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Abstract. A 2V -semiadequate semigroup is a semigroup whose projections commute and in which each .ZV-
class contains a projection. Let (S,U) be a .2V -semiadequate semigroup, where U is the set of projections of S. It
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all e, f in U' and all elements a in (S,U), (efa)* = (ea)*(fa)*; (2) for all elements a in (S,U) and all projections
e < a*, there is an element f in U' such that e = (fa)*, then we say that (S,U) is a .2V -ample type B semigroup.
In this paper, we introduce the concept of a proper cover of a .2V -ample type B semigroup and prove that any
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Let S be a semigroup and E(S) the set of all idempotents of S. Consider a nonempty subset
U C E(S), namely, the set of projections of S. A relation .2V on S is defined by the rule
that a.ZYb if and only if ¢ and b have the same set of right identities in U, that is U} = Uy,
where U/ = {x € Ulax = a}. The relation #V is defined dually. It can be easily verified that
LCL*C LY and @ C % CAY. Clearly, the relation 2Y on S is a natural generalization of
the well known Green’s relation .’ and also the Green’s star relation .£* , adopted by Fountain
[1], in studying abundant semigroups.

Recall that a semigroup is said to be .2V -semiabundant if every .#Y-class contains a pro-
jection. A .ZY-semiadequate semigroup is .ZY-semiabundant and projections commute. Let
(S,U) be a £V -semiadequate semigroup. It is easy to see that each .ZY-class of (S, U) contains
a unique projection. For an element a of (S,U), the projection in the .ZY-class containing a is
denoted by a*.

Right type A semigroups and right type B semigroups were defined and studied by Fountain
[2]. Let T be aright type B semigroup and ;. be the largest congruence contained in .Z*, then
T/uy is a right type A semigroup. But some examples in [2] show that they are two different
kinds of semigroups.

Unlike right (left) type B semigroups and type B semigroups, right (left) type A semigroups
and type A semigroups have been extensively studied by many scholars, such as Armstrong [5],
Guo-Xie [6], Guo-Guo [7] and many others. Recently, Li-Wang in [10] give a structure theorem
of proper covers for right type B semigroups. Li-Wang shows that any proper cover for a right
type B semigroup is a proper cover over a left cancellative monoid.

Similar to the definition of right type A semigroups and right type B semigroups in [2].
Now, we define two certain classes of .2V -semiadequate semigroups. For a .2V -semiadequate
semigroup (S,U), let 1 be an identity of S, U' = UU{1}. A #Y-semiadequate semigroup
(S,U) is called .2Y -ample type A if ea = a(ea)* for all elements a in S and all projections e in
U. A 2Y-semiadequate semigroup (S,U) is called 2V _ample type B if it satisfies: (1) for all
e,f in U' and all elements a in S, (efa)* = (ea)*(fa)*; (2) for all elements a in (S,U) and all

projections e < a*, there is an element f in U! such that e = (fa)* . Since the relation .2V is
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a natural generalization of the Green’s star relation .2*, the .ZY-ample type A (B) semigroups
can be think as a generalization of right type A (B) semigroups.

In this paper, we concentrate on .ZV-ample type B semigroups. First, we introduce the
concept of a proper cover of a .ZV-ample type B semigroup and then prove that any proper
cover for a .2V -ample type B semigroup is a proper cover over a monoid. A structure theorem
of proper covers for .ZY-ample type B semigroups is obtained. This theorem generalizes the
result of Li-Wang for right type B semigroups. We adopt the terminology and notations of [11]
and [12].

2. Preliminaries

The object in this section is to introduce the concept of proper covers for .2V -ample type
B semigroups. Throughout this paper, a 2V _semiabundant semigroups is denoted by (S,U)
unless it is specified otherwise. Before starting our approach, we recall some terminology,
notations and results.

From [12], the following lemma gives a basic property of the relation .2V on a 2V -semiabundant

semigroups (S,U).

Lemma 2.1. [12] Let (S,U) be a LY _semiabundant semigroup and e be an element of U, then
the following are equivalent for a € (S,U):

(1) alVe;

(2) ae = a and for all x € U, ax = a implies ex = e.

