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EPIMORPHISMS, DOMINIONS AND REGULAR SEMIGROUPS
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Abstract. We show that a regular semigroups satisfying certain conditions in the containing semigroup is
closed. Asimmediate corollaries, we have got that the special semigroup amalgam U = [{S,S'}; U; {i, o |
U}] within the class of left [right] quasi-normal orthodox semigroups, R[£]-unipotent semigroups and
left[right] Clifford semigroups is embeddable in a left [right] quasi-normal orthodox semigroup, R[L]-
unipotent semigroup and left[right] Clifford semigroup respectively. Finally we have shown that the class
of all semigroups satisfying the identity xyz = zz and the class of all semigroups satisfying the identity
xy = zyxlyr = xyx] are closed within the class of all semigroups satisfying the identities zyz = xz and

xy = zyz[yx = xyx] respectively.
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1. Introduction

In [11], Scheiblich has proved, by using zigzag manipulations, that the variety of all normal bands is closed.
In [1], this result is generalized to the variety of all left[right] regular bands. Higgins [5] has shown that a
generalized inverse subsemigroup of a semigroup satisfying a certain condition is closed in the containing
semigroup. In this paper, we extend this result to a regular semigroup satisfying some conditions in
the containing semigroup. Next, we prove a similar result about a regular subsemigroup satisfying some

conditions in the containing regular semigroup. As immediate corollaries of this result, we have got that
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the classes of all left[right] quasi-normal orthodox semigroups and that of all R-unipotent|[£-unipotent],
left[right] Clifford semigroups are closed within the classes of all left[right] quasi-normal orthodox and
that of all R-unipotent[£-unipotent], left[right] Clifford semigroups respectively.

Finally we show that the class of all semigroups satisfying the identity xyz = xz, which contains
the class of all rectangular bands, and the class of semigroups satisfying an identity zy = xyz[yr = zyz],
which contains the class of left[right] regular bands are closed within the class of semigroups satisfying

the identities zyz = xz and zy = xyx[yr = zyx] respectively.

2. Preliminaries

Let U be a subsemigroup of a semigroup S. Following Isbell [9], we say that U dominates an element d
of S if for every semigroup 7" and for all homomorphisms 8,7 : S — T, u8 = wy for all u € U implies
dfp = dry. The set of all elements of S dominated by U is called the dominion of U in S, and we denote
it by Dom(U, S). Tt may be easily seen that Dom(U, S) is a subsemigroup of S containing U. Let C be
a class of semigroups. A semigroup U is said to be C-closed if U € C and for all S € C such that U is a
subsemigroup of S, Dom(U,S) =U.

A morphism « : A — B in the category C of semigroups is called an epimorphism (epi for short) if
for all C' € C and for all morphisms 3,7 : B — C, af = avy implies 8 = = . It may be easily seen that a
morphism « : S — T is epi if and only if the inclusion mapping ¢ : S — T is epi, and an inclusion map

i:U — S is epi if and only if Dom(U,S) = S.
A most useful characterization of semigroup dominions is provided by Isbell’s Zigzag Theorem.

Result 1.1(]9, Theorem 2.3] or [7, Theorem VII.2.13]). Let U be a subsemigroup of a semigroup S and
let d € S. Then d € Dom(U,S) if and only if d € U or there exists a series of factorizations of d as

follows:
= aoyY1 = T101Y1 = T1a2Y2 = X2a3Y2 = = TmA2m—1Ym = Tml2m, (1)

where m > 1,a; € U (i =0,1,...,2m), x;,y; € S(i =1,2,...,m), and

ag = 101, A2m—1Ym = A2m,
A2i-1Y; = 02iYi+1, Xi02; = Tiy102i+1 1<i<m-—1).
Such a series of factorization is called a zigzag in S over U with value d, length m and spine ag, ay, . .., G2p,.

