % .

Theorem 2.1. Let S be an Arf numerical semigroup and p be a positive integer. Then S is an

Arf numerical semigroup.

Proof. We choose all members X,Y,z in §\{0} such that X=Yy =2 . Then it is clear that
p

pX, py, pz € S\{0} . Thus we obtain that px+ py—pze S, since S is an Arf numerical

semigroup. So, pP(X+y-z)eS and x+y-z eé. It follows that S is an Arf numerical
Y

semigroup.
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Example 2.2. The numerical semigroup S = {O, 7,14,21,27,— ...} is an Arf numerical semigroup.
So, for p =35 we obtain the set %: {O, 6,— } which is an Arf numerical semigroup.

Theorem 23. Let aeZ" and a>2 . If (a,) is a sequence with general term
1, if n=1 _
a, = , that s (a,)=(1a"%a',..,a"?,...) ,  then

S ={0,X,, X, + Xy X, ot Xy —> e} = {O,a”‘zt,(a”‘2 +a" (@ a1t } is an
Arf numerical semigroup where x, =t, x,_, =a, x,_,=a't,.,x =a"’t for te N [5].

n-1

Theorem 2.4. If the numerical semigroup S is given as in Theorem 2.3 then the one half of S

is2-lo 3% S s L
2 2°2 2 2
Proof. Let at,neZ" , a>2 and t be positive even integer. Suppose
A= O,i,s—z,...,sr‘1 ,i,—».. . If x e A then we write x=i for i=12,....,r or X=i+k for
22 2 2 2 2

.. : S
k=1,2,... Therefore we find the equalities 2x = 2%‘ =35, or 2X= 2(é+ k] =S, +2k . So we
) ) S
obtain 2X € S . Finally, we have X 7

Conversely, if x e% , then we have 2X e S . Then we can write X =%e% for s, € S and for

i=1,2,..,r. There is the at least one k €N such that 2x=s,+2keS for 2x>s,  .Thus we
. S.

obtain ng'e A.

Example 2.5. If we choose a=7, n=7 and t =2 then we obtain
X, =2, X =2, X, =14, X, =98, X, =686, X, =4802, X =33614.

So S:{0,33614,38416,39102,392()0,39214,39216,39218,—)...} is an Arf numerical

semigroup and we can write %: {0,16807,19208,19551,19600,19607,19608,19609,—> }

from Theorem 2.4.

We will take a,t,n e Z* where a,t,n > 2 in the following Theorems, Corollaries and proofs.
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Corollary 2.6. The one half of the numerical semigroup
S = {O, a”’zt,(a“’z + a”’3)t,...,(a”’2 +..+a’ +l)t,—> } ={0,5,,5,,...,S,,—> ...} is as the follows:

i. If a is even integer and t is odd integer, then Ez O,E,S—z,..., 52 ,i,—»..
2 22 2 2

ii. If a,t are odd integers and n is even integer, then Ez O,S—Z,S—“,...,sr‘2 ,S—r,—>...
2 22 2 2

iii. If a,n,t are odd integers, then §= O,S—Z,S—“,...,SH, R
2 2°2 22

We will avoid proving Corollary 2.6. because it is trivial.

Proposition 2.7. If S is an  Arf numerical semigroup such  that
S = {O,a”’zt,(a”’2 + a”’3)t,...,(a”’2 +..+a’ +1)t,—> } then we find n(S)=n and
F(S)=(a""+..+a"+1)t-1 [5].

Theorem 2.8. The Frobenius number of the one half of numerical semigroup

S= {O, a”‘zt,(a“‘2 + a”‘3)t,...,(a”‘2 +..+a’ +1)t,—> } ={0,5,,5,,....5,,—>...} is

F(S
(s (2 ) ; iIf a,n,t are positive odd integers
Ej: F(S)-

(2) ; otherwise

Proof. Since a,n and t are odd positive integers and from Corollary 2.6., we get

1 F(S
§={0,S—2,S—“,...,S'1,5”1,9...}. Thus we find F(§j=h—1=sf+l—1=sf 1_F(S)
2 2727 ) 2)" 2 2 2 2

For the otherwise, the one half of original semigroup is written as one of the

S_Jo S S S S LS g8 S Sa s L

2 22 2 2 2 22 2 2

S S, S, S, S . S) s, .
—=<0,—=,—=2,.., ,—,—...;. For all three cases, we obtain F| — |=—-—1. Finally, we have
2 22 2 2 2) 2
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Theorem 2.9. The following equalities are true for numerical semigroup

S = {O, a™’t,(a" + a“’3)t,...,(a“’2 +.+a’+1)t > } ={0,5,,5,,.5S, >}

a) If t is even integer, then n (%) =n(S)
b) If a is even integer and t is odd integer, then n(%j =n(S)-1

n(s
c) If a,t are odd integers and n is even integer, then n(%j =%

n(S)+1'

d) If a,n,t are odd integers, then n(%]: 3

Proof. Using Theorem 2.4. and Corollary 2.6., for the one half of numerical semigroup

S:{O,a”’zt,(a“’z+a“’3)t,...,(a“’2+...+a°+1)t,—>...}:{O,SI,S S>>} , the following

cases hold.

a) If t is even integer, then %={0, 3 5 - St S —>} and

2727 2

n(%j:#({o,l,...,F(—j} j #( 0,52—1%2 ,rzl}j=[(r—1)—o]+1=r=n(s)

S % S, S

72923-' 2)3:

n(%j - #[{0,1,..., F (%}}m%} - #HO,%‘%,..., Sf; }Jz [(r-2)-0]+1=n(s)-1

c) If a,t are odd integers and n is even integer, then S = {0

RO R

d) If a,n,t are odd integers, then %:{0, % 3 St Sra ,—>..} and

n(%) = #({0,1,..., F Gj} m%} = #[{0%2%4571}}: {(f —;)—0} i n(82) +1

Example 2.10. If we choose a=3,n=7 and t =35 then we obtain the numerical semigroup

b) If a is even integer and t is odd integer, then %:{0 —>} and

S 8 S
’232"" 2

2

[(r—z>—o}1:n<s>
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S ={0,1215,1620,1755,1800,1815,1820,1825,— ...} . So we find F(S)=1824 and n(S)=7.

The one half of numerical semigroup S is

F(3)012=F0) g o[ S)og )L
(2) 2 (ZJ

2

N | »
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