In a .2Y-semiabundant semigroups (S,U), each .#Y-class contains some projections of U.

A 2V -semiadequate semigroup is .2V -semiabundant whose projuctions commute.

Lemma 2.2. Let (S,U) be a LY _semiadequate semigroup and e, f be elements of U. If eV f,
then e = f.

Proof. If e.ZV f, by Lemma 2.1, we have e = ¢f = fe = f. [
From the Lemma 2.2 we see that if (S,U) is a 2V -semiadequate semigroup, then each £V -
class of (S,U) contains a unique projection. For an element a of such a semigroup, the projec-

tion in the .2V -class containing a is denoted by a*.
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A ZY-semiadequate semigroup (S,U) is called .2V -ample type A if ea = a(ea)* for all
elements a in (S, U) and all projections e in U. For a .2V -semiadequate semigroup (S,U), let 1
be an identity of S', U! = U U{1}. A .ZY-semiadequate semigroup (S, U) is called .2V -ample
type B if it satisfies:

(B1) forall e, f in U' and all elements a in (S,U), (efa)* = (ea)*(fa)*;

(B2) for all elements a in (S,U) and all idempotents e < a*, there is an element f in U !'such

that e = (fa)*.

Remark. 1. Dually, we can define the %Y -semiabundant semigroups, the 2V - semiadequate
semigroups and the 2V -ample type A (B) semigroups.

2. Since the Green’s relation .2V is a natural generalization of the Green’s star relation .Z*
, the 2V -ample type A (B) semigroups can be think as a generalization of right type A (B)
semigroups.

Next, we introduce a congruence ¢ on a .2V -ample type B semigroups (S,U) which has the

property that (S,U) /o is a monoid and U C (1(S7U)/G)(Gh)_l.

Lemma 2.3. Let (S,U) be a LY -ample type B semigroup, a relation & on (S,U) is given by

the rule
aob < exist e € U such that ea = eb.

Then o is a congruence, (S,U)/c is monoid and U C (l(SyU)/G)(Gh)_l. If T is a monoid con-
gruence on (S,U) such that U C (1(S7U)/T)(’L'h)_l, then o C 1. In particular, G is the minimum

monoid congruence on (S,U) such that U C (l(S,U)/o)(Gh)_1~

Proof. It is clear that o is an equivalence and right compatible.

[ Since ea = ea for all a € (S,U) and e € U, we have aca. Hence o is reflexive.

If acb, then exist e € U such that ea = eb. Also, we have eb = ea and so boa. Hence o is
symmetric.

If acb and boc, then exist e, f € U such that ea = eb and fb = fc. Also, we have fea = feb
and efb =efc. Since ef = fe, we have fea = feb=efb =efc = fec and so acc. Hence o

is transitive.
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Now, we have already proved that o is an equivalence. Let a,b,c € (S,U) and acb, then

aob = exist e € U such that ea = eb
= eac = ebc

= acobc.

Hence o is right compatible as required. ]
To prove that ¢ is a congruence, it remain to show that ¢ is left compatible. Let a,b,c € S

and aob, then
acb = exist e € U such that ea = eb
= c'ea=c"eb
= (fe)'a=(fe)'b ((B2))
= fe.(fe)*a= fe.(fe)'b
= fca= fcb (since fc.2Y(fc)*)
= caoch.

Hence o is left compatible as required. Since projections commute, we have ec f for any
e,f €U. Let e € U, we claim that eo is an identity of (S,U)/c. This is because for any

ao € (S,U)/o, we have
ac.e0 =ac.a"6 = (aa*)o = ao,
and

ea =ea = e.ea=e.a = eada = ea0 = a0 = e0.a0 = ao.