We refer to the equations in Result 1.1, in whatever follows, as the zigzag equations.
Let S be a semigroup and let F(S) denotes the set of all idempotents of S. Recall that S is reqular

if for each a € S there exists z € S such that a = axa. A Clifford semigroup is a regular semigroup whose
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idempotents lie in its center. Generalizing Clifford semigroups among regular semigroups, Zhu et al. [15]
introduced the concept of a left Clifford semigroup. According to them S is a left[right] Clifford semigroup
if S is regular and aS C Sa[Sa C aS] for all a € S. Infact, they gave the following characterization of

left Clifford semigroups.

Result 1.2 Let S be an semigroup with a band F(S) of idempotents. Then the following statements on
S are equivalent:

(i) S is a left Clifford semigoup;

(i1) (Ve € E(9)) eS C Se;

(iii) (Ve € E(S)) (Va € S)eae = ea.

Characterization of right Clifford semigroup may be stated dually.

A band (semigroup whose every element is an idempotent) is rectangular which satisfies an identity
xyz = xz. A R-unipotent semigroup S is a regular semigroup whose set of idempotents form a left
regular band (i.e. F(S) is a subsemigroup satisfying the identity efe = ef). L-unipotent semigroups
are defined dually. Structure theorems for R-unipotent semigroups may be found in [13] and [14]. A
left quasi normal orthodox semigroup S is a regular semigroup whose idempotents form a left qusi-normal
band (i.e. efg = efeg Ve, f,g € E(S), see [10] for more details). This class of regular semigroups
contains both the classes of R-unipotent semigroups and that of generalized inverse semigroups. Dually
the class of right quasi-normal orthodox semigroups contains the class of L£-unipotent semigroups and
that of generalized inverse semigroups.

We require the following well known properties of a left quasi-normal orthodox semigroup. In the

following, we shall denote by a’,u/, etc. as arbitrary inverses of a, u, etc.

Result 1.3 Let S be a left quasi-normal orthodox semigroup. Let a € S and e be an idempotent of S.
(i) If @’ is an inverse of a, then aea’ and a’ea are idempotents.

(ii) (Ve, f € E)(Va € S)(Va' € V(a)) aef = aed’af.
Property of right quasi-normal orthodox semigroup may be stated dually.
The following result is a part of left-right dual of Theorem 1 in [12].

Result 1.4 Let S be a regular semigroup. Then the following statements are equivalent.
(a) S is R-unipotent;
(b) (Ve € E)(Va € S)(Va' € V(a)) ae = aed’a.

Result 1.5([7, Theorem VII.2.3]). Let U be a subsemigroup of a semigroup S. Let S’ be a semigroup

disjoint from S and let o : S — S’ be an isomorphism. Let P = S %y S’, be the free product of the
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amalgam

U=[{3,51U; {i,a| U},

where ¢ is the inclusion mapping of U into S, and let u, ' be the natural monomorphisms from S, S’

respectively into P. Then

(Sun Syt = Dom(U,S).

The above stated amalgam U is called special semigroup amalgam.

3. Main results
The following theorem extends [5, Proposition 3] to regular semigroups.

Theorem 3.1. Let S be a semigroup and U be a reqular subsemigroup of S. If se = ses Vs € S and

Ve € E(U), then U is closed in S .

Proof. Take any d € Dom(U, S) \ U. Then, by Result 1.1, we may let (1) be a zigzag of minimal length

m in S over U with value d and spine ag, a1, as,...,as,y,. Now
d = aoy
= a1y (by zigzag equations)
= madiaiy; (as U is a regular semigroup)
= xiaiajasys (by zigzag equations)
= ma1aixiasys (as 1 € S and a1a} € E(U))
= ma1ad)z20a3ys (by zigzag equations)
= maialxsazalasys (as U is a regular semigroup)

= majajxiasalazys (by the zigzag equations)



38

NOOR ALAM* AND NOOR MOHAMMAD KHAN

1010} a205a3Y2 (as x1 € S and a1a} € E(U))

apalazsal(asys) (by the zigzag equations)

! ! Vi /
A0 A205A4Q% -+ Q2m—40h,, _3(02m—3Ym—1)

A / / i
14101 a2a53040% - - - Q2m—4G5,, _3(A2m—3Ym—1)

’ / / ’
141G77102030405 - - 'a2m74a2m73(a2m73ym71)

! ! ! !
10104 T203053040% - - - A2 405, _3(A2m—3Ym—1)

A ! / /
1010, T20305T20405 - - - A2 — 4y, _3(A2m—3Ym—1)

! ! A /
T1010] 220305230505 -+ A2m—405,, _3(A2m—3Ym—1)

A ! / /
1010} T20305T3G505T306 - - * G2m—a05, _3(G2m—3Ym—1)

/ i A /
1010 T20305T3050% -+ Ty—202m—40h, _3(A2m—3Ym—1)

! ! ! !
10101 220305230505 -+ Lym—102m—30%y, _3(A2m—2Ym)

I / /
14147220303 * * * Tm—102m—309y, _3Tm—-102m—2Ym

I !/ ! !
L10101220303L30505 * * * Tm—102m—302py, —3TmA2m—1Ym

! li /
10107+ Tm—102m—309,, _3Tma2m—102,, _102m—1Ym

li / li
141047 * " Tm—102m—3A9,, _3Tm—102m—209,, _102m

/ / /
14147+ T —102m—3A9y, _302m—209,, _102m

li / / li lA
T101072102030405 * * * A2m—409,, 302m—209,, 102m

(by zigzag equations)

(as 21 € S and a1a} € E(U))

(by zigzag equations)

(as z2 € S and asal € E(U))

(by zigzag equations)

(as x5 € S and azaf € E(U))

(by zigzag equations)

(a8 Tym—1 € S and agy—30b,,_5 € E(U))

(by zigzag equations)

(as U is regular)

(by zigzag equations)

(as Ty—1 € S and agy—30h,,_5 € E(U))
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/ / / !/ /! /
= 2101070205040% - * - Q2m—405, _302m—205,, _102m (as 1 € S and a1a} € E(U))
= apala2asa4af - Aom—4Ghy,_s02m—20h, _102m € U (by zigzag equations)
= d e U. Hence Dom(U,S) =U. O

Dually, we may prove the following:

Theorem 3.2. Let S be a semigroup and U be a regular subsemigroup of S. If es = ses Vs € S and
Ve € E(U), then U is closed in S. O

The following theorem immediately shows that the class of all left[right] quasi-normal orthodox
semigroups and the class of all R-unipotent|[L-unipotent](left[right] Clifford) semigroups are closed within
the class of all left[right] quasi-normal orthodox semigroups and the class of all R-unipotent[£-unipotent)

(left[right] Clifford) semigroups respectively.

Theorem 3.3. Let S be any regular semigroup and U be any regular subsemigroup of S. If efg =
efeg Ve € E(S) andVf,g € E(U), then U is closed in S .

Proof. Suppose d € Dom(U, S) \ U. Then, by Result 1.1, there exist a zigzag (1) in S over U with value

d of minimal length m and spine ag, a1, as, ..., a2m,. Now
d = aoy
= zia011 (by zigzag equations)
_ / L TT s I
= zmaaiay (as U is a regular semigroup)
_ , . .
= zia10)02Y2 (by zigzag equations)
— !/ / . .
= z1016) 020502y (as U is a regular semigroup)
— / / / . .
= mriTi010]a2a5a2y2 (as S is a regular semigroup)
= majaixiTiazabasys (as zhz1 € E(S) & aral, azay € E(U))
_ I o LT g et
= raajxiTiays (as U is a regular semigroup)

= majajxirazys (by zigzag equations)
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x1610) T 2030503y (as U is a regular semigroup)

xr1a1a) T T1000503Y2 (by the zigzag equations)

x1010] Ty T1a2aha2a5a3Y0 (as U is a regular semigroup)
x1a10)as0ha2a5a3Yy2 (as iz € E(S) & ara},azal, € E(U))
z1a10}azabas3ye (as U is a regular semigroup)
apalazal(asys) (by the zigzag equations)

/ / / /

agaa2a3a4Qag - - - a2m—4a2m_3(a2m—3ym—l)

/ / / li : :
1010102050405 - - - Q2m—a0hy, _5(A2m—3Ym—1) (by zigzag equations)