Hence U C (151 /G)(Gh)_l. Up to now, we have already established that ¢ is a congruence,
(S,U)/o is a monoid and U C (1(57U)/G)(Gh)_l. Now, it remain to show that o is the least
monoid congruence such that U C (1 g ¢ /G)(Gh)_l. Let T be a monoid congruence with U C
(1(S7U)/T)(’ch)_1. Itis easy to see that for any e € U, eT = 1 (g 1/ /¢ [Since U C (I(SyU)/T)(Th)_l,

we have eT = 1(S,U)/T]
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Now
aocb = exist f € U such that fa= fb

= ft.at=f1.bT
= at=>bt (since fT=1(5y)/c)

= ath.
Hence o C 7 and so ¢ is the minimum monoid congruence on (S, U) such that U C (1(51)/5) (c?)~!
as required. [J
Let (S,U) and (T,V) are two .2V -semiabundant semigroups. Similar to the definition of .#*-
homomorphism in [3], a homomorphism ¢ from (S,U) to (T,V) is called .2V -homomorphism

if for all a,b € S,a¢ = b¢ implies a. Vb and ¢|y : U — V.

Definition 2.1. Let (T,V) be a Y -ample type B semigroup, some definitions on (T,V) are as
follow:

(D) if £YNo = L(7,v), then we call (T, V) is proper;

(D2) if (T,V) is proper, ¢ is a LY-homomorphism from (T,V) onto a LV -ample type B
semigroup (S,U) and for any e € U, there exist f € V such that f¢ = e, then we call (T,V) is
a proper cover for (S,U);

(D3) if (T, V) is a proper cover for (S,U), M is a monoid, (T,V)/c =M andV C 1o~ (c%) 71,
where o is an isomorphism from (T,V)/oc onto M, then we call (T,V) is a proper cover for

(S,U) (over M).

Example 2.1. Let N denote the set of natural numbers and put = N x N. On S = N U define

an operation o as follows:
form,n,h,j€ N,

mon= m-+n
mo (h,k) = (m+h,k)
(hk)om = (h,k+m)

(h,k)o(m,n) = (h,k+m+n).
It is readily verified that o is associative, that the idempotents of S are 0,(0,0). Let U =

{0,(0,0)}, it is not difficult to check that the LV -classes of (S,U) are N and I so that (S,U)
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. "'U . . . ~U .
is £ -semiadequate. It is not hard to show that (S,U) is £ -ample type B semigroup but not

proper.

Example 2.2. Let N denote the set of natural numbers and put = N X N. On S = N U define

an operation o as follows:
form,n h,j€ N,
mon= m-+n
mo (h,k) = (m+h,k)
(h,k)om= (h+m,k)
(h,k)o(m,n) = (h+m,k+n).
It is readily verified that o is associative, that the idempotents of S are 0,(0,0). Let U =
{0,(0,0)}, it is not difficult to check that the LY -classes of (S,U) are N and I so that (S,U)
is LY -semiadequate. It is not hard to show that (S,U) is LY -ample type B semigroup and
proper.
From [11], a subset A of a semigroup S is called left unitary if foralla €c Aand s € S,as € A

implies s € A. Dually, we can define right unitary. S is called unitary if it is both left unitary and

right unitary.

Lemma 2.4. Let (S,U) be a LY-ample type B semigroup, if (S,U) is proper, then it is U-

unitary.

Proof. Let e € U and a € (S,U). On the one hand, if ea € U, then
eae.a = ea = eaa” = e.eaa” = eae.a”.

It is clear that eae € U and so aca*. Then we have a(.ZY N o )a*. Since (S,U) is proper, we
have ZYNo = lisyyandsoa=a*€U.
On the other hand, if ae € U, then a = aa*Gaeca*. Hence a(. LY No)a*. Since (S,U) is

proper, we have .ZY N = lsyyandsoa=a"€U. [

3. The main result
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In this section, we will show that any proper cover for a .ZV-ample type B semigroup is
a proper cover over a monoid. A structure theorem of proper covers for .ZY-ample type B

semigroup is obtained.

Definition 3.1. Let (S,U) be a LY -ample type B semigroup, M be a monoid. A surjective
relational morphism 0 from M to (S,U) is a mapping 6 : M — 28:U) such that:

(A1) m6 # 0 for allm € M;

(A2) m10.mp0 C (mymy)6 for all my,my € M;

(A3) Upeym® = (S,U);

(A4) 16 =U;

(AS) | -2V N"m6| < 1forallme M,a c (S,U);
(46)

A6) mO C ac forallm e M,a € m8.