! .0 / / /
1010477T72102030405 * - a277L—4a2m_3(a2m—3ym—1)

(asziz1 € E(S) & aral, azal € E(U))

! .0 / / / H :
xr1a1a) T T2as3alasal - - aom—aah,, 5(@2m—3Ym—1) (by zigzag equations)

! . ! . / /
10101 T X2a305T5T2040% - - - Qom—405,, _3(A2m—3Ym—1)

(aszhao € E(S) & agal, aga) € E(U))

i ! / ! / ! : :
r1a1a) 7y Toazalrhrsasal - - asm—aah, 5(a2m—3Ym—1) (by zigzag equations)

A, ! . YA !
210104 T T2a305T5T30505T5T306 -+ G2m—1Ghy, _3(A2m—3Ym—1)

(aszhas € E(S) & asak,agay € E(U))

! . / !
101072 L2030% -+ Tm—202m—405,, _3(02m—3Ym—1)

! . / / : 3
1610, T T2a3aYs - - - Ty 102m 305, _5(A2m—2Ym) (by zigzag equations)

I, / / ’
1014771720303 * * * Tm—102m—309y, 3Ly, _1Tm—102m—2Ym

(as x;n—lxm—l € E(S) &a2m—3al2m—3’ a2m—2a/2m—2 € E(U))



EPIMORPHISMS, DOMINIONS AND REGULAR SEMIGROUPS 41

li / li / / H :
= 21010]%2a305T3050%5 * * * Tmy—102m—305, 3T 1 Lm02m—1Ym (by zigzag equations)
_ li li / li :
= 210107 " Tm—-102m—-309y, 3Ty, 1 Tm02m—109,, _102m—1Ym (as U is regu}ar)
— I I / i : :
= 21010} Tin—102m—30h,,_3Th, 1 Tm—102m—20h,,_102m (by zigzag equations)

li / /
= 210107 Tm—-102m—309,, _302m—209,,_102m

(asxp, _1Zm—1 € E(S) & azm-3a5,,_3, d2m—205,_ € E(U))

I .0 / li / /
= T7101077T72102030405 * * * Q2m—4Q9,, _302m—209,, _102m

li I / ! ! /! / !
= 21010]02050405 -+ Q2 —4Q5,, _302m—205,, _102m (as xix1 € E(S) & ara}, azay € E(U))
!/ / / / / 3 3
= apG)axa5a40% - - Aam—_40bh,, 502m—205, 102m € U (by zigzag equations)
= d € U. Hence Dom(U,S) =U. O

Following corollaries are easy consequences of Theorem 2.3, Result 1.2, Result 1.3 and Result 1.4.

Corollary 3.4. If U is a left[right] quasi-normal orthodox subsemigroup of a leftfright] quasi-normal

orthodox semigroup S, then U is closed in S .

Corollary 3.5. If U is a R-unipotent/L-unipotent] subsemigroup of a R-unipotent[L-unipotent] semi-
group S, then U is closed in S .

Corollary 3.6. If U is a left[right] Clifford subsemigroup of a left[right] Clifford semigroup S, then U is

closed in S .
Above corollaries may also be stated as follows:

Corollary 3.7. Let U be a left [right] quasi-normal orthodox (R[L]-unipotent, left[right] Clifford)
subsemigroup of a left [right] quasi-normal orthodox (R[L]-unipotent, left[right] Clifford) semigroup S.
Let S’ be a left [right] quasi-normal orthodox (R[L]-unipotent, left/right] Clifford) semigroup disjoint
from S and let o : S — S’ be an isomorphism. Let P = S xy S', the free product of the amalgam
U=1[{S,8% U; {i,a | U}, where i is the inclusion mapping of U into S, and let pu,p’ be the natural
monomorphisms from S, S’ respectively into P, then Su NS’y = Up. Therefore the amalgam U is
embeddable in a left[right] quasi-normal orthodox (R [L]-unipotent, left[right] Clifford) semigroup .
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Theorem 3.8. Let S be a semigroup satisfying an identity xyz = xz and U be a subsemigroup of S

satisfying an identity xyz = xz, then U is closed in S .