Theorem 3.1. Let (S,U) be a LY _ample type B semigroup, M be a monoid, 0 be a surjective

relational morphism from M to (S,U). Let
T ={(s,m) € (S,U)xM|s € mO},
and define a multiplication on T by

(s1,m1)(s2,mp) = (s152,mymy).

Then T is a semigroup and
(1)V=A{(e,1)lec U} is a subset of E(T) and V = U;
(2) foralla,b € S,g,h € M, (a,8).Z" (b,h) < a.LYb;
(3
(4) for all (a,g), (b,h) € (T,V),(a,8)0(zv)(b,h) & ao(s\b,g = h.

)
)
Y(T,V) is a LY -ample type B semigroup;
)
Proof. Let T be as in the statement of the theorem. It is clearly that T is a semigroup. Now we
proof the rest.

(1) Since 0 is a surjective relational morphism, by (A4), we have V is a subsemigroup of T
and T C E(T). Then it follows that V = U.

(2) It is benefit for us to prove the following useful Lemma.

Lemma 3.1. Let (a,g) € (T, V), then (a,g).ZLY (a*,1).
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Proof. Let (a,g) € (T,V). By (1) we have (a*,1) € V. It is clear that (a,g)(a*,1) = (a,g).
Now, for any (f,1) € V if (a,8)(f,1) = (a,g), then
(@,8)(f,1) = (a,8) = a.f=aand g1 =g
= d*.f=da" (sinceal?a")
= (a*,1)(f,1)=(da",1).
By the Lemma 2.1 we have (a,8).Z" (a*, 1) as required. [J

Returning now to the main proof. Leta,b € (S,U),g,h € M. On the one hand, if (a,g).Z" (b, h),

by the Lemma 3.1 we have
(a*,1)2" (a,8)L" (b,n) LY (b*,1),

and so (a*,1).2" (b*,1). By the Lemma 2.2, it follows that (a*,1) = (b*,1) and so a* = b*.
Hence a. Vb as required.

On the other hand, if .2V b, then a*. 2V b* and so a* = b*. By the Lemma 3.1, we have
(avg)jv(a*, 1) = (b*7 l)jv(bah)'

Hence (a,g)-Z" (b,h) as required.
(3) From (1) and (2) we have (T,V) is Y _semiabundant and projections commute and so is
2V -semiadequate. Let (e,1),(f,1) € V!, and (a,h) € (T,V), where e, f € U'. Since (S,U) is

a 2V -ample type B semigroup, we have
[(e, )(f,1)(a,h)]" = (efa,h)" = ((efa)",1)
= ((ea)*(fa)",1) = ((ea)”, 1)((fa)", 1)
= (ea,h)*(fa,h)"

= [(e, )(a,W]"[(f, 1)@, h)]".
Hence (7,V) satisfies the condition (B1).
For (e,1) € V! and (a,h) € (T,V), where e € U!. If (e,1) < (a,h)* = (a*,1), then

(e,1)=(e,1)(a",1) = (ea™,1) = (a’e, 1)
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and so e = ea* = a*e. Thatis e < a*. Since (S,U) is a .2V -ample type B semigroup, there

exist f € U' such that e = (fa)* . And then

(e,1) = ((fa)", 1) = (fa,h)" = [(f, 1)(a, h)]".

As (f,1) € V! and so (T,V) satisfies the condition (B2). Hence (T,V) is a .Z"-ample type B
semigroup.

(4) Let (a,g8),(b,h) € (T,V),if (a,8)0(7,v) (b, h), there exist (e, 1) € V such that (e, 1)(a,g) =
(e;1)(b,h) and so (ea,g) = (eb,h). That is ea = eb and g = h. Hence ao(s b and g = h.
Conversely, if ao(s ;)b and g = h, then exist e € U such that ea = eb and so (e, 1)(a,8) =
(ea,g) = (eb,h) = (e,1)(b,h). Since (e,1) €V, we have (a,g)o(r,y)(b,h). [

Theorem 3.2. Let (S,U) be a LY _ample type B semigroup, M be a monoid, 0 be a surjective
relational morphism from M to (S,U). Let
T ={(s,m) € (S,U)xM|s € mO},
and define a multiplication on T by
(s1,m1)(s2,m2) = (s152,m1my).
LetV ={(e,1)|e € U}, then (T,V) is a proper cover of (S,U) over M. Conversely, any proper
cover of (S,U) can be constructed in this way.

Proof. From the Theorem 3.1 we have (7,V) is a .Z" -ample type B semigroup. Let (a,g), (b, h) €
(T,V)and (a,g)(Z" N o(r,v))(b,h). By the Theorem 3.1 (2), (4) we have a.?Yb and g = h and
so a,b € h6 = g0. Since 0 is a surjective relational morphism, by (A5) we have a = b. Hence
(a,g) = (b,h). Thatis 2V N o(ry) = l(ry)- Thus (T,V) is proper.

A mapping B from (7,V) to (S,U) is defined by the rule as follow:

B:(T,V)— (S,U),(a,g) — a.

It is clear that B is a surjective homomorphism and B|y : V. — U. On the one hand, if
[(a,8)]B = [(b,h)]B for (a,g),(b,h) € (T,V), then a = b and so a.ZVb. By the Theorem 3.1
(2) we have (a,g).Z" (b,h). Hence B is a .Z"-homomorphism from (7,V) onto (S,U). On the
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other hand, for any e € U, by the Theorem 3.1 (1) we have (e, 1) € V and so [(e, 1)]B = e. Thus
(T,V) is a proper cover for (S,U).

Since o7y is the least monoid congruence with V C (17 v, /Sty ) (Gh

(T,V))il’ A mapping o

from (7,V)/0(ry) to M is defined by the rule as follow:
a:(T,V)/oqy) — M,(a,8)0ry)— &

We claim that a is a one-one mapping. Let (a,g)0(rv), (b,h)o(ry) € (T,V)/0(7v) and (a,8)0(7v) =
(b,h)o(7v)- Since (a,8)0(7,v)(b,h), by the Theorem 3.1 (4) we have ao(s )b and g = h. That

is [(a,8)0(7,v) | =g =h=[(b,h)0(7 )|, hence o is a mapping. It is clear that ¢ is surjective.

If [(a,8) 07 v\l = [(b,h)o(r ] for (a,g)o(ry), (b,h)o(ry) € (T,V)/0(r,y). Then g =h and

s0 a,b € g0. By (A6), we have acs ;)b. So by the theorem 3.1 (4) we have (a,g)o(ry)(b,h).
Thus « is one-one as required. On the one hand, let (a,g)0(7v), (b,h)o(rv) € (T,V)/0(1v),
since

[(a,8)0(r,v)-(b,h)o(rv)| = (ab,gh)O(r v |00 = gh
= [(a,8)o(r |0 [(D,h) o v]ex.

Hence o is an isomorphic. On the other hand, since V C (1(T7V)/G<T~V> ) (G(bT V))_l and (T.V)/0ry) =
M, we have V C (1M05_1)(G(hr v))

now we have already established the first statement in this Theorem.

~1. Thus (T,V) is a proper cover for (S,U) over M. Up to

Conversely, let (T,V) be a proper cover for (S,U). Then there is a .ZY-homomorphism
¢ from (7,V) onto (S,U) satisfying for any e € U, there exist f € V such that f¢ = e. Let

M = (T,V)/0(zv), by the Lemma 2.3 M is a monoid with V C 1M(G(hT,V))_1'

A relation morphism 6 from M to (S,U) is defined by the rule as follow:
06:M— Z(S’U),g — g0,

forany g € M,g0 = {s € (S,U)lexist t € (T,V),s =t¢,t0(7y) = g}. It remain to prove that 0

is a surjective relational morphism and (7,V) = (T’,V'), where

T'={(s,8) € (S,U) x M|s € g6},

V' ={e,1) € (S,U)xMle € 10}.
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Let g € M, since the natural morphism G(uTy) :(T,V) — (T,V)/0o(rv) = M is surjective,
we have g6 # 0 and so 6 satisfies condition (A1).