Proof. Let us take d € Dom(U,S)\ U. Then, by Result 1.1, we may let (1) be a zigzag in S over U

with value d of minimal length m and spine ag, a1, as, ..., ay,. Now
d = aoy
= Ti011 (by zigzag equations)
= T102Y2 (by zigzag equations)
= T1a109%0 (since x1,a1,as € S)

= mxia1a203y2  (since ag,ag,y2 € S)

= apazasys (by zigzag equations)

1
= azi(azyz)

i=0

m—2
= I a2i(azm—3ym-1)

i=0
= apay - aom—a(A2m—2Ym) (by zigzag equations)

= QG2 - - 02m—-4a2m—2Ym

=  apG2 - - AaA2m—-402m—202m—1Ym (SiHCG A2m—2,02m—1,Ym € S)
= Qo2 - A2m—402m—202m (by zigzag equations)
m
= H ag; € U.
i=0
= d € U. Hence Dom(U,S) =U. O

Theorem 3.9. Let U and S be a semigroups satisfying the identity xy = xyzr and with U a subsemigroup
of S. Then U is closed in S .
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In order to prove our result, we need the following useful remark which may be well known.

Remark 3.10 Let S be a semigroup satisfying the identity zy = xyz. If E(S) be the set of idempotents
of S, then S? C E(S).

Proof. Let us take d € Dom(U,S)\ U. Then, by Result 1.1, we may let (1) be a zigzag in S over U

with value d of minimal length m and spine ag, a1, as, ..., a2,. Now
d = aoy
= ri01 (by zigzag equations)
= TIi01T101Y1 (since z1a1 € E(9))
= Ti01T102Y> (by zigzag equations)
= Z1a1%2a3Y> (by zigzag equations)

= xija1x2a3T2a3ys  (since xoaz € E(S))

= T1012102a03Y2 (by zigzag equations)
= T1a10203Y2 (since z1,a; € S)
= agasasys (by zigzag equations)

1
= H a2i(a3yz)

i=0

m—2
= ]I azi(azm—3ym—1)

i=0
= aoGg - azm—4(A2m—2Ym) (by zigzag equations)
= 210102 A2 402m—2Ym (by zigzag equations)

= 210121042 """ A2m—4A2m—2Ym (since 1,01 € S)
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141220304 * - - A2m—4A2m—2Ym

2104122032204 - - -

10122037204 * -+

T1A41X2a3T204 * - *

2104122032204 - - -

1a1T2a3%204 - * -

1172037204 * -+

10122037204 * -+

T1G012203T204 ° - *

2104122032204 - - -

r1a1T2a3x204 - * -

T1A41X2a3TL204 * - -

A2m—402m—2Ym

(by zigzag equations)

(since x5, a3 € S)

Tm—202m—402m—2Ym

Tm—1A2m—-302m—2Ym

Tm—-102m—3Tm—102m—2Ym

Tm—102m—-3Tma2m—1Ym

Tm—102m—3Tma2m—-1TmaA2m—1Ym

Tm—102m—3Tma2m—-142m—1Ym

Tm—1A2m—3Tm—1a2m—202m,

Tm—102m—302m—202m

T —202m—402m—202m

A2m —402m—202m,

141220304 * * * A2m—402m—202m

101710204 * * * A2m—402m—202m

1010204 * * * A2m—4G2m—202m

apa204 * * * A2m—402m—202m

m
H ag €U
=0

(by zigzag equations)

(since Tp—1,a2m-3 € 5)

(by zigzag equations)

(since Tpagm—1 € E(S))

(since Ty, a2m—1 € S)

(by zigzag equations)

(since Tp—1,a2m-3 € 9)

(by zigzag equations)

(since x2,a3 € S)

(by zigzag equations)

(since z1,a; € S)

(by zigzag equations)
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= d € U. Hence Dom(U, S) =U. O

Dually, we may prove the following:

Theorem 3.11. Let Uand S be a semigroups satisfying the identity yx = zyx and with U a subsemigroup

of S. Then U is closed in S . O

[13]
[14]
[15]
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