Let g,h € M,s; € g0,s5 € h, then exist u,v € (T,V) such that

S1 =uQ,uc(ry) = g,52 =v9,vo(ry) = h.

Then we have s152 = (uv)9, (uv)0(7,y) = gh and so 5152 € (gh)0. Hence 0 satisfies condition
(A2).

It is clear that U,epg6 = (S,U). Hence 0 satisfies condition (A3).

Let s € 10, then exist t € (T,V) such that s = 19,707 y) = 1. Note that t*o(py) = 1, we
have t(.ZY N o(rv))t*. Since (T,V) is proper, we have t =t* € V. Hence 16 C U. Conversely,
if e € U, then there exist f € V such that e = f¢. Since fo(ry) = 1, we have e € 16 and so
U C 16. Hence 0 satisfies condition (A4).

Now, we prove that (7,V) = (T’,V’) first. A mapping y from (7,V) to (T’,V’) is defined by
the rule as follow:

v (T,V) — (T'V'),t — (td,101y),
it is clear that y is a surjective morphism. Let #,u € (T,V) and (t9,t0(7y)) =ty = uy =
(uq),uG(Ty)). Then we have 19 = u@,t0(7y) = uo(z,y). Since ¢ is a 2V -homomorphism, we
have +.2"u and so t(ZY N o(r,y))u. Since (T,V) is proper, we have t = u. Hence y is an
isomorphism. Finally, since y|y = V', we have V = V' and so (T,V) = (T',V’). Thatis (T',V’)
1S proper.

To show that  satisfies condition (A5). Let s, s’ € g8 and s.ZVs', then (s,g), (s',g) € (T",V').
By the Theorem 3.1 (2), we have (s,g).Z V/(s’ ,&). Since v is a isomorphism, there exist 7, €
(T,V) such that

y = (tq)?tG(T,V)) = (Sag)7t/w = (t/¢7t/G(T,V)) = (sl7g)‘

Then t0(7,y)t’ and so there exist e € V such that et = et’. Then

ey.(s,8) =ey.ry = (et)y = (et \y = ey.t'y =ey.(s,g),
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and so (s, )07y (s,8). Then we have (s',g) (2¥'n o(r'v7))(s,8). Since T' is proper, we
have (s, g) = (s,g) and so s = 5" . Hence 6 satisfies condition (A5) as required.

Finally, we show that 6 satisfies condition (A6). Let s,z € (S,U) and m € M such that s,t €

m@, then we have (s,m), (t,m) € (T',V'). Similar to the prove of 0 satisfies condition (A5), we

have (s,m)o (s yr)(¢,m). Similar to the prove of the Theorem 3.1 (4), we have s0(s ;). Hence

0 satisfies condition (A6) as required.

Remark. 1. By the Theorem 3.1 and the direct part proof of the Theorem 3.2, we have the

following diagram

V— (T,V) |
G(T,V)Oa

SN
U —— (S,U) M

b

where 8 is a .ZY-homomorphism from (7,V) onto (S,U), Orv)

is a natural morphism and
Blv is an isomorphism.

2. From the converse part proof of the Theorem 3.2, we have the following diagram

V—(TV) |
¢l ¢j \%V)
U — (S,U) M

where M = (T,V) /0y, ¢ isa 2V -homomorphism from (T, V) onto (S,U), G(hT,V) is a natural
morphism and @ |y is an isomorphism.

3. Since the relation .2V is a natural generalization of the Green’s star relation .Z*, the £V -
ample type B semigroups can be think as a generalization of right type B semigroups. From

this point, this theorem generalizes the result of Li-Wang [10] for right type B semigroups.

The following result is immediate from the Lemma 2.4 and the Theorem 3.2.

Corollary 3.1. A 2V -ample type B semigroup has a U-unitary proper cover over a monoid.

Dually, we have the following result.

Corollary 3.2. A #Y-ample type B semigroup has a U-unitary proper cover over a monoid.
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